










Chapter Summary

What Did You Learn? Explanation/Examples
Review 

Exercises

  Chapter Summary 111
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Represent and classify real  
numbers (p. 2).

Real numbers include both rational and irrational numbers.
Real numbers can be represented graphically on the real 
number�line.

1, 2

Order real numbers and use 
inequalities (p. 4).

a < b: a is less than b.    a > b: a is greater than b.
a � b: a is less than or equal to b.
a � b: a is greater than or equal to b.

3, 4

Find the absolute values of real 
numbers and find the distance 
between two real numbers (p. 6).

Absolute value of a: �a� = �a,
Š a,

   a � 0
   a < 0

Distance between a and b: d(a, b) = �b Š a� = �a Š b�

5…8

Evaluate algebraic expressions  
(p. 8).

Evaluate an algebraic expression by substituting numerical  
values for each of the variables in the expression.

9, 10

Use the basic rules and properties 
of algebra (p. 9).

The basic rules of algebra, the properties of negation and  
equality, the properties of zero, and the properties and  
operations of fractions can be used to perform operations.

11…22
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Identify different types of 
equations (p.�14), and solve 
linear equations in one variable 
and rational equations (p. 15).

Identity: true for every real number in the domain
Conditional equation: true for just some (but not all) of the 
real numbers in the domain
Contradiction: false for every real number in the domain

23…26

Solve quadratic equations 
(p.�17), polynomial equations of 
degree three or greater (p.�21), 
radical equations (p.�22), and 
absolute value equations (p.�23).

Four methods for solving quadratic equations are factoring, 
extracting square roots, completing the square, and the 
Quadratic Formula. Sometimes, these methods can be extended 
to solve polynomial equations of higher degree. When solving 
equations involving radicals or absolute values, be sure to check 
for extraneous solutions.

27…38
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Plot points in the Cartesian 
plane (p.�26), and use the 
Distance Formula (p.�28) and 
the Midpoint Formula (p.�29).

For an ordered pair (x, y), the x-coordinate represents the 
directed distance from the y-axis to the point, and the  
y-coordinate represents the directed distance from the x-axis  
to the point.

39, 40

Use a coordinate plane to 
model and solve real-life 
problems (p. 30).

The coordinate plane can be used to find the length of a 
football�pass. (See Example 6.)

41, 42

Sketch graphs of equations 
(p.�31), and find x- and 
y-intercepts of graphs of 
equations (p.�32).

To graph an equation, construct a table of values, plot the 
points, and connect the points with a smooth curve or line.
To find x-intercepts, let y be zero and solve for x.
To find y-intercepts, let x be zero and solve for y.

43…48

Use symmetry to sketch graphs 
of equations (p.�33).

Graphs can have symmetry with respect to one of the coordinate 
axes or with respect to the origin. You can test for symmetry 
graphically and algebraically.

49…52

Write equations of circles 
(p.�34).

A point (x, y) lies on the circle of radius r and center (h, k) if 
and only if (x Š h)2 + (y Š k)2 = r 2.

53…56
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Use slope to graph linear 
equations in two variables 
(p.�40).

The Slope-Intercept Form of the Equation of a Line

The graph of the equation y = mx+ b is a line whose slope is 
m and whose y-intercept is (0, b).

57…60

Find the slope of a line given 
two points on the line (p.�42). 

The slope m of the nonvertical line through (x1, y1) and (x2, y2) is

m =
y2 Š y1

x2 Š x1

where x1 � x2.

61, 62

Write linear equations in two 
variables (p.�44).

Point-Slope Form of the Equation of a Line

The equation of the line with slope m passing through the point 
(x1, y1) is y Š y1 = m(x Š x1).

63…66

Use slope to identify parallel 
and perpendicular lines (p.�45).

Parallel lines: Slopes are equal.

Perpendicular lines: Slopes are negative reciprocals of each other.

67, 68

Use slope and linear equations 
in two variables to model and 
solve real-life problems (p.�46).

A linear equation in two variables can be used to describe the 
book value of exercise equipment each year. (See Example�7.)

69, 70
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Determine whether relations 
between two variables are 
functions, and use function 
notation (p.�53).

A function f  from a set A (domain) to a set B (range) is a 
relation that assigns to each element x in the set A exactly 
one�element y in the set B.

Equation: f (x) = 5 Š x2

f �2�: f (2) = 5 Š 22 = 1

71…76

Find the domains of functions 
(p.�58).

Domain of f �x� � 5 � x2: All real numbers 77, 78

Use functions to model and 
solve real-life problems (p.�59).

A function can be used to model the path of a baseball. 
(See�Example�9.)

79

Evaluate difference quotients 
(p.�60). Difference quotient: 

f (x + h) Š f (x)
h

, h � 0
80
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Use the Vertical Line Test for 
functions (p.�68).

A set of points in a coordinate plane is the graph of y as a 
function of x if and only if no vertical line intersects the graph 
at more than one point.

81, 82

Find the zeros of functions 
(p.�69).

Zeros of f �x�: x-values for which f (x) = 0 83, 84

Determine intervals on which 
functions are increasing or 
decreasing (p.�70), determine 
relative minimum and relative 
maximum values of functions 
(p.�71), and determine the 
average rate of change of a 
function (p.�72).

To determine whether a function is increasing, decreasing, or 
constant on an interval, determine whether the graph of the 
function rises, falls, or is constant from left to right. The points 
at which the behavior of a function changes can help determine 
relative minimum or relative maximum values. The average 
rate of change between any two points is the slope of the line 
(secant line) through the two points.

85…90

Identify even and odd functions 
(p.�73).

Even: For each x in the domain of f, f (Š x) = f (x).
Odd: For each x in the domain of f, f (Š x) = Š f (x).

91…94
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Identify and graph linear 
functions (p.�78), squaring 
functions (p.�79), cubic, square 
root, and reciprocal functions 
(p.�80), and step and other 
piecewise-defined functions 
(p.�81). Recognize graphs of 
parent functions (p.�82).

Linear: f (x) = ax + b Squaring: f (x) = x2

Š1 1 2 3 4 5
Š1

1

2

3

4

5

y

x

f(x) = Šx + 4

 y

x
Š1Š2Š3 1 2 3

Š1

1

2

3

4

5

(0, 0)

f(x) = x2

Square Root: f (x) = � x Step: f (x) = 	 x


Š1 1 2 3 4 5
Š1

Š2

2

3

4

y

x
(0, 0)

f(x) =     x

 y

x
Š1Š2Š3 1 2 3

Š3

1

2

3

f(x) = [[ x ]] 

The graphs of eight of the most commonly used functions in 
algebra are shown on page 82.

95…100
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.8 Use vertical and horizontal 
shifts (p.�85), reflections 
(p.�87), and nonrigid 
transformations (p.�89) to 
sketch graphs of functions.

Vertical shifts: h(x) = f (x) + c or h(x) = f (x) Š c
Horizontal shifts: h(x) = f (x Š c) or h(x) = f (x + c)
Reflection in x-axis: h(x) = Š f (x)
Reflection in y-axis: h(x) = f (Š x)
Nonrigid transformations: h(x) = cf (x) or h(x) = f (cx)

101…110
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Add, subtract, multiply, and 
divide functions (p.�94).

( f + g)(x) = f (x) + g(x) ( f Š g)(x) = f (x) Š g(x)
( fg)(x) = f (x) � g(x) ( f� g)(x) = f (x)� g(x), g(x) � 0

111, 112

Find the composition of one 
function with another function 
(p.�96).

The composition of the function f  with the function g is 
( f � g)(x) = f (g(x)).

113, 114

Use combinations and 
compositions of functions 
to model and solve real-life 
problems (p.�98).

A composite function can be used to represent the number of 
bacteria in food as a function of the amount of time the food  
has been out of refrigeration. (See Example�8.)

115, 116
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Find inverse functions 
informally and verify that two 
functions are inverse functions 
of each other (p.�102).

Let f  and g be two functions such that f (g(x)) = x for every x in 
the domain of g and g( f (x)) = x for every x in the domain of f. 
Under these conditions, the function g is the inverse function of 
the function f.

117, 118

Use graphs to verify that 
two functions are inverses 
of each other (p.�104), use 
the Horizontal Line Test to 
determine whether functions 
are one-to-one (p.�105), 
and find inverse functions 
algebraically (p.�106).

If the point (a, b) lies on the graph of f, then the point (b, a) 
must lie on the graph of f Š 1, and vice versa. In short, the graph 
of f Š 1 is a reflection of the graph of f  in the line y = x.

Horizontal Line Test for Inverse Functions
A function f  has an inverse function if and only if no horizontal 
line intersects the graph of f  at more than one point.

To find an inverse function, replace f (x) with y, interchange the 
roles of x and y, solve for y, and then replace y with f Š 1(x).

119…124
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Review Exercises  See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises.

114 Chapter P  Prerequisites

P.1  Classifying Real Numbers  In Exercises 1 and 
2, determine which numbers in the set are (a)� natural 
numbers, (b) whole numbers, (c) integers, (d)� rational 
numbers, and (e) irrational numbers.

 1. �11, Š 8
9, 

5
2, � 6, 0.4�  2. �� 15, Š 22, 0, 5.2, 37�

Plotting and Ordering Real Numbers  In Exercises 
3 and 4, plot the two real numbers on the real number 
line. Then place the appropriate inequality symbol 
� < or >�  between them.

 3. (a) 5
4  (b) 7

8  4. (a) Š 9
25  (b) Š 5

7

Finding a Distance  In Exercises 5 and 6, find the 
distance between a and b.

 5. a = Š 74, b = 48  6. a = Š 112, b = Š 6

Using Absolute Value Notation  In Exercises 7  
and 8, use absolute value notation to describe  
the situation.

 7. The distance between x and 7 is at least 4.

 8. The distance between x and 25 is no more than 10.

Evaluating an Algebraic Expression  In Exercises 
9 and 10, evaluate the expression for each value of x. (If 
not possible, state the reason.)

 Expression Values

 9. Šx2 + x Š 1 (a) x = 1 (b) x = Š 1

10. 
x

x Š 3
 (a) x = Š 3 (b) x = 3

Identifying Rules of Algebra  In Exercises 11…16, 
identify the rule(s) of algebra illustrated by the statement.

11. 0 + (a Š 5) = a Š 5 12. 1 � (3x + 4) = 3x + 4

13. 2x + (3x Š 10) = (2x + 3x) Š 10

14. 4(t + 2) = 4 � t + 4 � 2

15. (t2 + 1) + 3 = 3 + (t2 + 1)

16. 
2

y + 4 �
y + 4

2
= 1, y � Š 4

Performing Operations  In Exercises 17…22, 
perform the operation(s). (Write fractional answers in 
simplest form.)

