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Question 1 (**)
A right circular cylinder has radius cm and heightLOcm.

Use a differential approximation to find an approate increase in the volume of this
cylinder if the radius increases ly4 cm and its height decreases By2 cm.

350 » 109.96...crh

Question 2 (**)

Xz
=——,wlO.
wh

Determine an approximate percentage increas ,nif x decreases by%, z
increases byY% andw decreases b¥0%.
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Question 3 (**)
The function f depends o andv so that

fu(xy2,{ %y} =u u=x+2y+7Z and v=xyz

Find simplified expressions foﬂi, ﬂandﬂ, interms ofx, y and z.
ix Ty iz
E:2xyz+2); z+ yi : E:4xyz+ X z+ X3, E:3xy22+ )<2y+2 xﬁ
fix fly iz

Question 4 (**)
A surfaceS is defined by the Cartesian equation

X2 + y2 =25.
a) Draw a sketch ofS, and describe it geometrically.

b) Determine an equation of the tangent planeSoat the point with Cartesian
coordinates(3,4,5) .
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Question 5 (**)
A surfaceS is defined by the Cartesian equation

y2 + 2% =8.
a) Draw a sketch ofS, and describe it geometrically.

b) Determine an equation of the tangent planeSoat the point with Cartesian
coordinateq2,2,2).
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Question 6  (**)
The function; depends o, v andw so that

jou(xv2 . (xyd Y xylz= w
It is further given that
u=x+2y, v=xyz and w=Z .

By usingthe chain rule for partial differentiation find simplified expressions for
M, Mandﬂi, in terms ofx, y and z.
ix Ty fiz
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Question 7 (**)

The pointP(1,y) lies on the contour with equatio@y+ y2x- 6= 0.

Determine the possible normal vectorgPat

8 +5], [3- 5]

[v Ay

Question 8  (**)
The radius of a right circular cylinder is incraagiat the constant rate 6f2 cms?

and its height is decreasing at the constant fateems 1.

Determine the rate at which the volume of thisraydir is increasing when the radius
IS 5 cm and its height i46 cm.

27p » 84.82..c s

Created by T. Madas



Created by T. Madas

Question 9  (**)

A curve has implicit equation

x2+2xy+ y°’ =8.

Use partial differentiation to find an expressiomg—y .
X

No credit will be given for obtaining the answer thialternative methods

fgred, | V= 2X 25

et {Gu= Tragsyd s o {Gy)=8

- %%a, + (%C«M

<R &, o d
s Bkeiy

9L 1 ot 4y
CEE G
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Question 10  (**)
A surfaceS is defined by the Cartesian equation

z=xy( x+ Y.

Find an equation of the tangent plane®rat the point(1,2,6) .

, [Bx+5y- z= 12

TRTED A

Meiep
bR,
Ut Lo Z By s 2~y -ap

Ty 2t ot 20) ( H
L= (B 5= Cragyimy )

n=v = (-85 1)
Q)
EORTION OF U bk R
— BN -5y £ = ol
iy PG2b)
— )
-2 +6 = Gkt

oot = =12

= “b-Syiz=-p
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Question 11 (**)
A curve has implicit equation

eY+x+y=1
Use partial differentiation to find the value g at(0,0).
X

No credit will be given for obtaining the answer thialternative methods
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Question 12 (**+)
The function f is defined as

f(xy,2°2% ¥+ x
where x=2t, y:t2 andz=3.
a) Use partial differentiation to find an expression e in terms oft.

b) Verify the answer obtained in pafh) by a methodnot involving partial
differentiation.

43110
dt
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Question 13 (**+)
The function; is defined as

Jj(xy.2)° X+ P+ tz |, t10,
where x = 3t, y=t2 andz:%.

a) Use partial differentiation to find an expression%, in terms oft.

b) Verify the answer obtained in pafd) by a method not involving partial
differentiation.

Y 3418 +1
dt
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Question 14  (**+)
Plane Cartesian coordinatésy) are related to plane polar coordinafesy) by the

transformation equations

Xx=rcosg and y=rsing.

a) Find simplified expressions fell— i MandM, in terms ofr andgq.

r
" iy Ix Ty

b) Deduce simplified expressions fgrp, E, MandM, in terms ofx and y .
ix qy 9x iy

T Tq __sing| [1g _cosg

Ix Tix r fy
E:L E: y M: y ﬂq_ X

™ [@+y?| |y /X2+y2"|1x ><2+yz"|1_y_x2+y2

qIr .
cosg|, |— =sing|,
Ty
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Question 15  (**+)

The pointP(1,yy,7) lies on both surfaces with Cartesian equations

x2+y2+22:9 and z=x+ yz-3.
At the point P, the two surfaces intersect each other at an apgle

Given further thatP lies in the first octant, determine the exact eabficosg .

8
co =—
=321
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Question 16 (**+)

The pointP(1,1,2) lies on both surfaces with Cartesian equations
z(z-1)= ¥+ xy and z= X y+ xf.

At the point P, the two surfaces intersect each other at an apgle

Determine the exact value af .

g = arccos 3
19
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Question 17 (***)

The pointP(- 1,1,3 lies on both surfaces with Cartesian equations

z2(z- 2)= ¥- 2xy and z= xy( Ax+ By,

where A and B are non zero constants.

