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Question 1

The figure above shows the straight line segn@t joining the origin to the point
P(hr), whereh andr are positive coordinates.

The pointQ(h,0) lies on thex axis.

The shaded regioR is bounded by the line segmel@®, PQ andOQ.

The regionR is rotated by2p radians about th& axis to form a solid cone of
heighth and radiusr.

Show by integration that the volume of the covieis given by

1 o
V ==pr-h.
3,0
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Question 2
A curve C is defined parametrically

(x,y,2)=(3cost,3sirt ,4, 0£t£50.
wheret is a parameter.

a) Sketch the graph of .

b) Find the length ofC.
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Question 3
A finite region R is defined by the inequalities

y2£4ax, OEx£a, y2 0,

wherea is a positive constant.

The regionR is rotated by2p radians in they axis forming a solid of revolution.

Determine, in terms gb anda, the exact volume of this solid.
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Question 4
A curve C is defined parametrically

(%, z):(et & cog e siﬂ), 0E£t£20.

wheret is a parameter.

Describe the graph d and find its length.
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Question 5

a) Determine with the aid of a diagram an expresswrttie volume element in
spherical polar coordinatef;,q./ ) .
[You may not use Jacobians in this part

b) Use spherical polar coordinates to obtain the stahtbrmula for the volume
of a sphere of radiua.

dv=r?singdrdg ¢
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Question 6

A family of curvesC,, , n=1, 2, 3, 4, .. is defined parametrically by
C,:(xy,2) =(tcosnt,sinn), OLtE£ 2p.

wheret is a parameter.

a) Sketch the graph of;, C, andC;.

b) Find an expression for the length@f .

20N 1+ n?
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Question 7

Use spherical polar coordinate(s,,q,j), to obtain the standard formula for the
surface area of a sphere of radaus

dA= azsinq @y g A= 4 &

Created by T. Madas



Created by T. Madas

Question 8
The infinite regionR is defined by the inequalities.

2
yEe* , x30, y30.
R is rotated by2p radians in they axis forming a solid of revolution.

Determine the exact volume of this solid.
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Question 9

y =1+cos X

3

The figure above shows the graph of the curve eafiation
y=1+cosX, 0 x£%.

The shaded region bounded by the curve and thedicade axes is rotated Rp
radians about theg axis to form a solid of revolution.

Show that the volume of the solid is

Sole4)

Created by T. Madas



Created by T. Madas

Question 10

y =tan 2

The figure above shows the graph of the curve eaphation
y=tan2x, O£ XE%.

The finite regionR is bounded by the curve, the axis and the horizontal line with
equationy =1.

The regionR is rotated by2p radians about the line with equatipr1 forming a
solid of revolution.

Determine an exact volume for this solid.

£(1-1n2)

NS
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Question 11
The finite region bounded the curve with equation

y=sinx, O£ X£p
and thex axis, is rotated by60° about they axis to form a solid of revolution.

Find, in exact form, the volume of the solid.
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Question 12
A quadratic curveC has equation

y=(4-x)(x 2), xi

The finite region bounded b§ and thex axis is fully revolved about thg axis,
forming a solid of revolutiors.

Determine in exact form the volume 8f.
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Question 13

1
V=

The figure above shows the graph of the curve eaphation

K A

xl o, x=-1.
X+1

y:

The finite regionR is bounded by the curve, theaxis and the lines with equations
x=1 and x=3.

Determine the exact volume of the solid formed wh&n regionR is revolved by
2p radians about ...

a) ...they axis.

b) ... the straight line with equatior =3.

p(4-1n4)], |4p(- &+ In4
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Question 14

(y- 4)2+ 4x= 4

The figure above shows the curve with equation
2
(y- 4)7+ 4x= 4.

The finite region bounded the curve and thexis, shown shaded in the figure, is
rotated by a full turn about the axis to form a solid of revolution.

Find, in exact form, the volume of the solid.
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Question 15

A tube in the shape of a right circular cylinderadlius4 m and height0.5m, emits
heat from its curved surface only.