17. Š 6 + 6 18. 2Š (Š 3)
19. (Š 8)(Š 4) 20. 5(20 + 7)

21. 
x
2

Š
2x
5

 22. 
9
x

÷
1
6

P.2  Solving an Equation  In Exercises 23…36, solve 
the equation and check your solution. (If not possible, 
explain why.)

23. 2(x + 5) Š 7 = x + 9

24. 7(x Š 4) = 1 Š (x + 9)

25. 
x
5

Š 3 =
x
3

+ 1 26. 3 +
2

x Š 5
=

2x
x Š 5

Choosing a Method  In Exercises 27…30, solve the 
equation using any convenient method.

27. 2x2 Š x Š 28 = 0 28. 6 = 3x2

29. (x + 13)2 = 25 30. 9x2 Š 12x= 14

Solving an Equation  In Exercises 31…38, solve the 
equation. Check your solutions.

31. 5x4 Š 12x3 = 0 32. x3 + 8x2 Š 2x = 16

33. � x + 4 = 3 34. 5� x Š � x Š 1 = 6

35. (x Š 1)2� 3 Š 25 = 0 36. (x + 2)3� 4 = 27

37. �x Š 5� = 10 38. �x2 Š 3� = 2x

P.3  Plotting, Distance, and Midpoint  In 
Exercises 39 and 40, (a) plot the points, (b) find the 
distance between the points, and (c) find the midpoint of 
the line segment joining the points.

39. (Š 3, 8), (1, 5) 40. (Š 2, 6), (4, Š3)

Meteorology  In Exercises 41 and 42, use the following 
information. The apparent temperature is a measure 
of relative discomfort to a person from heat and high 
humidity. The table shows the actual temperatures x (in 
degrees Fahrenheit) versus the apparent temperatures y 
(in degrees Fahrenheit) for a relative humidity of 75%.

x 70 75 80 85 90 95 100

y 70 77 85 95 109 130 150

41. Sketch a scatter plot of the data shown in the table.

42.  Find the change in the apparent temperature when the 
actual temperature changes from 70°F to 100°F.

Sketching the Graph of an Equation  In Exercises 
43…46, construct a table of values that consists of several 
solution points of the equation. Use the resulting solution 
points to sketch the graph of the equation.

43. y = 2x Š 6 44. y = Š 1
2x + 2

45. y = x2 + 2x 46. y = 2x2 Š x Š 9
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148 Chapter 1  Trigonometry

64.  Height of a Tower  A six-foot person walks from 
the base of a broadcasting tower directly toward the tip 
of the shadow cast by the tower. When the person is 
132�feet from the tower and 3�feet from the tip of the 
shadow, the person•s shadow starts to appear beyond 
the tower•s shadow.

 (a)  Draw a right triangle that gives a visual representation 
of the problem. Label the known quantities of the 
triangle and use a variable to represent the height of 
the tower.

 (b)  Use a trigonometric function to write an equation 
involving the unknown quantity.

 (c) What is the height of the tower?

65.  Angle of Elevation  You are skiing down a mountain 
with a vertical height of 1250 feet. The distance from 
the top of the mountain to the base is 2500 feet. What 
is the angle of elevation from the base to the top of the 
mountain?

66.  Biology  A biologist wants to know the width w of 
a river to properly set instruments for an experiment. 
From point A, the biologist walks downstream 100 feet 
and sights to point C (see figure). From this sighting, it 
is determined that � = 54°. How wide is the river?

= 54°
A

C

100 ft

w




67.  Guy Wire  A guy wire runs from the ground to a cell 
tower. The wire is attached to the cell tower 150� feet 
above the ground. The angle formed between the wire 
and the ground is 43° (see figure).

= 43°

150 ft




 (a) How long is the guy wire?

 (b)  How far from the base of the tower is the guy wire 
anchored to the ground?

68.  Height of a Mountain  In traveling across flat 
land, you see a mountain directly in front of you. Its 
angle of elevation (to the peak) is 3.5°. After you drive 
13 miles closer to the mountain, the angle of elevation is 
9° (see figure). Approximate the height of the mountain.

Not drawn to scale
13 mi

3.5° 9°

69.  Machine Shop Calculations  A steel plate has 
the form of one-fourth of a circle with a radius of 
60� centimeters. Two two-centimeter holes are drilled 
in the plate, positioned as shown in the figure. Find the 
coordinates of the center of each hole.

x

30°
30°

30°

56

56

60

60

y

(x1, y1)

(x2, y2)

 

5 cm

15 cm

d

3°

 Figure for 69 Figure for 70

70.  Machine Shop Calculations  A tapered shaft 
has a diameter of 5�centimeters at the small end and is 
15�centimeters long (see figure). The taper is 3°. Find 
the diameter d of the large end of the shaft.

71.  Geometry  Use a compass to sketch a quarter of 
a circle of radius 10 centimeters. Using a protractor, 
construct an angle of 20° in standard position (see 
figure). Drop a perpendicular line from the point of 
intersection of the terminal side of the angle and the 
arc of the circle. By actual measurement, calculate 
the coordinates (x, y) of the point of intersection 
and use these measurements to approximate the six 
trigonometric functions of a 20° angle.

20°

10

10

(x, y)

10 cm

y

x
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95.  Geometry  The area of a rectangle inscribed in one 
arc of the graph of y = cos x (see figure) is given by

 A = 2x cos x, 0 < x < � � 2.

x

2
Š

Š1

�
2
�x

y

(a)  Use a graphing utility to graph the area function, 
and approximate the area of the largest inscribed 
rectangle.

(b) Determine the values of x for which A � 1.

96.  Quadratic Approximation  Consider the function 

 f (x) = 3 sin(0.6x Š 2).

(a)  Approximate the zero of the function in the interval 
[0, 6].

(b)  A quadratic approximation agreeing with f  at  
x = 5 is 

  g(x) = Š 0.45x2 + 5.52x Š 13.70.

Use a graphing utility to graph f  and g in the same 
viewing window. Describe the result.

 (c)  Use the Quadratic Formula to find the zeros of g.
Compare the zero of g in the interval [0, 6] with the 
result of part (a).

Fixed Point  In Exercises 97 and 98, find the least 
positive fixed point of the function f. [A fixed point of a 
function f  is a real number c such that f �c� � c.]

97. f (x) = tan(� x� 4)
98. f (x) = cos x

Exploration

True or False?  In Exercises 99 and 100, determine 
whether the statement is true or false. Justify your 
answer.

 99.  The equation 2 sin 4t Š 1 = 0 has four times the 
number of solutions in the interval [0, 2� ) as the 
equation 2 sin t Š 1 = 0.

100.  The trigonometric equation sin x = 3.4 can be solved 
using an inverse trigonometric function.

101.  Think About It  Explain what happens when you 
divide each side of the equation cot x cos2 x = 2 cot x 
by cot x. Is this a correct method to use when solving 
equations?

102.  HOW DO YOU SEE IT? Explain how 
to use the figure to solve the equation 
2 cos x Š 1 = 0.

x

x = Š

x = �

�

3

3

x = �
31

y = 1
2

y = cos x 

��Š

5 x = Š�
3

y

5

102. 

103.  Graphical Reasoning  Use a graphing utility 
to confirm the solutions found in Example 6 in two 
different ways.

  (a)  Graph both sides of the equation and find the  
x-coordinates of the points at which the graphs 
intersect.

   Left side: y = cos x + 1

   Right side: y = sin x

  (b)  Graph the equation y = cos x + 1 Š sin x and 
find the x-intercepts of the graph.

  (c)  Do both methods produce the same x-values? 
Which method do you prefer? Explain.

Project: Meteorology  To work an extended 
application analyzing the normal daily high temperatures in 
Phoenix, Arizona, and in Seattle, Washington, visit this text•s 
website at LarsonPrecalculus.com. (Source: NOAA)

The height h (in feet) above ground of a seat on a 
Ferris wheel at time t (in minutes) can be modeled by

h(t) = 53 + 50 sin� �
16

t Š
�
2
.

 The wheel makes  
one revolution  
every 32 seconds.  
The ride begins  
when t = 0.

(a)  During the first  
32 seconds of  
the ride, when  
will a person•s seat  
on the Ferris wheel be 53 feet above ground?

(b)  When will a person•s seat be at the top of the 
Ferris wheel for the first time during the ride? 
For a ride that lasts 160 seconds, how many 
times will a person•s seat be at the top of the 
ride, and�at what times?

94. Ferris Wheel

iStockphoto.com/Flory
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236 Chapter 2  Analytic Trigonometry

Use sum and difference formulas to evaluate trigonometric functions, verify 
identities, and solve trigonometric equations.

Using Sum and Difference Formulas
In this section and the next, you will study the uses of several trigonometric identities 
and formulas.

Sum and Difference Formulas

sin(u + v) = sin u cos v + cos u sin v

sin(u Š v) = sin u cos v Š cos u sin v

cos(u + v) = cos u cos v Š sin u sin v

cos(u Š v) = cos u cos v + sin u sin v

tan(u + v) =
tan u + tan v

1 Š tan u tan v
    tan(u Š v) =

tan u Š tan v
1 + tan u tan v

For a proof of the sum and difference formulas for cos(u ± v) and tan(u ± v), see 
Proofs in Mathematics on page 257.

Examples 1 and 2 show how sum and difference formulas enable you to find 
exact values of trigonometric functions involving sums or differences of special angles.

 Evaluating a Trigonometric Function

Find the exact value of sin 
�
12

.

Solution  To find the exact value of sin(� � 12), use the fact that

�
12

=
�
3

Š
�
4

with the formula for sin(u Š v).

 sin 
�
12

= sin��
3

Š
�
4


 = sin 
�
3

 cos 
�
4

Š cos 
�
3

 sin 
�
4

 =
� 3
2 �� 2

2 
 Š
1
2�
� 2
2 


 =
� 6 Š � 2

4

Check this result on a calculator by comparing its value to sin(� � 12) � 0.2588.

 Checkpoint  Audio-video solution in English & Spanish at LarsonPrecalculus.com

Find the exact value of cos 
�
12

. 

Sum and difference formulas are 
used to model standing waves, 
such as those produced in a 
guitar string. For example, in 
Exercise�80 on page�241, you will 
use a sum formula to write the 
equation of a standing wave.

U
In
a

Sum and diff erence formu las are

Brian A Jackson/Shutterstock.com

Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part.  WCN 02-200-203



 2.4 Sum and Difference Formulas 237

 Evaluating a Trigonometric Function

Find the exact value of cos 75°.

Solution  Use the fact that 75° = 30° + 45° with the formula for cos(u + v).

 cos 75° = cos(30° + 45°)

 = cos 30° cos 45° Š sin 30° sin 45°

 =
� 3
2 �� 2

2 
 Š
1
2�
� 2
2 


 =
� 6 Š � 2

4

 Checkpoint  Audio-video solution in English & Spanish at LarsonPrecalculus.com

Find the exact value of sin 75°.

