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The Fourier Theorem

If f(x) is a piecewise continuous function g, ), then

¥
f(x):%+ ancos%( +h15in%(
n=1

where a, =% f (x)cos %( dx

L=2"2 _par perioc

Parseval’s Identity
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FOURIER SERIES
EXPANSIONS
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Question 1

Created by T. Madas

f(x)=x,xI ,-pEXEp.

f(x)=f(x+2p).

Determine the Fourier series expansionfdi) .
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Question 2

A function f (x) is defined in an interve(- L,L), L >0.

a) State the general formula for the Fourier seriesf p%) in (- L,L), giving
general expressions for the coefficients of theeser

b) Find the Fourier series of

f(x)=2x, -pE xE p.

2X = ﬂsin( nx)

n=1
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Question 3

(1) = 2t+2 -EtE O
"0 O0ft£l

F(t)=f(t+2).

Determine the Fourier series expansionfdt).

1,2 2cos (@ Jpt  sin(npt)
2 p p(2n- 1)2 n

n=1

Hee a=
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Question 4

1+1t - 28 t£ 0
fty=" 4 .
1-1t e tE 4

N

f(t)="f(t+8).

Determine the Fourier series expansionfdt).
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Question 5
The “Top Hat” function is defined as

1 |x|£%
=
0 E<|x|£,0

for xI , f(x)=1f(x+2p).

Determine the Fourier series expansionf i) .

2 (-1)™cos (1 )x
2 p 2n-1

n=1
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Question 6

f(x+2)=f(x).

Determine the Fourier series expansionf k).

2 cos ( h- Ipx 1
o (2n- 1)° p n

n=1 n=1

L
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Question 7
A function f (x) is defined in an interve{- L,L), L >0.

a) State the general formula for the Fourier seriesf p%) in (- L,L), giving

general expressions for the coefficients of theeser

b) Find the Fourier series of

f(x)=x2,-1£ XE 1.

c) Hence determine the exact value of
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Question 8

A function f (x) is defined in an interve(- p,p).

a) State the general formula for the Fourier seriesf %) in (- p,p), giving
general expressions for the coefficients of theeser

b) Find the Fourier series of

1 1 1 1 1
1- =+ == % = &
3 5 7 9 11
4 Y (-1)" lcoinx) 1 1 1 1 1
f(x)— + 1- =+ == &+ = 4+ = P
2n-1 3 5 7 9 11 4
n=1
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Question 9

A function f (x) is defined in an intervela,a +2L), L>0.

a) State the general formula for the Fourier serie$ %) in (a,a +2L), giving
general expressions for the coefficients of theeser

f(x)=x, 0£ X£ 4.
b) Find the Fourier series of () ...

I. ...intheintervalO£ x £ 4, with period4.

il. ... in the intervalO£ X£ 4, with period8, by building a suitable
“extension” to f ().

[llustrate the solution in each case with a sketch.
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Question 10

A function f (x) is defined in an intervela,a +2L), L>0.

a) State the general formula for the Fourier serie$ %) in (a,a +2L), giving
general expressions for the coefficients of theeser

f(x)=x*, 0EXEL
b) Find the Fourier series of (X) ...

I. ...intheinterval0£ x£ 1, with periodl.

ll. ... in the intervalO£ X£1, with period 2, by building a suitable
“extension” to f (X).

[llustrate the solution in each case with a sketch.

¥ _ ¥ n
2.1, cos(;h,gx)_ sif{ 2p X , x2:1+i2 @cos(r}ox)
3 np no 3 p n
n=1 n=1
9 (T E ol
) >
) { ) 60
1 i .
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Question 11

for xI , f(x)=f(x+2p).
a) Determine the Fourier series expansionfdi) .

b) Hence determine the exact value of

c) Show that

(2n+1)2 82
n=0
¥
2‘]_
f(x):p+4 cos ( Z:le
2 p (2n- 1)
n=1

Created by T. Madas




Created by T. Madas

Question 12
The periodic functionf is defined as

f(t)— 0 -¥i<O
2 0£tEl

fortT , f(t)="f(t+2).

Determine the Fourier series expansionfdt).