The heat emission rate, iWm 2, is given by
1.2z o
€ sirq,

where g and z are standard cylindrical polar coordinates, whosgin is at the
centre of one of the flat faces of the cylinder.

Given that the cylinder is contained in the parspéce for whichz3 0, determine
the total heat emission rate from the tube.

<]
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Question 16
A uniform solid has equation

4P+ 2=
with x>0, y>0, z>0, a>0.

Use integration in spherical polar coordinat(ersq,/ ) to find in Cartesian form the
coordinates of the centre of mass of the solid.
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Question 17
A hemispherical surface, of radiasm, is electrically charged.

The electric charge density(g/ ), in Cmi2, is given by

rlgy )=kcosq ) sir(% )

wherek is a positive constant, andand; are standard spherical polar coordinates,
whose origin is at the centre of the flat open faicthe hemisphere.

Given that the hemisphere is contained in the paérspace for whichz3 0,
determine the total charge on its surface.
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Question 18

A uniform solid cube, of mass and side lengtla, is free to rotate about one of its
edges,L .

Use multiple integration in Cartesian coordinatedind the moment of inertia of this
cube aboutl, giving the answer in terms afn and a.

You maynot use any standard rules or standard results abooments of inertia in
this question apart from the definition of momehnnertia.

ma

win
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Question 19

A hemispherical solid piece of glass, of radaum, has small air bubbles within its
volume.

3

The air bubble density (z), in m™>, is given by

wherek is a positive constant, ardis a standard cartesian coordinate, whose origin
is at the centre of the flat face of the solid.

Given that the solid is contained in the part adcgpfor whichz3 0, determine the
total number of air bubbles in the solid.
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Question 20

A circular sector of radius subtends an angle @& at its centreD. The position of
the centre of mass of this sector lies at the pGinalong its axis of symmetry.

Use calculus to show that

2r sina

oG} =

proof
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Question 21

A hemispherical solid piece of glass, of radaum, has small air bubbles within its
volume.

The air bubble density (z), in m™3, is given by
r(z)=kz,

wherek is a positive constant, ardis a standard cartesian coordinate, whose origin
is at the centre of the flat face of the solid.

Given that the solid is contained in the part aicgpfor whichz?3 0, determine the
total number of air bubbles in the solid.

[ |pokat
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Question 22

The figure above shows the curve with equation
- (2x2+ 3x+1) -
y=e , X1

1
Show that the area between the curve andktlagis isw%p et

proof

Created by T. Madas



Created by T. Madas

Question 23
The position vector of a curv@ is given by

r (t) =cog costh)i + sifi cod)j +k ,
wheret is a scalar parameter with£@ £ a, al

Determine the length of .

arclength= sinla
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Question 24
A surfaceS is has Cartesian equation

y2+22: 2, O£x£€/§.

a) Sketch the graph of.

b) Find the area o6.
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Question 25
A solid sphere has equation

X2+ 2+ 2= &,
The density,r , at the point of the sphere with coordina@xﬁ Vi, zl) is given by

Determine theveragedensity of the sphere.

. [r=Fpa

© SWITlG- BY e WTION OF MASS fbp. VARIARIE TENSITY
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Question 26
A thin uniform spherical shell with equation

X2 + y2+ Z=a% a>0,
occupies the region in the first octant.

Use integration in spherical polar coordinat(afsq,j ) to find in Cartesian form the
coordinates of the centre of mass of the shell.

Created by T. Madas



Created by T. Madas

Question 27

A
h
tangent plan

Figurel shows a hemispherical bowl of radiugm containing water up to a certain
level h cm. The shape of the water in the bowl is calledlsespal segment.

It is required to find a formula for the volume atpherical segment as a function of
the radiusr cm and the distance of its plane face from the tangkame,h cm.

The circle with equation
X2 +y?=r? x30
is to be used to find a formula for the volume spherical segment.