 Evaluating a Trigonometric Expression

Find the exact value of sin(u + v) given sin u = 4� 5, where 0< u < � � 2, and 
cos v = Š 12� 13, where � � 2 < v < � .

Solution  Because sin u = 4� 5 and u is in Quadrant I, cos u = 3� 5, as shown in 
Figure 2.2. Because cos v = Š 12� 13 and v is in Quadrant II, sin v =  5� 13, as shown 
in Figure 2.3. Use these values in the formula for sin(u + v).

 sin(u + v) = sin u cos v + cos u sin v

 =
4
5�Š

12
13
 +

3
5�

5
13


 = Š
33
65

 Checkpoint  Audio-video solution in English & Spanish at LarsonPrecalculus.com

Find the exact value of cos(u + v) given sin u = 12� 13, where 0< u < � � 2, and 
cos v = Š 3� 5, where � � 2 < v < � .

 An Application of a Sum Formula

Write cos(arctan 1+ arccos x) as an algebraic expression.

Solution  This expression fits the formula for cos(u + v). Figure 2.4 shows angles 
u = arctan 1 and v = arccos x.

 cos(u + v) = cos(arctan 1) cos(arccos x) Š sin(arctan 1) sin(arccos x)

 =
1
� 2

� x Š
1
� 2

� � 1 Š x2

 =
x Š � 1 Š x2

� 2

 =
� 2x Š � 2 Š 2x2

2

 Checkpoint  Audio-video solution in English & Spanish at LarsonPrecalculus.com

Write sin(arctan 1+ arccos x) as an algebraic expression. 

REMARK Another way to 
solve Example 2 is to use the 
fact that 75° = 120° Š 45° with 
the formula for cos(u Š v). 

Figure 2.2

u

5

52 Š 42 = 3

4

x

y

Figure 2.3

v
13

12
x

y

132 Š 122 = 5

Figure 2.4

1

1

u

2

x

1 Š x21

v
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Vocabulary:  Fill in the blank.

 1. sin(u Š v) = ______  2. cos(u + v) = ______

 3. tan(u + v) = ______  4. sin(u + v) = ______

 5. cos(u Š v) = ______  6. tan(u Š v) = ______

Skills and Applications

Evaluating Trigonometric Expressions  In 
Exercises 7…10, find the exact value of each expression.

 7. (a) cos��
4

+
�
3
 (b) cos 

�
4

+ cos 
�
3

 8. (a) sin�7�
6

Š
�
3
 (b) sin 

7�
6

Š sin 
�
3

 9. (a) sin(135° Š 30°) (b) sin 135° Š cos 30°

10. (a) cos(120° + 45°) (b) cos 120° + cos 45°

 Evaluating Trigonometric Functions   
In Exercises 11…26, find the exact values of 
the sine, cosine, and tangent of the angle.

11. 
11�
12

=
3�
4

+
�
6

 12. 
7�
12

=
�
3

+
�
4

13. 
17�
12

=
9�
4

Š
5�
6

 14. Š
�
12

=
�
6

Š
�
4

15. 105° = 60° + 45° 16. 165° = 135° + 30°

17. Š 195° = 30° Š 225° 18. 255° = 300° Š 45°

19. 
13�
12

  20. 
19�
12

21. Š
5�
12

 22. Š
7�
12

23. 285° 24. 15°

25. Š 165° 26. Š 105°

Rewriting a Trigonometric Expression  In 
Exercises 27…34, write the expression as the sine, cosine, 
or tangent of an angle.

27. sin 3 cos 1.2Š cos 3 sin 1.2

28. cos 
�
7

 cos 
�
5

Š sin 
�
7

 sin 
�
5

29. sin 60° cos 15° + cos 60° sin 15°

30. cos 130° cos 40° Š sin 130° sin 40°

31. 
tan(� � 15) + tan(2� � 5)

1 Š tan(� � 15) tan(2� � 5)

32. 
tan 1.1Š tan 4.6

1 + tan 1.1 tan 4.6

33. cos 3x cos 2y + sin 3x sin 2y

34. sin x cos 2x + cos x sin 2x

 Evaluating a Trigonometric Expression   
In Exercises 35…40, find the exact value of the 
expression.

35. sin 
�
12

 cos 
�
4

+ cos 
�
12

 sin 
�
4

36. cos 
�
16

 cos 
3�
16

Š sin 
�
16

 sin 
3�
16

37. cos 130° cos 10° + sin 130° sin 10°

38. sin 100° cos 40° Š cos 100° sin 40°

39. 
tan(9� � 8) Š tan(� � 8)

1 + tan(9� � 8) tan(� � 8)

40. 
tan 25° + tan 110°

1 Š tan 25° tan 110°

 Evaluating a Trigonometric Expression   
In Exercises 41…46, find the exact value 
of the trigonometric expression given  
that sin u � � 3

5, where 3�� 2 < u < 2�, and 
cos v � 15

17, where 0 < v < �� 2.

41. sin(u + v) 42. cos(u Š v)
43. tan(u + v) 44. csc(u Š v)
45. sec(v Š u) 46. cot(u + v)

Evaluating a Trigonometric Expression  In 
Exercises 47…52, find the exact value of the trigonometric 
expression given that sin u � � 7

25 and cos v � � 4
5. (Both 

u and v are in Quadrant III.)

47. cos(u + v) 48. sin(u + v)
49. tan(u Š v) 50. cot(v Š u)
51. csc(u Š v) 52. sec(v Š u)

 An Application of a Sum or Difference 
Formula  In Exercises 53…56, write the 
trigonometric expression as an algebraic 
expression.

53. sin(arcsin x + arccos x)
54. sin(arctan 2x Š arccos x)
55. cos(arccos x + arcsin x)
56. cos(arccos x Š arctan x)
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Exploration

True or False?  In Exercises 81…84, determine whether 
the statement is true or false. Justify your answer.

81. sin(u ± v) = sin u cos v ± cos u sin v

82. cos(u ± v) = cos u cos v ± sin u sin v

83.  When �  and �  are supplementary,

 sin �  cos � = cos �  sin � .

84.  When A, B, and C form # ABC, cos(A + B) = Š cos C.

85. Error Analysis  Describe the error.

  tan�x Š
�
4
 =

tan x Š tan(� � 4)
1 Š tan x tan(� � 4)

 =
tan x Š 1
1 Š tan x

 = Š 1

86.  HOW DO YOU SEE IT? Explain how to 
use the figure to justify each statement.

x

1

Š1

y

u Š v u + vu v

y = sin x

(a) sin(u + v) � sin u + sin v

(b) sin(u Š v) � sin u Š sin v

86. 

Verifying an Identity  In Exercises 87…90, verify the 
identity.

87. cos(n� + � ) = (Š 1)n cos � , n is an integer

88. sin(n� + � ) = (Š 1)n sin � , n is an integer

89. a sin B� + b cos B� = � a2 + b2 sin(B� + C),
where C = arctan(b� a) and a > 0

90.  a sin B� + b cos B� = � a2 + b2 cos(B� Š C),
where C = arctan(a� b) and b > 0

Rewriting a Trigonometric Expression  In 
Exercises 91…94, use the formulas given in Exercises 
89 and 90 to write the trigonometric expression in the 
following forms.

(a) � a2 � b2 sin�B� � C�

(b) � a2 � b2 cos�B� � C�

91. sin � + cos �  92. 3 sin 2� + 4 cos 2�

93. 12 sin 3� + 5 cos 3�  94. sin 2� + cos 2�

Rewriting a Trigonometric Expression  In 
Exercises 95 and 96, use the formulas given in Exercises 
89 and 90 to write the trigonometric expression in the 
form a sin B� � b cos B�.

95. 2 sin[� + (� � 4)]  96. 5 cos[� Š (� � 4)]

Angle Between Two Lines  In Exercises 97 and 98, 
use the figure, which shows two lines whose equations 
are y1 � m1x � b1 and y2 � m2x � b2. Assume that 
both lines have positive slopes. Derive a formula for the 
angle between the two lines. Then use your formula to 
find the angle between the given pair of lines.

x
Š2 2 4

4

6




y

y1 = m1x + b1

y2 = m2x + b2

97. y = x and y = � 3x  98. y = x and y = x� � 3

Graphical Reasoning  In Exercises 99 and 100, use a 
graphing utility to graph y1 and y2 in the same viewing 
window. Use the graphs to determine whether y1 � y2.
Explain your reasoning.

99. y1 = cos(x + 2), y2 = cos x + cos 2

100. y1 = sin(x + 4), y2 = sin x + sin 4

101.  Proof  Write a proof of the formula for sin(u + v).
Write a proof of the formula for sin(u Š v).

102.  An Application from Calculus  Let x = � � 3 in 
the identity in Example 8 and define the functions f
and g as follows.

  f (h) =
sin[(� � 3) + h] Š sin(� � 3)

h

g(h) = cos 
�
3�

sin h
h 
 Š sin 

�
3�

1 Š cos h
h 


(a) What are the domains of the functions f  and g?

(b)  Use a graphing utility to complete the table.

 
h 0.5 0.2 0.1 0.05 0.02 0.01

f (h)

g(h)

(c)  Use the graphing utility to graph the functions f
and g.

(d)  Use the table and the graphs to make a conjecture 
about the values of the functions f  and g as 
h� 0+ .

Copyright 2018 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part.  WCN 02-200-203









246 Chapter 2  Analytic Trigonometry

Half-Angle Formulas
You can derive some useful alternative forms of the power-reducing formulas by 
replacing u with u� 2. The results are called half-angle formulas.

Half-Angle Formulas

sin 
u
2

= ± � 1 Š cos u
2

 cos 
u
2

= ± � 1 + cos u
2

tan 
u
2

=
1 Š cos u

sin u
=

sin u
1 + cos u

The signs of sin 
u
2
 and cos 

u
2
 depend on the quadrant in which 

u
2
 lies.

 Using a Half-Angle Formula

Find the exact value of sin 105°.

Solution  Begin by noting that 105° is half of 210°. Then, use the half-angle formula 
for sin(u� 2) and the fact that 105° lies in Quadrant II.

sin 105° = � 1 Š cos 210°
2

= � 1 + (� 3� 2)
2

=
� 2 + � 3

2

The positive square root is chosen because sin �  is positive in Quadrant II.

 Checkpoint  Audio-video solution in English & Spanish at LarsonPrecalculus.com

Find the exact value of cos 105°.

 Solving a Trigonometric Equation

Find all solutions of 1+ cos2 x = 2 cos2 
x
2
 in the interval [0, 2� ).