¥
, 1
f(t):1+ (-9)" 2cognot) € 3, 2 (
6 nZp? no 3
n=1
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Question 13
f(x)=x,xI ,0£EXE2p.
f(x)=f(x+2p).
a) Determine the Fourier series expansionfdi) .

b) Hence determine the exact value of

(_ l)n+1
2n-1
n=1
¥
f(x)=p-2
n=1
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Question 14
A function f (x) is defined in an interve(- p,p).

a) State the general formula for the Fourier series (%) in (- p,p), giving
general expressions for the coefficients of theeser

b) Find the Fourier series of
f(x)=3x- p?, -pEXE p.

c) Hence determine the exact value of

¥
(_ 1)n+1
n2
n=1
’ (-1)" cosnx Y (-)™_p?
2_p2=12 - - =
Tl n? ’ n? 12
n=1 n=1
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Question 15

a) Determine the Fourier series expansionfdi) .

b) Hence determine the exact value of
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Question 16
f(x)=x,xI ,-1£ x£ 1.
f(x)=f(x+2).
a) Determine the Fourier series expansionfdi) .

b) Hence determine the exact value of

¥
(-1)™sinn
- .
n=1
¥ ¥
2 (-1)™* sinnpx (-1)™Fsinn _ 1
f (X) =— , =
p n n 2
n=1 n=l
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Question 17
f(x)=x, xI ,-2£ xE 2.
f(x)=f(x+4).

Determine the Fourier series expansionf i) .
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Question 18
A function f (x) is defined in the interva(- p,p).

a) State the general formula for the Fourier seriesf (%) in (- p,p), giving
general expressions for the coefficients of theeser

b) Find the Fourier series of
f(X)=x, -pE XEp.
c) Hence determine the exact value of

9(X) =, -pE x£ p.

n=1 n=1
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Question 19
f(x)=x, xI ,0ExXEL
Determine the Fourier series 6f(x) as

a) ... as half range cosine expansion.

b) ... as half range sine expansion.

f(x):é+p—42 4 ('n_lz)ncos(nox) ,
((9=2 2 (2 w7 )" 2 Sy
T
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Question 20

p-X OE X p o
0 pExE2p '

f(x)=
f(x)=f(x+2p).

a) Determine the Fourier series expansionfdi) .

b) Hence determine the exact value of

¥
1
2
o 2r- 1)
A e R
4 p(2m- 1)? m_ || (2r-2° 8
m=1 r=1
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Question 21
f(x)=x, xi ,-pExEp.
f(x)=f(x+2p).
a) Determine the Fourier series expansionf i) .

b) Hence determine the exact value of

¥
(_1)n+1
n2
n=1
N R A
f(X)—?+4 n2 , n2 —E
n=1 n=1
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Question 22
f(x)=x, xI ,0ExE2.
f(x)=f(x+2p).
a) Determine the Fourier series expansionf i) .

b) Hence determine the exact value of

¥
(_ 1)n+1
2
n=1
2 ¥ . ¥ n+l 2
f)=2 4 cosX p sinx (-7 _p*
(X) -3 n? n ’ n? F§
n=1 n=1
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Question 23
It is given that forx] , - p£ X£ p,

. M=lxr2n]
a) Use the above Fourier series expansion to dedecEdtrier series expansion
of sgn(x).

b) Verify the answer of paf@) by obtaining directly the Fourier series expansion
of sgn(x).

c) Hence determine the exact value of

¥ (_ 1)r+1
2r-1
r=1
. ¥ +1
4 sin (2n- Jx -0™ _p
, Isgn(x) =— , ==
) p (2n- 1)? -1 4
n=1 =
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Question 24

f(x)=f(x+p).

Determine the Fourier series expansionfd) .
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Question 25
A function f (x) is defined in an intervg{- L,L), L >0.

a) State the general formula for the Fourier seriesf %) in (- L,L), giving
general expressions for the coefficients of theeser

b) Determine the Fourier series of

f(x)=€*, -pE xE p.

¥
ox = Sinhp _ 2sintp (-1)" cognx)- nsir(nx

P P 1+n?
n=1
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Question 26
A function f (x) is defined in an intervg{- L,L), L >0.

a) State the general formula for the Fourier seriesf %) in (- L,L), giving
general expressions for the coefficients of theeser

b) Show that

P YRy
e é™ dx = Z(aazT)rfz ) sin{ ap)
-p

c) Determine the Fourier series of
f(x)=€e™, a>0, -pE xE p.

d) Hence find the Fourier series obsh(ax) andsinh(ax), for - p£ x£ p.

o = sinh(ap) , 2sinf{ap) ) (-1)" acognx)- nsir( ny

ap p a?+n?
n=1

sinh(a,o)+ 2a sint{ ) ’ (- }" cofny

COSk(aX): ap p W
n=1
osin(@p) | n(- I sir(ny
sinh(ax):—ap ——
D aZ+n
n=1
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Question 27
A function f (x) is defined in an interve{- L,L), L >0.

a) State the general formula for the Fourier seriesf %) in (- L,L), giving
general expressions for the coefficients of theeser

b) Determine the Fourier series of
f(x)=€*, -pE xE p.

c) Hence find the Fourier series sinhx and coshx, for - p£ xE p.

¥
ox = Sinhp _ 2sintp (-1)" cognx)- nsir(ny
P P 1+n?
n=1

¥
2sinhp n(-1)"" sin(nx)

P 1+n?

n=1
¥

sinhp , 2sintp (-1)" cognx)

p P 1+n?

n=1

sinhx =

coshx =
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Question 28
A function f is defined by

f(t)=V|coswt|, tT
whereV and w are positive constants.