The part of the circle in the first quadrant betwee=r - h and x=r is shown
shaded in figure2, and is labelled as the regid.

y
A

[continues overleaf]
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[continued from overleaf]

Show by integration that the volume of the sphésegmentV is given by
\Y, =§ph2(3r- h),

wherer is the radius of the sphere or hemisphere fanslthe distance of its plane
face from the tangent plane.

proof
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Question 28
A thin plate occupies the region in tixey plane with equation

2 2
.
PRt

SJJN| >

The mass per unit area of the plateis given by

r(xy)=*y.

Find a simplified expression for the mass of tredeal

pa’h’

24
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Question 29
A uniform circular lamina has madd and radiusa.

Use double integration in plane polar coordinatend the moment of inertia of the
lamina, when the axis of rotation is perpendicutarthe plane of the lamina and
passes through its centre.

Created by T. Madas



Created by T. Madas

Question 30
A uniform circular lamina has madd and radiusa.

Use double integration to find the moment of ireedf the lamina, when the axis of
rotation is a diameter.
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Question 31

Use cylindrical polar coordinate(ss,q,z) to show that the volume of a right circular
cone of heighth and base radiua is

%pazh.

proof
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Question 32
A solid sphere has radits and is centred at the Cartesian origin

The densityr at pointP(x, ¥, z) of the sphere satisfies

r :% 1+ z\ ¥+ +Z .

Use spherical polar coordinate(s,q,j ) , to find the mass of the sphere.
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Question 33
A solid uniform sphere has mas4 and radiusa.

Use spherical polar coordinate(s,q,j ) to show that the moment of inertial of this

sphere about one of its diameter%iMaz.

proof
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Question 34
A thin uniform spherical shell has massand radiusa.

Use spherical polar coordinate(s,q,j ) to show that the moment of inertial of this

spherical shell about one of its diameter%'maz.

proof
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Question 35

A building whose plan measuré®m long byl10m wide has vertical walls and a
suspended fabric roof. The heiglatm, of the roof above the ground is modelled in
three dimensional Cartesian space by the equation

ey

zZ= +2,-5E x£E 5, 0£ y£10.
a) Sketch the graph of the surface which models tbéabthe building.

Give a brief description of its shape including kesy features with relevant
coordinates such as the maximum height and miniimeight of the roof.

b) Determine the volume of the building enclosed bytigal walls and the
suspended fabric roof.

c) Show that the area of the fabric roof is given by

10 5

1 JG(x y) dxdy,
25 x=0
y=0

where G(x, y) is a function to be found.

=

[Volume= 350, G(x y) =4X ¥ + X' +4 X y 2504
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Question 36
A thin plate occupies the region in tixey plane defined by the inequalities

O£x£2 and O£ yE£ 2x.
The mass per unit area of the plateis given by
r(xy)=1+x(1+y).
a) Find the mass of the plate.

b) Determine the coordinates of the centre of maskeoplate.

m=52, (,5)=(

2 )

®|©
olloo
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Question 37
The position vector of a curnv is given by

wheret is a scalar parameter witf

Find an expression for the position vectoi®f, giving the answer in the form
r(s)=f(si+d 9,

wheres is the arc length of a general point 6y measured from the poilﬁl, O) .

r(s) =(coss)i +( singj
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Question 38

The figure above shows the curve with parametriaggns
x=8cos't, y:sin3t, O£t E%p.

The finite region bounded by the curve and the dioate axes is revolved fully
about thex axis, forming a solid of revolutio.

Determine thex coordinate of the centre of mass®f

x|
I
[N

=
(2}
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Question 39

The figure above shows the finite regi®) bounded by the coordinate axes and the
curve with parametric equations

x=3t+sint, y=2sint, O£LtE£p.

R is fully revolved about they axis forming a solid of revolution.

Show that the volume of this solid 1&9/72.
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Question 40

R+ !
—2r —>i

Use direct integration in Cartesian coordinateshtow the volumé/ of the circular
ring torus, shown in the figure above, is given by

V =2p%r°R, 0<r <R.

proof
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Question 41

R+ !
—2r —>i

Use direct integration in Cartesian coordinatestiow the surface are&® of the
circular ring torus, shown in the figure abovegigen by

S=(2pr)(2vR), 0<r <R.

proof
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Question 42
The circle with equation

X2+y2:4,

is rotated by2p radians about the straight line with equation5 axis to form a
solid of revolution, known as a torus.