Graphical Solution

2
2

Š1

3

Zero
X=1.5707963 Y=0

��Š

y = 1 + cos2 x Š 2 cos2 x
2

The x-intercepts are
x 
  0, x 
  1.571, and
x 
  4.712.

Use the x-intercepts of y = 1 + cos2 x Š 2 cos2(x� 2)
to conclude that the approximate solutions of 
1 + cos2 x = 2 cos2(x� 2) in the interval [0, 2� ) are

x = 0, x � 1.571�
�
2

, and x � 4.712�
3�
2

.

Algebraic Solution

 1 + cos2 x = 2 cos2 
x
2
 Write original equation.

 1 + cos2 x = 2$±� 1 + cos x
2

%2

 Half-angle formula

 1 + cos2 x = 1 + cos x Simplify.

 cos2 x Š cos x = 0 Simplify.

cos x(cos x Š 1) = 0 Factor.

By setting the factors cos x and cos x Š 1 equal to zero, you find 
that the solutions in the interval [0, 2� ) are 

x =
�
2

, x =
3�
2

, and x = 0.

 Checkpoint  Audio-video solution in English & Spanish at LarsonPrecalculus.com

Find all solutions of cos2 x = sin2(x� 2) in the interval [0, 2� ). 

REMARK To find the 
exact value of a trigonometric 
function with an angle measure 
in D° M� S� form using a 
half-angle formula, first convert 
the angle measure to decimal 
degree form. Then multiply the 
resulting angle measure by 2.

REMARK Use your calculator 
to verify the result obtained in 
Example 5. That is, evaluate 

sin 105° and $� 2 + � 3%� 2.

Note that both values are 
approximately 0.9659258.
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Product-to-Sum and Sum-to-Product Formulas
Each of the product-to-sum formulas can be proved using the sum and difference 
formulas discussed in the preceding section.

Product-to-Sum Formulas

sin u sin v =
1
2
 [cos(u Š v) Š cos(u + v)]

cos u cos v =
1
2
 [cos(u Š v) + cos(u + v)]

sin u cos v =
1
2
 [sin(u + v) + sin(u Š v)]

cos u sin v =
1
2
 [sin(u + v) Š sin(u Š v)]

Product-to-sum formulas are used in calculus to solve problems involving the 
products of sines and cosines of two different angles.

 Writing Products as Sums

Rewrite the product cos 5x sin 4x as a sum or difference.

Solution  Using the appropriate product-to-sum formula, you obtain

cos 5x sin 4x =
1
2
 [sin(5x + 4x) Š sin(5x Š 4x)]

 =
1
2
 sin 9x Š

1
2
 sin x.

 Checkpoint  Audio-video solution in English & Spanish at LarsonPrecalculus.com

Rewrite the product sin 5x cos 3x as a sum or difference. 

Occasionally, it is useful to reverse the procedure and write a sum of trigonometric 
functions as a product. This can be accomplished with the sum-to-product formulas.

Sum-to-Product Formulas

sin u + sin v = 2 sin�u + v
2 
 cos�u Š v

2 

sin u Š sin v = 2 cos�u + v

2 
 sin�u Š v
2 


cos u + cos v = 2 cos�u + v
2 
 cos�u Š v

2 

cos u Š cos v = Š 2 sin�u + v

2 
 sin�u Š v
2 


For a proof of the sum-to-product formulas, see Proofs in Mathematics on page 258.
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 Using a Sum-to-Product Formula

Find the exact value of cos 195° + cos 105°.

Solution  Use the appropriate sum-to-product formula.

 cos 195° + cos 105° = 2 cos�195° + 105°
2 
 cos�195° Š 105°

2 

 = 2 cos 150° cos 45°

 = 2�Š � 3
2 
�� 2

2 

 = Š

� 6
2

 Checkpoint  Audio-video solution in English & Spanish at LarsonPrecalculus.com

Find the exact value of sin 195° + sin 105°.

 Solving a Trigonometric Equation

See LarsonPrecalculus.com for an interactive version of this type of example.

Solve sin 5x + sin 3x = 0.

Solution

 sin 5x + sin 3x = 0 Write original equation.

 2 sin�5x + 3x
2 
 cos�5x Š 3x

2 
 = 0 Sum-to-product formula

 2 sin 4x cos x = 0 Simplify.

Set the factor 2 sin 4x equal to zero. The solutions in the interval [0, 2� ) are

x = 0, 
�
4

, 
�
2

, 
3�
4

, � , 
5�
4

, 
3�
2

, 
7�
4

.

The equation cos x = 0 yields no additional solutions, so the solutions are of the form 
x = n� � 4, where n is an integer. To confirm this graphically, sketch the graph of 
y = sin 5x + sin 3x, as shown below.

x

2
�3

y

1

2

y = sin 5x + sin 3x

Notice from the graph that the x-intercepts occur at multiples of � � 4.

 Checkpoint  Audio-video solution in English & Spanish at LarsonPrecalculus.com

Solve sin 4x Š sin 2x = 0. 
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Application

 Projectile Motion

Ignoring air resistance, the range of a projectile fired at an angle �  with the horizontal 
and with an initial velocity of v0 feet per second is given by

r =
1
16

 v0
2 sin �  cos �

where r is the horizontal distance (in feet) that the projectile travels. A football player 
can kick a football from ground level with an initial velocity of 80 feet per second.

a.  Rewrite the projectile motion model in terms of the first power of the sine of a 
multiple angle.

b.  At what angle must the player kick the football so that the football travels 200 feet?

Solution

a. Use a double-angle formula to rewrite the projectile motion model as

r =
1
32

v0
2(2 sin �  cos � ) Write original model.

 =
1
32

v0
2 sin 2� .  Double-angle formula

b.  r =
1
32

v0
2 sin 2�  Write projectile motion model.

200=
1
32

(80)2 sin 2�  Substitute 200 for r and 80 for v0.

200 = 200 sin 2�  Simplify.

 1 = sin 2�  Divide each side by 200.

You know that 2� = � � 2. Dividing this result by 2 produces � = � � 4, or 45°. So, the 
player must kick the football at an angle of 45° so that the football travels 200 feet.

 Checkpoint  Audio-video solution in English & Spanish at LarsonPrecalculus.com

In Example 10, for what angle is the horizontal distance the football travels a 
maximum?

Summarize (Section 2.5)

1.  State the double-angle formulas (page�243). For examples of using multiple-angle
 formulas to rewrite and evaluate trigonometric functions, see�Examples�1…3.

2.  State the power-reducing formulas (page�245). For an example of using
  power-reducing formulas to rewrite a trigonometric expression, see Example�4.

3.  State the half-angle formulas (page�246). For examples of using half-angle
  formulas to rewrite and evaluate trigonometric functions, see Examples�5�and�6.

4.  State the product-to-sum and sum-to-product formulas (page�247). For 
an example of using a product-to-sum formula to rewrite a trigonometric 
expression, see Example 7. For examples of using sum-to-product formulas 
to rewrite and evaluate trigonometric functions, see Examples�8 and 9.

5.  Describe an example of how to use a trigonometric formula to rewrite a 
real-life model (page�249, Example�10).

Kicking a football with an initial 
velocity of 80 feet per second 
at an angle of 45 ° with the 
horizontal results in a distance 
traveled of 200 feet.

Ig
an

w
ca

a.

b.

S

a.

Kicking a football with an initial 

David Lee/Shutterstock.com
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Vocabulary:  Fill in the blank to complete the trigonometric formula.

 1. sin 2u = ______  2. cos 2u = ______  3. sin u cos v = ______

 4. 
1 Š cos 2u
1 + cos 2u

= ______  5. sin 
u
2

= ______  6. cos u Š cos v = ______

Skills and Applications

 Solving a Multiple-Angle Equation   
In Exercises 7…14, solve the equation.

 7. sin 2x Š sin x = 0  8. sin 2x sin x = cos x

 9. cos 2x Š cos x = 0 10. cos 2x + sin x = 0

11. sin 4x = Š 2 sin 2x

12. (sin 2x + cos 2x)2 = 1

13. tan 2x Š cot x = 0

14. tan 2x Š 2 cos x = 0

Using a Double-Angle Formula  In Exercises 15…20, 
use a double-angle formula to rewrite the expression.

15. 6 sin x cos x 16. sin x cos x

17. 6 cos2 x Š 3 18. cos2 x Š 1
2

19. 4 Š 8 sin2 x 20. 10 sin2 x Š 5

 Evaluating Functions Involving Double 
Angles  In Exercises 21…24, use the given 
conditions to find the exact values of sin 2u, 
cos 2u, and tan 2u using the double-angle 
formulas.

21. sin u = Š 3� 5, 3� � 2 < u < 2�

22. cos u = Š 4� 5, � � 2 < u < �

23. tan u = 3� 5, 0 < u < � � 2

24. sec u = Š 2, � < u < 3� � 2

25.  Deriving a Multiple-Angle Formula  Rewrite 
cos 4x in terms of cos x.

26.  Deriving a Multiple-Angle Formula  Rewrite 
tan 3x in terms of tan x.

 Reducing Powers  In Exercises 27…34, 
use the power-reducing formulas to rewrite 
the expression in terms of first powers of the 
cosines of multiple angles.

27. cos4 x 28. sin8 x

29. sin4 2x 30. cos4 2x

31. tan4 2x 32. tan2 2x cos4 2x

33. sin2 2x cos2 2x 34. sin4 x cos2 x

 Using Half-Angle Formulas  In 
Exercises 35…40, use the half-angle formulas 
to determine the exact values of the sine, 
cosine, and tangent of the angle.

35. 75°  36. 165°

37. 112° 30� 38. 67° 30�

39. � � 8  40. 7� � 12

 Using Half-Angle Formulas  In Exercises 
41…44, use the given conditions to (a)�determine 
the quadrant in which u� 2 lies, and (b)� find 
the exact values of sin�u� 2�, cos�u� 2�, and 
tan�u� 2� using the half-angle formulas.

41. cos u = 7� 25, 0 < u < � � 2

42. sin u = 5� 13, � � 2 < u < �

43. tan u = Š 5� 12, 3� � 2 < u < 2�

44. cot u = 3, � < u < 3� � 2

 Solving a Trigonometric Equation  In 
Exercises 45…48, find all solutions of the 
equation in the interval [0, 2�� . Use a 
graphing utility to graph the equation and 
verify the solutions.

45. sin 
x
2

+ cos x = 0 46. sin 
x
2

+ cos x Š 1 = 0

47. cos 
x
2

Š sin x = 0 48. tan 
x
2

Š sin x = 0

 Using Product-to-Sum Formulas  In 
Exercises 49…52, use the product-to-sum 
formulas to rewrite the product as a sum or 
difference.