The two surfaces intersect each other orthogoméltiie pointP .

Determine the value oA and the value oB.

|[A=-14, |B=-17|
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Question 18  (***)
The function f depends o, v andt so that

Hu x99, 49 v ), {), £ = B vz,
It is further given that
U=x+y-22z v=4x- 2y z and x=2t, y:tz, z=5.

a) Find simplified expressions fej%i, Eandﬂ, in terms ofx, y andz.
X

Ty Iz

b) Determine an expression f%ll%, in terms oft.

=2x+2y- 4z+ 5, ?T—f:2x+2y- 4z+i- 2, E:-x- 4w 8z 1
y

Jz 1z

%=4t3+122 - 36- 30

[
X
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Question 19 (***)
The functionz depends o andv so that

z=(2x+3y)2, u=x2+y* and v=x+2y.

Find simplified expressions fo‘lj'_iE and%, in terms ofx andy.
u \Y

Tz _2x+3y |1z _ 2(3x- 2y)(2¢ 3y)

fu 2x-vy| [Tv 2X-Yy
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Question 20  (***)

The functionw=; u(xy), Y x ) satisfies
x=€e'cosv and y=¢e"sinv.

Determine simplified expressmnsfgp Tu A ndﬂ in terms ofu andv.
% fy  x Ty’
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Question 21 (***)
A surfaceS has Cartesian equation

z=X- .

a) Sketch profiles ofS parallel to they-z plane, parallel to th&-z plane, and
parallel to thex-y plane.

b) Find an equation of the tangent plane®pat the pointP(l,l,O).

|2x- 2y- = q
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Question 22 (***)
A surfaceS is given parametrically by

x = atcoshg , x=btsinhg, z=t2,
wheret and g are real parameters, amadandb are non zero constants .
a) Find a Cartesian equation f&.

b) Determine an equation of the tangent planeSoat the point with Cartesian
coordinates Xy, Yo, Z) -

[ z=2- 2L [20%x%- 22yy= 2B( z g

(335 _ (2
= CEp-Fp-2-=

= Wy - 2dyy - Az -0

12 213 VZ
= 2552 -~ 247 abz-x)

Yooy = b /
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Question 23 (***)
The functionz depends orx and y so that

ZZ(X y):M, X1 0.
X
Show that
XZﬂ—‘l' yzﬂ_Z: __y
X Ty X

proof
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Question 24 (***)
The function f depends omu andv where

u=2xy and v:xz-yz.

Assuming x! y, x* 0 andy?* 0, show that

@ 700G THe Guatens

PSP R G 2 { (22 2
>a% Yﬁ% =y 2e + md@%
~eleg% =2 m% ren ]

*;1'3_)%437‘}_ e | “%%*“o\

=
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Question 25 (***)
The functionsF and G satisfy

G(xy)° Fuxy, {xy,
whereu andyv satisfy the following transformation equations.
u=Xxcosy, Vv=xsiny.

Use the chain rule for partial derivatives to shbat
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Question 26 (***+)
The function f is defined as

f(xy,2° % 75% 3y )% %
The pointQ lieson f .
The derivatives a@Q in the directiong +j +k and- i+ j- k , are equal.
a) Show thatQ must lie on the surface of a sph&e
The pointP(1,3,a) liesonS.

b) Find a vector equation of the normal lineSoat P.
A sphereT is concentric taS and has radius three times as large as th&t of
The normal line toS at P intersects the surface of at the pointsA andB.

c) Determine the coordinates & andB.

(xy.9=/+12 +34 +3J5| |A(3,7.6/5 B(- 35, 6/_%‘
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Question 27  (***+)
The functionz depends orx and y so that

z:rztanq, X=rcosg and y=rsing.

a) Expressr andg in terms ofx andy and hence determine expressions for

Tz and%, in terms ofx andy.
y

ix

Give each of the answers as a single simplifiadtion

b) Verify the answer to pafg) by implicit differentiation using Jacobians

s | L Gk 2,

u) OSING SANDACH POUNQL THE REEOT N TRUIAL DEANG W aal or e GRUER oF THE MATEX
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- IS X r \

oz _ drer w2 _ \! \ 20 (~sm0

B T or e T90 By T (arbug) (o) + (Feedy)(52)
= ZrenG - rhond s

= 2w = ¢ b gy
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Question 28 (***+)
The function; depends o andv so that

x=2u+e® and y=2v+e?.

Without using standard results involving Jacobiaetermine simplified expressions

for E E ﬂ andﬂ, in terms ofu andv.
™x Ty X Ty

ﬂU_ 1 E_- eZV ﬂ_ e-2U
I 1~z ) E vy i O il o
v _ 1

Ty 2+28vY
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Question 29 (***+)
A hill is modelled by the equation

( X%+ yz) - -

f (x,y)=300e ,xT

A railway runs along the straight line with equatio
y=X- 2.