Use integration to show that the volume of thedsidli
4002,

You may not use the formula for the volume of atisror the theorem of Pappus.
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Question 43

A solid uniform sphere of radiua, has variable density(r)zr , Wherer is the
radial distance of a given point from the centréhaf sphere.

a) Use spherical polar coordinate(s,q,j ) , to find the moment of inertia of this
spherel , about one of its diameters.

b) Given that the total mass of the spherenisshow that

ma2 .

Ol

Il
ol
ko)
D
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Question 44
A solid sphere has equation

X2 + y2+ 7 =a% a>0.
The sphere has variable density given by
r=k(a- 2, k>0.

Use integration in spherical polar coordinat(ersq,j ) to find in Cartesian form the
coordinates of the centre of mass of the sphere.

o
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Question 45
A solid sphere has radiws and massn.

The densityr at any point in the sphere is inversely propodidio the distance of
this point from the centre of the sphere

Show that the moment of inertia of this sphere &boe of its diameters i%ma2

proof
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Question 46

0] 1
2
The figure above shows the cur@ewith parametric equations

yo,

x=4coszq, y=\/§tanq, O£q<E.

The finite regionR shown shaded in the figure, bounded®yand the straight lines
with equationsy =1, y=3 and x =% .

Use integration in parametric to find an exact eafor the volume of the solid
formed whenR is fully revolved about they axis.

[you may only use the shell method in parametribigsquestioh

Vv :% 80+/3- 3

Created by T. Madas



Created by T. Madas

Question 47
A solid uniform sphere has mas4 and radiusa.

Use spherical polar coordinate(s,q,j ) and direct calculus methods, to show that

the moment of inertial of this sphere about ongsofangents i% Ma?Z.

You maynot use any standard rules or standard results abooitnents of inertia in
this question apart from the definition of momennertia.

proof
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Question 48

F0Y) © - oy i+ —

X+ y2 NI

By considering the line integral df over two different suitably parameterized
closed paths, show that

i 1 dg = ﬁ
o a’cosg+b?sirfg ab’

wherea andb are real constants.

You may assume without proof that the line integifaF yields the same value over
any simple closed curve which contains the origin.
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Question 49

The positive solution of the quadratic equaticn x E 0 is denoted by, and is
commonly known as the golden section or golden rarmb

This implies that*2-f - £ 0, f:%(lwé) »1.62.

It is asserted that

| = : e'xzcos( 2<2) dx:\/g.

By considering the real part of a suitable functioee double integration in plane
polar coordinates to prove the validity of the abossult.

You may assume the principal value in any requiresimplex evaluation.
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Question 50
The point S x, f( %) and the pointT X, f(%) lie on the curveC with

Cartesian equatioy = f (x).
The straight lineL has equationy = mx+ ¢, wherem andc are constants.

The finite regionR is bounded byC, L, and perpendicular straight line segments
from S to L and fromT to L.

A solid is formed by revolvindR aboutL , by a complete turn.

a) Show that the area d® is given by

X2

1

2
m+1x1

f(x)-mx ¢ & mf{ y d

b) Show that the volume of the solid of revolutiomgigen by

_p )
(m2+1)g f(x)-mx c” % mf ¥ d

X
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Question 51
A curve C and a straight lind. have respective equations

y:x2 and y=X.

The finite region bounded bg§ and L is rotated around. by a full turn, forming a
solid of revolutionS.

Find, in exact form, the volume &.

60
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Question 52
A curve C has equation

y=(x-2)(6 ), xI
The straight lin€r is the tangent t&€ at the point wherex=3.
The finite regionR is bounded byC, T, and thex axis.
A solid S is formed by revolvingR aboutT , by a complete turn.

Find, in exact form, the volume &.

A

150
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Question 53
Find the general solution of the following equation

%( msin(t2)+cos( 22) dx = - \/% x1

1
4

[ 1 |x=%p(ak-1) K
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