49. sin 5�  sin 3�  50. 7 cos(Š 5� ) sin 3�

51. cos 2�  cos 4�  52. sin(x + y) cos(x Š y)

 Using Sum-to-Product Formulas  In 
Exercises 53…56, use the sum-to-product 
formulas to rewrite the sum or difference as 
a product.

53. sin 5� Š sin 3�  54. sin 3� + sin �

55. cos 6x + cos 2x 56. cos x + cos 4x
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Using Sum-to-Product Formulas  In Exercises 
57…60, use the sum-to-product formulas to find the exact 
value of the expression.

57. sin 75° + sin 15° 58. cos 120° + cos 60°

59. cos 
3�
4

Š cos 
�
4

 60. sin 
5�
4

Š sin 
3�
4

 Solving a Trigonometric Equation  In 
Exercises 61…64, find all solutions of the 
equation in the interval [0, 2�� . Use a 
graphing utility to graph the equation and 
verify the solutions.

61. sin 6x + sin 2x = 0 62. cos 2x Š cos 6x = 0

63. 
cos 2x

sin 3x Š sin x
Š 1 = 0 64. sin2 3x Š sin2 x = 0

 Verifying a Trigonometric Identity  In 
Exercises 65…70, verify the identity.

65. csc 2� =
csc �

2 cos �
 66. cos4 x Š sin4 x = cos 2x

67. (sin x + cos x)2 = 1 + sin 2x

68. tan 
u
2

= csc u Š cot u

69. 
sin x ± sin y
cos x + cos y

= tan 
x ± y

2

70. cos��
3

+ x
 + cos��
3

Š x
 = cos x

72.  Projectile Motion  The range of a projectile fired 
at an angle �  with the horizontal and with an initial 
velocity of v0 feet per second is

 r =
1
32

v 2
0  sin 2�

  where r is the horizontal distance (in feet) the projectile 
travels. An athlete throws a javelin at 75 feet per 
second. At what angle must the athlete throw the javelin 
so that the javelin travels 130�feet?

73.  Railroad Track  When two railroad tracks merge, 
the overlapping portions of the tracks are in the shapes 
of circular arcs (see figure). The radius r (in feet) of 
each arc and the angle �  are related by

 
x
2

= 2r sin2 
�
2
.

Write a formula for  
x in terms of cos � .

74.  HOW DO YOU SEE IT? Explain how to 
use the figure to verify the double-angle 
formulas (a) sin 2u = 2 sin u cos u and 
(b) cos 2u = cos2 u Š sin2 u.

x

1

Š1

y

u 2u

y = sin x

y = cos x

74. 

Exploration

True or False?  In Exercises 75 and 76, determine 
whether the statement is true or false. Justify your 
answer.

75.  The sine function is an odd function, so

 sin(Š 2x) = Š 2 sin x cos x.

76.  sin 
u
2

= Š � 1 Š cos u
2

 when u is in the second 

quadrant.

77.  Complementary Angles  Verify each identity for 
complementary angles �  and � .

(a) sin(� Š � ) = cos 2�

(b) cos(� Š � ) = sin 2�

The Mach number M of a supersonic airplane is the 
ratio of its speed to the speed of sound. When an 
airplane travels faster than the speed of sound, the 
sound waves form a cone behind the airplane. The 
Mach number is related to the apex angle �  of the 
cone by sin(� � 2) = 1� M.

(a)  Use a half-angle formula to rewrite the equation 
in terms of cos � .

(b)  Find the angle �  that corresponds to a Mach 
number of 2.

(c)  Find the angle �  that corresponds to a Mach 
number of 4.5.

(d)  The speed of  
sound is about  
760 miles per  
hour. Determine  
the speed of an  
object with the  
Mach numbers  
from parts (b)  
and (c).

71. Mach Number


 


rr

x

Chris Parypa Photography/Shutterstock.com
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What Did You Learn? Explanation/Examples
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252 Chapter 2  Analytic Trigonometry
S

e
ct

io
n

 2
.1

Recognize and write the  
fundamental trigonometric 
identities (p. 210).

Reciprocal Identities
sin u = 1� csc u  cos u = 1� sec u  tan u = 1� cot u

csc u = 1� sin u  sec u = 1� cos u  cot u = 1� tan u

Quotient Identities: tan u =
sin u
cos u

, cot u =
cos u
sin u

Pythagorean Identities: sin2 u + cos2 u = 1, 
1 + tan2 u = sec2 u, 1 + cot2 u = csc2 u

Cofunction Identities
sin[(� � 2) Š u] = cos u cos[(� � 2) Š u] = sin u

tan[(� � 2) Š u] = cot u cot[(� � 2) Š u] = tan u

sec[(� � 2) Š u] = csc u csc[(� � 2) Š u] = sec u

Even/Odd Identities
sin(Š u) = Š sin u cos(Š u) = cos u tan(Š u) = Š tan u

csc(Š u) = Š csc u sec(Š u) = sec u cot(Š u) = Š cot u

1…4

Use the fundamental trigonometric 
identities to evaluate trigonometric 
functions, simplify trigonometric 
expressions, and rewrite 
trigonometric expressions (p.�211).

In some cases, when factoring or simplifying a trigonometric 
expression, it is helpful to rewrite the expression in terms  
of just one trigonometric function or in terms of sine and 
cosine only. 

5…18

S
e

ct
io

n
 2

.2

Verify trigonometric identities 
(p. 217).

Guidelines for Verifying Trigonometric Identities

1.  Work with one side of the equation at a time.

2.  Look to factor an expression, add fractions, square  
a binomial, or create a monomial denominator.

3.  Look to use the fundamental identities. Note which  
functions are in the final expression you want. Sines  
and cosines pair up well, as do secants and tangents,  
and cosecants and cotangents.

4.  When the preceding guidelines do not help, try converting 
all terms to sines and cosines.

5.  Always try something.

19…26

S
e

ct
io

n
 2

.3

Use standard algebraic techniques  
to solve trigonometric equations 
(p. 224).

Use standard algebraic techniques (when possible) such as  
collecting like terms, extracting square roots, and factoring to 
solve trigonometric equations.

27…32

Solve trigonometric equations 
of quadratic type (p. 227).

To solve trigonometric equations of quadratic type 
ax2 + bx + c = 0, use factoring (when possible) or use 
the�Quadratic Formula.

33…36

Solve trigonometric equations  
involving multiple angles (p.�229).

To solve equations that contain forms such as sin ku or cos ku, 
first solve the equation for ku, and then divide your result by k.

37…42

Use inverse trigonometric  
functions to solve trigonometric 
equations (p. 230).

After factoring an equation, you may get an equation such  
as (tan x Š 3)(tan x + 1) = 0. In such cases, use inverse 
trigonometric functions to solve. (See Example 9.)

43…46
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S
e

ct
io

n
 2

.4

Use sum and difference  
formulas to evaluate  
trigonometric functions,  
verify identities, and solve 
trigonometric equations  
(p. 236).

Sum and Difference Formulas

sin(u + v) = sin u cos v + cos u sin v

sin(u Š v) = sin u cos v Š cos u sin v

cos(u + v) = cos u cos v Š sin u sin v

cos(u Š v) = cos u cos v + sin u sin v

tan(u + v) =
tan u + tan v

1 Š tan u tan v

tan(u Š v) =
tan u Š tan v

1 + tan u tan v

47…62

S
e

ct
io

n
 2

.5

Use multiple-angle formulas  
to rewrite and evaluate  
trigonometric functions  
(p. 243).

Double-Angle Formulas

sin 2u= 2 sin u cos u  cos 2u = cos2 u Š sin2 u

tan 2u=
2 tan u

1 Š tan2 u
 

= 2 cos2 u Š 1
= 1 Š 2 sin2 u

63…66

Use power-reducing formulas 
to rewrite trigonometric 
expressions (p. 245).

Power-Reducing Formulas

sin2 u =
1 Š cos 2u

2
, cos2 u =

1 + cos 2u
2

tan2 u =
1 Š cos 2u
1 + cos 2u

67, 68

Use half-angle formulas  
to rewrite and evaluate  
trigonometric functions  
(p. 246).

Half-Angle Formulas

sin 
u
2

= ± � 1 Š cos u
2

, cos 
u
2

= ± � 1 + cos u
2

tan 
u
2

=
1 Š cos u

sin u
=

sin u
1 + cos u

The signs of sin 
u
2
 and cos 

u
2
 depend on the quadrant in

which u� 2 lies.

69…74

Use product-to-sum and  
sum-to-product formulas  
to rewrite and evaluate  
trigonometric expressions  
(p. 247).

Product-to-Sum Formulas

sin u sin v = (1� 2)[cos(u Š v) Š cos(u + v)]
cos u cos v = (1� 2)[cos(u Š v) + cos(u + v)]
sin u cos v = (1� 2)[sin(u + v) + sin(u Š v)]
cos u sin v = (1� 2)[sin(u + v) Š sin(u Š v)]
Sum-to-Product Formulas

sin u + sin v = 2 sin�u + v
2 
 cos�u Š v

2 

sin u Š sin v = 2 cos�u + v

2 
 sin�u Š v
2 


cos u + cos v = 2 cos�u + v
2 
 cos�u Š v

2 

cos u Š cos v = Š 2 sin�u + v

2 
 sin�u Š v
2 


75…78

Use trigonometric formulas  
to rewrite real-life models  
(p. 249).

A trigonometric formula can be used to rewrite the projectile 
motion model r= (1� 16) v2

0  sin �  cos � . (See Example 10.)
79, 80
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Review Exercises  See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises.

254 Chapter 2  Analytic Trigonometry

2.1  Recognizing a Fundamental Identity  In 
Exercises 1…4, name the trigonometric function that is 
equivalent to the expression.

 1. 
cos x
sin x

  2. 
1

cos x

 3. sin��
2

Š x
  4. � cot2 x + 1

Using Identities to Evaluate a Function  In 
Exercises 5 and 6, use the given conditions and 
fundamental trigonometric identities to find the values 
of all six trigonometric functions.

 5. cos � = Š 2
5, tan � > 0  6. cot x = Š 2

3, cos x < 0

Simplifying a Trigonometric Expression  In 
Exercises 7…16, use the fundamental trigonometric 
identities to simplify the expression. (There is more than 
one correct form of each answer.)

 7. 
1

cot2 x + 1
  8. 

tan �
1 Š cos2 �

 9. tan2 x(csc2 x Š 1) 10. cot2 x(sin2 x)

11. 
cot��

2
Š u


cos u
 12. 

sec2(Š � )
csc2 �

13. cos2 x + cos2 x cot2 x 14. (tan x + 1)2 cos x

15. 
1

csc � + 1
Š

1
csc � Š 1

 16. 
tan2 x

1 + sec x

Trigonometric Substitution  In Exercises 17 and 
18, use the trigonometric substitution to write the 
algebraic expression as a trigonometric function of �, 
where 0 < � < �� 2.