Show that the Fourier series 6f is given by

f(t):ﬂ+

cos M) - -L co§ @)+ -L cds 1Bt)+
p {20 - g cof a)+ 4y ods w1)

1
3

SEES

proof
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PARSEVAL'S
IDENTITY
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Question 1

A function f (x) is defined in an interve{- L,L), L >0.

a) State the general formula for the Fourier seriesf %) in (- L,L), giving
general expressions for the coefficients of theeser

b) Find the Fourier series of
f(x)=|{, -pE xE p.
c) State Parseval's identity for the Fourier series ¢k) from part(a).

d) Hence show that

¥
1 :p_4
_1\* 96
. (2n- 1
|x|:£-£ cos (- 3Ix
2 p (2n- 1)
n=1
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Question 2

A function f (x) is defined in an interve{- L,L), L >0.

a) State the general formula for the Fourier seriesf %) in (- L,L), giving
general expressions for the coefficients of theeser

b) Find the Fourier series of
f(x)=sign(x), -pE£ xE p.
c) Prove Parseval's identity for the Fourier series ¢k) in (- p,p).

d) Hence show that

¥
1 _p
_1% 8°
. (2n- 1
4 sin (- ) x
&gn(x)-; (2n-1)
n=1
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Question 3

A function f (x) is defined in an interve{- L,L), L >0.

a) State the general formula for the Fourier seriesf %) in (- L,L), giving
general expressions for the coefficients of theeser

b) Find the Fourier series of
— 1 1 1 -
f (x) =5 +—23|gn( X), -pEXEp.

c) Prove the validity of Parseval’s identity for theufier series off (x) in the
interval(- L,L).

d) Hence show that

n=1
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Question 4
f(x)=x,xI ,-pEXEp.
f(x)=f(x+2p).

Use Parseval’s identity for the Fourier coefficeenf f (x) to determine the exact
value of

Created by T. Madas



Created by T. Madas

Question 5
f(x)=x, xI ,-pE xEp.
f(x)=f(x+2p).

Use Parseval’s identity for the Fourier coefficeent f (x) to determine the exact
value of

.l>|'—‘
N
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Question 6

A function f (x) is defined in an interve{- L,L), L >0.

a) State the general formula for the Fourier seriesf %) in (- L,L), giving
general expressions for the coefficients of theeser

b) Prove the validity of Parseval's identity for theufier series off (x) in the
interval (- L,L).

c) Find the Fourier series of

d) Hence show that
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Question 7
A function f (x) is defined in an interve{- L,L), L >0.

a) State the general formula for the Fourier seriesf %) in (- L,L), giving
general expressions for the coefficients of theeser

b) State and prove Parseval’s identity for the Fowseeies of f (x) in (- L,L).
c) By considering the Fourier series of

f(x)=x, -pE x£ p,

¥

show that ie =

n
n=1

p°
45

O

You may use without proof the following results.

x® sinnx dx=n—l4 n>(6- A %) COS nx % A % ?sin nx

¥
1_p?
n> 6
n=1
¥
1_p*
n* 9
n=1

proof
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FOURIER SERIES
Complex Expansions
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Question 1

A periodic function f (t) is defined in the interve{- L,L), L >0, f(t+2L)=f(t).

It is further given thatf (t) is continuous or piecewise continuous(irL,L) and has
Fourier series

where an=% f(t)cosn’%t dt,n=0,1,2,3,..
L

L
and bn=% f (t)sin n,%t dt, n=1,2,3,4,.
L

Show that the complex Fourier series expansiof @11) is

L .
_inpt .
where cn=_21L f(t)e "t dt, nl
L
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Question 2

1 -2£1tE 2
O U b

Determine the complex Fourier series expansioff ).

f(t):%+—%
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Question 3

1 Oftfa
— 1 —
f(t)= 0 acter ' 22T f(t+T)=f(t).

Determine the complex Fourier series expansioff ().
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Question 4

f(t)=t, 0£t<1, f(t+1)="1(t).

Determine the complex Fourier series expansioff @1)
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Question 5
f(t)=e" , 0£t<2, f(t+2)=1(t).

Determine the complex Fourier series expansioff @1)
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Question 6
f (t) =cog(pt) , -1 i< —% f(t+1)=f(t).

2

Determine the complex Fourier series expansioff ).
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Question 7
f(t)=sin(pt) , 0£t<1, f(t+1)="(t).

Determine the complex Fourier series expansioff (11)
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Question 8
The function f is defined as

f(t):Vcosp?t  -ATE AT, f() =1 (14T),

whereV andT are positive constants.

Determine the complex Fourier series expansioff (11)
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