Determine the steepest slope that the train neeclsb.
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Question 30 (***+)
The functionsF and G satisfy

G(uv)e F uy, fuy,
where x and y satisfy the following transformation equations.

u+v
X=uv, y=—-.
u-v

Use the chain rule for partial derivatives to shbat

2 2
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Question 31 (****)
The functionz depends orx and y so that

z:(u+\02, x=u?- Vv and y=uv.

Show clearly that ...

-
U IX z-2y
i 2 22
Ty z-2y

AND N AY AAGo o

L B x/
oy
‘/rg Y

T VN TN VRS T
24 2 °3

N 2
o5 T p t 20w x 2
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Question 32  (****)
The functionz depends orx and y so that

z=f(u\V), u=x+y and v=2x-2y.
Show clearly that

%z 9%z 1%z
=12 4112
Ty qu® W

proof
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Question 33 (****)
The functionz depends orx and y so that

2=~ Wheref=f£-—1.
1+x f y X
Show clearly that
23z, yz'ﬂ_Z _ 2
fix fy

proof
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Question 34 (****)
The surfaceS has equation

z:yfﬁ,

where the functionf X is differentiable.
y

Show that the tangent plane at any pointSpasses through the origid

proof

Created by T. Madas



Created by T. Madas

Question 35  (****)
The functionsu=u(x y) and v=v(x y) satisfy

u+3\f°’:3x+y2 and v- 2u’= x- 2y.

Determine the value 01}11((37;//)) at(x,y)=(0,0).
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Question 36 (****)

A surfaceS has equatiorf (X, y, Z) = 0, where

f(xy,2)=X+2xy- 4% 2y+2yz 8-y % 4.

a) Show that there is no point d® where the normal t& is parallel to thez
axis and hence state the geometric significandhisfresult with reference to
the stationary points d.

S is translated to give a new surfade with equation
f(x,y, 2 =-56.
The plane with equatiom+ y+ z= k, wherek is a constant, is a tangent planélto

b) Determine the two possible valueslof

, k=2 k=6
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Question 37 (****)

A surfaceS has equatiorf (X, y, Z) = 0, where

f(xy,2)=X+3yY+2Z2+2yz6 xz 4 xy 2
Show that the plane with equation
10x- W 2z= 6,

is a tangent plane t8, and find the coordinates of the point of tangency

(-2 619
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Question 38  (****)

It is given thatg is a twice differentiable function of one variableth domain all
real numbers.

It is further given that foxx >0

Show that

proof
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Question 39  (****)
The functionw depends orx and y so that

w=f(u), and u=(x-%)(y W),
where X, and y, are constants.

Show clearly that

Pw _ 1%f  §f

>y o Tu

=
=

proof
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Question 40  (****)
The functionsf andG satisfy

G(rgj)° f x(rg4 ). y(9/. ).z@i .) .

wherex, y and z satisfy the standard Spherical Polar Coordinatasstormation
relationships

X=rsingcog , y=rsingsiry, z=rcosg.

Use the chain rule for partial derivatives to shbat

2 2 2 2 2 2
TG, 1967, 1 96t m ot
qr r g rsing % v )i
, |proof
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Question 41 (****+)

It is given that

z(xy)= f(uy,

so that
u=x2+y> and v=2.
X

a) Use the chain rule to show that

XE+ y.”—zzi%u."—]c and yﬁE- xygﬂ—zz uvﬂ—f.
x "y  fu Ty x v

b) Hence show further that

VB:B and B:-VZE/.

fu Tu v v

proof
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Question 42 (****+)

It is given thatf and g are differentiable functions of one variable, withmain all
real numbers.

It is further given that foxx >0
F(xy)=f ¥+ y+g3x 2y .
If the functiony = y( x) is a rearrangement oF (x, y) =0, show that

dg

d_y_3du

dx 495y
du

+ 2x

whereu =3x- 2y

proof
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Question 43  (****+)

The surfaceS has Cartesian equation
z=f(xY).
The tangent plane at any point 8npasses through the poi(ﬁ,o,- ])

Show that

9z Nz

X—+y—- z= 1.
™x -1

proof
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Question 44  (*****)

It is given that the functiorf depends orx andy, and the functiorg depends on
u andv , so that

f(xy)=g(uy, u=x*-y* and v=2xy.
a) Show that

2
H:ZE+4X

x2 Tu u?

2 2 2
21°9 , 0. 19 , 4,210
XY gy Y .

2
and find a similar expression f%%.
y

b) Deduce that iff (X, y) = x+y

proof
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Question 45  (*****)
The functionz depends orx and y so that

z=f(uV), u=x-2Jy and v=x+2Jy.

Show that the partial differential equation

2 2
21-[_5 - Zyﬂ_zz_ 1?:
ix [\ Yaln 1\

can be simplified to
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Question 46  (*****)

The above partial differential equation is Laplaceguation in a two dimensional
Cartesian system of coordinates.

Show clearly that Laplace’s equation in the staddao dimensional Polar system of
coordinates is given by

proof
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Question 47 (*****)
It is given that fory 5 (x,y) andy =¥ (x,Y)

Show that the above pair of coupled partial dififtigd equations transform in plane

polar coordinates to

r r g r  rig

M:Ej[/_ and ﬂlz 11}’

proof
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