17. � 25 Š x2, x = 5 sin � 18. � x2 Š 16, x = 4 sec �

2.2  Verifying a Trigonometric Identity  In 
Exercises 19…26, verify the identity.

19. cos x(tan2 x + 1) = sec x

20. sec2 x cot x Š cot x = tan x

21. sin��
2

Š � 
 tan � = sin �

22. cot��
2

Š x
 csc x= sec x

23. 
1

tan �  csc �
= cos �  24. 

1
tan x csc x sin x

= cot x

25. sin5 x cos2 x = (cos2 x Š 2 cos4 x + cos6 x) sin x

26. cos3 x sin2 x = (sin2 x Š sin4 x) cos x

2.3  Solving a Trigonometric Equation  In 
Exercises 27…32, solve the equation.

27. sin x = � 3 Š sin x 28. 4 cos � = 1 + 2 cos �

29. 3� 3 tan u = 3 30. 1
2 sec xŠ 1 = 0

31. 3 csc2 x = 4 32. 4 tan2 u Š 1 = tan2 u

Solving a Trigonometric Equation  In Exercises 
33…42, find all solutions of the equation in the interval 
[0, 2�� .

33. sin3 x = sin x 34. 2 cos2 x + 3 cos x = 0

35. cos2 x + sin x = 1 36. sin2 x + 2 cos x = 2

37. 2 sin 2xŠ � 2 = 0 38. 2 cos 
x
2

+ 1 = 0

39. 3 tan2�x
3
 Š 1 = 0 40. � 3 tan 3x = 0

41. cos 4x(cos x Š 1) = 0 42. 3 csc2 5x = Š 4

Using Inverse Functions  In Exercises 43…46, solve 
the equation.

43. tan2 x Š 2 tan x = 0

44. 2 tan2 x Š 3 tan x = Š 1

45. tan2 � + tan � Š 6 = 0

46. sec2 x + 6 tan x + 4 = 0

2.4  Evaluating Trigonometric Functions  In 
Exercises 47…50, find the exact values of the sine, cosine, 
and tangent of the angle.

47. 75° = 120° Š 45° 48. 375° = 135° + 240°

49. 
25�
12

=
11�
6

+
�
4

 50. 
19�
12

=
11�
6

Š
�
4

Rewriting a Trigonometric Expression  In 
Exercises 51 and 52, write the expression as the sine, 
cosine, or tangent of an angle.

51. sin 60° cos 45° Š cos 60° sin 45°

52. 
tan 68° Š tan 115°

1 + tan 68° tan 115°

Evaluating a Trigonometric Expression  In 
Exercises 53…56, find the exact value of the trigonometric 
expression given that tan u� 3

4 and cos v � � 4
5. (u is in 

Quadrant I and v is in Quadrant III.)

53. sin(u + v)
54. tan(u + v)
55. cos(u Š v)
56. sin(u Š v)
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Verifying a Trigonometric Identity  In Exercises 
57…60, verify the identity.

57. cos�x +
�
2
 = Š sin x 58. tan�x Š

�
2
 = Š cot x

59. tan(� Š x) = Š tan x 60. sin(x Š � ) = Š sin x

Solving a Trigonometric Equation  In Exercises 
61 and 62, find all solutions of the equation in the 
interval [0, 2�� .

61. sin�x +
�
4
 Š sin�x Š

�
4
 = 1

62. cos�x +
�
6
 Š cos�x Š

�
6
 = 1

2.5  Evaluating Functions Involving Double 
Angles  In Exercises 63 and 64, use the given conditions 
to find the exact values of sin 2u, cos 2u, and tan 2u using 
the double-angle formulas.

63. sin u = 4
5, 0 < u < � � 2

64. cos u = Š 2� � 5, � � 2 < u < �

Verifying a Trigonometric Identity  In Exercises 
65 and 66, use the double-angle formulas to verify the 
identity algebraically and use a graphing utility to 
confirm your result graphically.

65. sin 4x= 8 cos3 x sin x Š 4 cos x sin x

66. tan2 x =
1 Š cos 2x
1 + cos 2x

Reducing Powers  In Exercises 67 and 68, use the 
power-reducing formulas to rewrite the expression in 
terms of first powers of the cosines of multiple angles.

67. tan2 3x 68. sin2 x cos2 x

Using Half-Angle Formulas  In Exercises 69 and 70, 
use the half-angle formulas to determine the exact values 
of the sine, cosine, and tangent of the angle.

69. Š 75° 70. 5� � 12

Using Half-Angle Formulas  In Exercises 71…74, 
use the given conditions to (a) determine the quadrant  
in which u� 2 lies, and (b) find the exact values of  
sin�u� 2�, cos�u� 2�, and tan�u� 2� using the half-angle 
formulas.

71. tan u =
4
3
, � < u <

3�
2

72. sin u =
3
5
, 0 < u <

�
2

73. cos u = Š
2
7
, 

�
2

< u < �

74. tan u = Š
� 21

2
, 

3�
2

< u < 2�

Using Product-to-Sum Formulas  In Exercises 75 
and 76, use the product-to-sum formulas to rewrite the 
product as a sum or difference.

75. cos 4�  sin 6�

76. 2 sin 7�  cos 3�

Using Sum-to-Product Formulas  In Exercises 77 
and 78, use the sum-to-product formulas to rewrite the 
sum or difference as a product.

77. cos 6� + cos 5�

78. sin 3x Š sin x

79.  Projectile Motion  A baseball leaves the hand of a 
player at first base at an angle of �  with the horizontal 
and at an initial velocity of v0 = 80 feet per second. A 
player at second base 100 feet away catches the ball. 
Find �  when the range r of a projectile is

 r =
1
32

v 2
0  sin 2� .

80.  Geometry  A trough for feeding cattle is 4 meters 
long and its cross sections are isosceles triangles with 
the two equal sides being 1

2 meter (see figure). The angle 
between the two sides is � .

m

1
2 m

1
2

4 m




 (a) Write the volume of the trough as a function of � � 2.

 (b)  Write the volume of the trough as a function of �  
and determine the value of �  such that the volume 
is maximized.

Exploration

True or False?  In Exercises 81…84, determine 
whether� the statement is true or false. Justify your 
answer.

81. If 
�
2

< � < � , then cos 
�
2

< 0.

82. cot x sin2 x = cos x sin x

83. 4 sin(Š x) cos(Š x) = Š 2 sin 2x

84. 4 sin 45° cos 15° = 1 + � 3

85.  Think About It  Is it possible for a trigonometric 
equation that is not an identity to have an infinite 
number of solutions? Explain.





Proofs in Mathematics                
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Proof

In the proofs of the formulas for cos(u ± v), assume that 0< v < u < 2� . The top 
figure at the left uses u and v to locate the points B(x1, y1), C(x2, y2), and D(x3, y3) on the 
unit circle. So, x2

i + y2
i = 1 for i = 1, 2, and 3. In the bottom figure, arc lengths AC and 

BD are equal, so segment lengths AC and BD are also equal. This leads to the following.

 � (x2 Š 1)2 + (y2 Š 0)2 = � (x3 Š x1)2 + (y3 Š y1)2

 x2
2 Š 2x2 + 1 + y2

2 = x2
3 Š 2x1x3 + x2

1 + y2
3 Š 2y1y3 + y2

1

 (x2
2 + y2

2 ) + 1 Š 2x2 = (x2
3 + y2

3 ) + (x2
1 + y2

1 ) Š 2x1x3 Š 2y1y3

 1 + 1 Š 2x2 = 1 + 1 Š 2x1x3 Š 2y1y3

 x2 = x3x1 + y3y1

Substitute the values x2 = cos(u Š v), x3 = cos u, x1 = cos v, y3 = sin u, and 
y1 = sin v to obtain cos(u Š v) = cos u cos v + sin u sin v. To establish the formula 
for cos(u + v), consider u + v = u Š (Š v) and use the formula just derived to obtain

cos(u + v) = cos[u Š (Š v)]

 = cos u cos(Š v) + sin u sin(Š v)

 = cos u cos v Š sin u sin v.

You can use the sum and difference formulas for sine and cosine to prove the formulas 
for tan(u ± v).

 tan(u ± v) =
sin(u ± v)
cos(u ± v)

=
sin u cos v ± cos u sin v
cos u cos v &  sin u sin v

 =
  
sin u cos v ± cos u sin v

cos u cos v
  

cos u cos v &  sin u sin v
cos u cos v

=
  

sin u cos v
cos u cos v

±
cos u sin v
cos u cos v

  

cos u cos v
cos u cos v

 &  
sin u sin v
cos u cos v

 =

sin u
cos u

±
sin v
cos v

  1 &  
sin u
cos u �

sin v
cos v

  
=

tan u ± tan v
1 &  tan u tan v

 

Double-Angle Formulas (p. 243)

sin 2u = 2 sin u cos u  cos 2u = cos2 u Š sin2 u

tan 2u =
2 tan u

1 Š tan2 u
  = 2 cos2 u Š 1

  = 1 Š 2 sin2 u

Sum and Difference Formulas (p. 236)

sin(u + v) = sin u cos v + cos u sin v  tan(u + v) =
tan u + tan v

1 Š tan u tan v

tan(u Š v) =
tan u Š tan v

1 + tan u tan v

sin(u Š v) = sin u cos v Š cos u sin v

cos(u + v) = cos u cos v Š sin u sin v  

cos(u Š v) = cos u cos v + sin u sin v

x
A(1, 0)

C(x2, y2)

D(x3, y3)

B(x1, y1)

u

vu Š v

y

x

y

A(1, 0)

C(x2, y2)

D(x3, y3)

B(x1, y1)
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P.S. Problem Solving                  

1.  Writing Trigonometric Functions in Terms 
of Cosine  Write each of the other trigonometric 
functions of �  in terms of cos � .

2.  Verifying a Trigonometric Identity  Verify that 
for all integers n,

 cos�(2n + 1)�
2 � = 0.

3.  Verifying a Trigonometric Identity  Verify that 
for all integers n,

 sin�(12n + 1)�
6 � =

1
2
.

4.  Sound Wave  A sound wave is modeled by

 p(t) =
1

4�
 [ p1(t) + 30p2(t) + p3(t) + p5(t) + 30p6(t)]

  where pn(t) =
1
n
 sin(524n� t), and t represents the time 

(in seconds).

 (a)  Find the sine components pn(t) and use a graphing 
utility to graph the components. Then verify the 
graph of p shown below.

t

Š1.4

1.4

y

0.006

y = p(t)

 (b)  Find the period of each sine component of p. Is p 
periodic? If so, then what is its period?

 (c)  Use the graphing utility to find the t-intercepts of the 
graph of p over one cycle.

 (d)  Use the graphing utility to approximate the absolute 
maximum and absolute minimum values of p over 
one cycle.

5.  Geometry  Three squares of side length s are placed 
side by side (see figure). Make a conjecture about the 
relationship between the sum u + v and w. Prove your 
conjecture by using the identity for the tangent of the 
sum of two angles.

s s s

s

u v w

6.  Projectile Motion  The path traveled by an object 
(neglecting air resistance) that is projected at an initial 
height of h0 feet, an initial velocity of v0 feet per second, 
and an initial angle �  is given by

 y = Š
16

v 2
0  cos2 �

x2 + (tan � )x + h0

  where the horizontal distance x and the vertical distance 
y are measured in feet. Find a formula for the maximum 
height of an object projected from ground level at 
velocity v0 and angle � . To do this, find half of the 
horizontal distance

 
1
32

 v 2
0  sin 2�

  and then substitute it for x in the model for the path of a 
projectile (where h0 = 0).

7.  Geometry  The length of each of the two equal sides 
of an isosceles triangle is 10 meters (see figure). The 
angle between the two sides is � .

 (a) Write the area of the triangle as a function of � � 2.

 (b)  Write the area of the triangle as a function of � . 
Determine the value of �  such that the area is a 
maximum.




10 m10 m

  

sin 


cos 
 




1

1

2

 Figure for 7 Figure for 8

8.  Geometry  Use the figure to derive the formulas for

 sin 
�
2
, cos 

�
2
, and tan 

�
2

 where �  is an acute angle.

9.  Force The force F (in pounds) on a person•s back 
when he or she bends over at an angle �  from an upright 
position is modeled by

 F =
0.6W sin(� + 90°)

sin 12°

 where W represents the person•s weight (in pounds).

 (a) Simplify the model.

 (b)  Use a graphing utility to graph the model, where 
W = 185 and 0° < � < 90°.

 (c)  At what angle is the force maximized? At what angle 
is the force minimized?
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10.  Hours of Daylight  The number of hours of 
daylight that occur at any location on Earth depends 
on the time of year and the latitude of the location. The 
equations below model the numbers of hours of daylight 
in Seward, Alaska (60° latitude), and New� Orleans, 
Louisiana (30° latitude).

 D = 12.2Š 6.4 cos�� (t + 0.2)
182.6 � Seward

 D = 12.2Š 1.9 cos�� (t + 0.2)
182.6 � New Orleans

  In these models, D represents the number of hours 
of daylight and t represents the day, with t = 0 
corresponding to January 1.

 (a)  Use a graphing utility to graph both models in the 
same viewing window. Use a viewing window of 
0 � t � 365.

 (b)  Find the days of the year on which both cities 
receive the same amount of daylight.

 (c)  Which city has the greater variation in the number 
of hours of daylight? Which constant in each 
model� would you use to determine the difference 
between the greatest and least numbers of hours of 
daylight?

 (d) Determine the period of each model.

11.  Ocean Tide  The tide, or depth of the ocean near the 
shore, changes throughout the day. The water depth d 
(in feet) of a bay can be modeled by

 d = 35 Š 28 cos 
�

6.2
 t

  where t represents the time in hours, with t = 0 
corresponding to 12:00 �.�.

 (a)  Algebraically find the times at which the high and 
low tides occur.

 (b)   If possible, algebraically find the time(s) at which 
the water depth is 3.5 feet.

 (c)  Use a graphing utility to verify your results from 
parts (a) and (b).

12.  Piston Heights  The heights h (in inches) of pistons 
1 and 2 in an automobile engine can be modeled by

 h1 = 3.75 sin 733t + 7.5

 and

 h2 = 3.75 sin 733�t +
4�
3 
 + 7.5

 respectively, where t is measured in seconds.

 (a)  Use a graphing utility to graph the heights of these 
pistons in the same viewing window for 0 � t � 1.

 (b) How often are the pistons at the same height?

13.  Index of Refraction  The index of refraction n of 
a transparent material is the ratio of the speed of light 
in a vacuum to the speed of light in the material. Some 
common materials and their indices of refraction are air 
(1.00), water (1.33), and glass (1.50). Triangular prisms 
are often used to measure the index of refraction based 
on the formula

 n =
sin��

2
+

�
2


sin 
�
2

.

 For the prism shown in the figure, � = 60°.

Prism

Air

Light



	

 (a)  Write the index of refraction as a function of 
cot(� � 2).

 (b) Find �  for a prism made of glass.

14.  Sum Formulas
 (a) Write a sum formula for sin(u + v + w).
 (b) Write a sum formula for tan(u + v + w).
15.  Solving Trigonometric Inequalities  Find the 

solution of each inequality in the interval [0, 2� ).
 (a) sin x � 0.5 (b) cos x � Š 0.5

 (c) tan x < sin x (d) cos x � sin x

16.  Sum of Fourth Powers  Consider the function 
f (x) = sin4 x + cos4 x.

 (a)  Use the power-reducing formulas to write the 
function in terms of cosine to the first power.

 (b)  Determine another way of rewriting the original 
function. Use a graphing utility to rule out 
incorrectly rewritten functions.

 (c)  Add a trigonometric term to the original function so 
that it becomes a perfect square trinomial. Rewrite 
the function as a perfect square trinomial minus the 
term that you added. Use the graphing utility to rule 
out incorrectly rewritten functions.

 (d)  Rewrite the result of part (c) in terms of the sine of 
a double angle. Use the graphing utility to rule out 
incorrectly rewritten functions.

 (e)  When you rewrite a trigonometric expression, the 
result may not be the same as a friend•s. Does this 
mean that one of you is wrong? Explain.
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Surveying (page 263)

Air Navigation (Example 12, page 286)

Work (page 296)

Braking Load 
(Exercise 74, page 298)

Mechanical Engineering 
(Exercise 56, page 277)

 3
 3.1 Law of Sines
 3.2 Law of Cosines
 3.3 Vectors in the Plane
 3.4 Vectors and Dot Products

Additional Topics  
in Trigonometry

Clockwise from top left, Vince Clements/Shutterstock.com; Anthony Berenyi/Shutterstock.com; 
Smart-foto/Shutterstock.com; iStockphoto.com/Andrew Ilyasov/isoft; iStockphoto.com/ggyykk
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4.1 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises.

 4.1 Complex Numbers 319

Vocabulary:  Fill in the blanks.

 1. A ________ number has the form a + bi, where a � 0, b = 0.

 2. An ________ number has the form a + bi, where a � 0, b � 0.

 3. A ________ ________ number has the form a + bi, where a = 0, b � 0.

 4.  The imaginary unit i is defined as i = ________, where i2 = ________.

 5.  When a is a positive real number, the ________ ________ root of Š a is defined as � Š a = � ai.

 6.  The numbers a + bi and a Š bi are called ________ ________, and their product is a real number a2 + b2.

Skills and Applications

Equality of Complex Numbers  In Exercises 7…10, 
find real numbers a and b such that the equation is true.

 7. a + bi = 9 + 8i

 8. a + bi = 10 Š 5i

 9. (a Š 2) + (b + 1)i = 6 + 5i

10. (a + 2) + (b Š 3)i = 4 + 7i

 Writing a Complex Number in Standard 
Form  In Exercises 11…22, write the 
complex number in standard form.

11. 2 + � Š 25 12. 4 + � Š 49

13. 1 Š � Š 12 14. 2 Š � Š 18

15. � Š 40 16. � Š 27

17. 23  18. 50

19. Š 6i + i2 20. Š 2i2 + 4i

21. � Š 0.04 22. � Š 0.0025

 Adding or Subtracting Complex 
Numbers  In Exercises 23…30, perform the 
operation and write the result in standard 
form.

23. (5 + i) + (2 + 3i) 24. (13 Š 2i) + (Š 5 + 6i)
25. (9 Š i) Š (8 Š i) 26. (3 + 2i) Š (6 + 13i)
27. (Š 2 + � Š 8) + (5 Š � Š 50)
28. (8 + � Š 18) Š (4 + 3� 2i)
29. 13i Š (14 Š 7i)
30. 25 + (Š 10 + 11i) + 15i

 Multiplying Complex Numbers  In 
Exercises 31…38, perform the operation and 
write the result in standard form.

31. (1 + i)(3 Š 2i) 32. (7 Š 2i)(3 Š 5i)
33. 12i(1 Š 9i) 34. Š 8i(9 + 4i)
35. (� 2 + 3i)(� 2 Š 3i) 36. (4 + � 7i)(4 Š � 7i)
37. (6 + 7i)2 38. (5 Š 4i)2

Multiplying Conjugates  In Exercises 39…46, write 
the complex conjugate of the complex number. Then 
multiply the number by its complex conjugate.

39. 9 + 2i 40. 8 Š 10i

41. Š 1 Š � 5i 42. Š 3 + � 2i

43. � Š 20 44. � Š 15

45. � 6  46. 1 + � 8

 A Quotient of Complex Numbers in 
Standard Form  In Exercises 47…54, write 
the quotient in standard form.

47. 
2

4 Š 5i
 48. 

13
1 Š i

49. 
5 + i
5 Š i

 50. 
6 Š 7i
1 Š 2i

51. 
9 Š 4i

i
 52. 

8 + 16i
2i

53. 
3i

(4 Š 5i)2 54. 
5i

(2 + 3i)2

 Performing Operations with Complex 
Numbers  In Exercises 55…58, perform the 
operation and write the result in standard 
form.

55. 
2

1 + i
Š

3
1 Š i

 56. 
2i

2 + i
+

5
2 Š i

57. 
i

3 Š 2i
+

2i
3 + 8i

 58. 
1 + i

i
Š

3
4 Š i

 Writing a Complex Number in Standard 
Form  In Exercises 59…66, write the 
complex number in standard form.

59. � Š 6� Š 2 60. � Š 5� Š 10

61. (� Š 15)2 62. (� Š 75)2

63. � Š 8 + � Š 50 64. � Š 45 Š � Š 5

65. (3 + � Š 5)(7 Š � Š 10) 66. (2 Š � Š 6)2
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 Complex Solutions of a Quadratic 
Equation  In Exercises 67…76, use the 
Quadratic Formula to solve the quadratic 
equation.

67. x2 Š 2x + 2 = 0 68. x2 + 6x + 10 = 0

69. 4x2 + 16x + 17 = 0 70. 9x2 Š 6x + 37 = 0

71. 4x2 + 16x + 21 = 0 72. 16t2 Š 4t + 3 = 0

73. 3
2x2 Š 6x + 9 = 0 74. 7

8x2 Š 3
4x + 5

16 = 0

75. 1.4x2 Š 2x + 10 = 0 76. 4.5x2 Š 3x + 12 = 0

Simplifying a Complex Number  In Exercises 
77…86, simplify the complex number and write it in 
standard form.

77. Š 6i3 + i2 78. 4i2 Š 2i3

79. Š 14i5 80. (Š i)3

81. (� Š 72)3 82. (� Š 2)6

83. 
1
i3  84. 

1
(2i)3

85. (3i)4 86. (Š i)6

88.  Cube of a Complex Number  Cube each 
complex�number.

 (a) Š 1 + � 3i (b) Š 1 Š � 3i

Exploration

True or False?  In Exercises 89…92, determine whether 
the statement is true or false. Justify your answer.

89.  The sum of two complex numbers is always a real 
number.

90.  There is no complex number that is equal to its complex 
conjugate.

91. Š i� 6 is a solution of x4 Š x2 + 14 = 56.

92. i 44 + i150 Š i74 Š i109 + i61 = Š 1

93. Pattern Recognition  Find the missing values.

 i1 = i i 2 = Š 1 i3 = Š i i 4 = 1

i5 = �  i6 = �  i7 = �  i8 = �
 i9 = �  i10 = �  i11 = �  i12 = �

What pattern do you see? Write a brief description of how 
you would find i raised to any positive integer power.

94.  HOW DO YOU SEE IT? Use the diagram 
below.

A

B C
Ši

2 Š 2i

7

1 Š 2i

Š3i

Š6

i

2i
5i

Š3 + 4i

1 + i

8

5
2 0

(a)  Match each label with its corresponding letter 
in the diagram.

(i) Pure imaginary numbers

(ii) Real numbers

(iii) Complex numbers

(b)  What part of the diagram represents the 
imaginary numbers? Explain your reasoning.

94. 

95. Error Analysis  Describe the error.

 � Š 6� Š 6 = � (Š 6)(Š 6) = � 36 = 6  

96.  Proof  Prove that the complex conjugate of the 
product of two complex numbers a1 + b1i and a2 + b2i
is the product of their complex conjugates.

97.   Proof  Prove that the complex conjugate of the sum 
of two complex numbers a1 + b1i and a2 + b2i is the 
sum of their complex conjugates.

The opposition to current in an electrical circuit is 
called its impedance. The impedance z in a parallel 
circuit with two pathways satisfies the equation

1
z

=
1
z1

+
1
z2

 where z1 is the  
impedance (in ohms)  
of pathway 1 and z2  
is the impedance  
(in ohms) of  
pathway 2.

(a)  The impedance of each pathway in a parallel 
circuit is found by adding the impedances of all 
components in the pathway. Use the table to find 
z1 and z2.

Resistor Inductor Capacitor

Symbol a / b / c /

Impedance a bi Š ci

20 �

10 �

16 �

9 �

1 2

(b) Find the impedance z.

87. Impedance of a Circuit

iStockphoto.com/gerenme
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Every second-degree equation, ax2 + bx + c = 0, has precisely two solutions 
given by the Quadratic Formula

x =
Š b ± � b2 Š 4ac

2a
.

The quantity under the radical sign, b2 Š 4ac, is the discriminant, and can be used to 
determine whether the solutions are real, repeated, or imaginary.

1. If b2 Š 4ac < 0, then the equation has two imaginary solutions.

2. If b2 Š 4ac = 0, then the equation has one repeated real solution.

3. If b2 Š 4ac > 0, then the equation has two distinct real solutions.

 Using the Discriminant

Use the discriminant to determine the numbers of real and imaginary solutions of each 
equation.

a. 4x2 Š 20x + 25 = 0   b. 13x2 + 7x + 2 = 0   c. 5x2 Š 8x = 0

Solution

a. For this equation, a = 4, b = Š 20, and c = 25.

b2 Š 4ac = (Š 20)2 Š 4(4)(25) = 400Š 400= 0

 The discriminant is zero, so there is one repeated real solution.

b. For this equation, a = 13, b = 7, and c = 2.

b2 Š 4ac = 72 Š 4(13)(2) = 49 Š 104= Š 55

 The discriminant is negative, so there are two imaginary solutions.

c. For this equation, a = 5, b = Š 8, and c = 0.

b2 Š 4ac = (Š 8)2 Š 4(5)(0) = 64 Š 0 = 64

 The discriminant is positive, so there are two distinct real solutions.

 Checkpoint  Audio-video solution in English & Spanish at LarsonPrecalculus.com

Use the discriminant to determine the numbers of real and imaginary solutions of each 
equation.

a. 3x2 + 2x Š 1 = 0  b. 9x2 + 6x + 1 = 0  c. 9x2 + 2x + 1 = 0 

The figures below show the graphs of the functions corresponding to the equations 
in Example 2. Notice that with one repeated solution, the graph touches the x-axis at its 
x-intercept. With two imaginary solutions, the graph has no x-intercepts. With two real 
solutions, the graph crosses the x-axis at its x-intercepts.

x
Š1 5 64321

1

2

3

4

5

6

7

8

y

7

y = 4x2 Š 20x + 25
x

Š1Š2Š3Š4 4321

6

7

y

y = 13x2 + 7x + 2
x

Š1Š2

Š2

Š3

Š3

43 521

3

2

1

y

y = 5x2 Š 8x

a. Repeated real solution b. No real solution c. Two distinct real solutions
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 Answers to Odd-Numbered Exercises and Tests A1
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Answers to Odd-Numbered Exercises and Tests

Chapter P
Section P.1 (page 12)

 1. irrational  3. absolute value  5. terms
 7. (a) 5, 1, 2   (b) 0, 5, 1, 2   (c) Š 9, 5, 0, 1, Š4, 2, Š11
 (d) Š 9, Š 7

2, 5, 23, 0, 1, Š 4, 2, Š11   (e) � 2
 9. (a) 1   (b) 1   (c) Š13, 1, Š6
 (d) 2.01, 0.6, Š 13, 1, Š6   (e) 0.010110111�.��.��.
11. (a) 

40 1 2 3
x

Š2 Š1
 (b) 

5

7
2

x
40 1 2 3Š1

 (c) 
x

0 1Š1Š2Š3

Š

Š4Š5

5
2

 (d) 
x

Š5.2

Š6Š7 Š1Š2Š3Š4Š5

13. 
Š8 Š7 Š6 Š5 Š4

x 15. 

0 1

3
2

6
5

x

 Š 4 > Š 8  5
6 > 2

3

17. (a)  x � 5 denotes the set of all real numbers less than or 
equal to 5.

 (b) 
0 1 2 3 4 5 6

x   (c) Unbounded

19. (a)  Š 2 < x < 2 denotes the set of all real numbers greater 
than Š 2 and less than 2.

 (b) 
Š2 Š1 0 1 2

x   (c) Bounded

21. (a)  [4, � ) denotes the set of all real numbers greater than or 
equal to 4.

 (b) 
1 2 3 4 5 6 7

x   (c) Unbounded

23. (a)   [Š 5, 2) denotes the set of all real numbers greater than or 
equal to Š 5 and less than 2.

 (b) 
1 3

x
Š1Š3Š5

   (c) Bounded

 Inequality Interval
25. y � 0 [0, � )
27. 10 � t � 22 [10, 22]
29. 10  31. 5  33. Š 1  35. 25  37. Š 1
39. �Š 4� = �4�  41. Š �Š 6� < �Š 6�  43. 51  45. 5

2

47. �x Š 5� � 3  49. $2524.0 billion; $458.5 billion
51. $2450.0 billion; $1087.0 billion
53. 7x and 4 are the terms; 7 is the coefficient.
55. 6x3 and Š5x are the terms; 6 and Š5 are the coefficients.
57. 3� 3x2 and 1 are the terms; 3� 3 is the coefficient.
59. (a) Š 10   (b) Š6  61. (a) 2   (b) 6
63. (a) Division by 0 is undefined.   (b) 0
65. Multiplicative Inverse Property
67. Associative and Commutative Properties of Multiplication

69. 
5x
12

  71. 
x
4

73. False. Zero is nonnegative, but not positive.
75. True. The product of two negative numbers is positive.

 77. (a) 
n 0.0001 0.01 1 100 10,000

5
n

50,000 500 5 0.05 0.0005

  (b)  (i)  The value of 5� n approaches infinity as n approaches�0.
   (ii)  The value of 5� n approaches 0 as n increases without 

bound.

Section P.2 (page 24)

 1. equation  3. extraneous  5. 4  7. Š 9  9. 12
 11. No solution  13. Š 96

23  15. 4  17. 3
 19. No solution. The variable is divided out.
 21. No solution. The solution is extraneous.
 23. 5  25. 0, Š 1

2  27. Š 5  29. Š 1
2, 3  31. ± 3

4

 33. Š 20
3 , Š 4  35. ± 7  37. ± 3� 3 � 5.20  39. Š 3, 11

 41. 
1 ± 3� 2

2
� 2.62, Š 1.62  43. 4, Š 8  45. Š 2 ± � 2

 47. Š 1 ±
� 2
2

  49. 
Š 5 ± � 89

4
  51. 

1
(x Š 1)2 + 22

 53. 
1

� 22 Š (x Š 1)2
 55. 

1
2
, Š 1  57. Š

5
3
 59. 

7
4

±
� 41

4

 61. 
2
3

±
� 7
3

  63. 1± � 3  65. 2±
� 6
2

 67. 6± � 11  69. 0.976, Š 0.643  71. 2.137, 18.063
 73. 1 ± � 2  75. Š 10, 6  77. 12 ± � 3

 79. 
3
4

±
� 97

4
  81. Š

1
2

±
� 21

6
  83. 

1
3

±
� 31

3
 85. 0, ± 3  87. Š 2, ±2� 2  89. ± 1, ±� 3  91. 20
 93. Š 55

2   95. 1  97. 4  99. 9  101. 1

103. 8, Š 3  105. Š
1
2

Š
� 17

2
, 3  107. 63.7 in.

109. False. See Example 14 on page 23.
111. True. There is no value that satisfies this equation.
113. Yes. Both equations have the same solution of x = 11.

Section P.3 (page 36)

 1. Cartesian  3. Midpoint Formula  5. graph  7. y-axis
 9. A:  (2, 6), B:  (Š 6, Š2), C:  (4, Š4), D:  (Š 3, 2)
 11. y

x
Š2Š4Š6Š8 2 4 6 8

Š4

Š6

2

4

6

8

 13. (Š 3, 4)  15. Quadrant IV  17. Quadrant II
 19. Quadrant II or IV
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21. y

x
2011 2012 2013 20142007 2008 2009 2010

7000

8000

9000

10,000

7500

8500

9500

10,500
11,000
11,500

Year

N
um

be
r 

of
 s

to
re

s

23. 13  25. � 61  27. (a) 5, 12, 13   (b) 52 + 122 = 132

29. (� 5)2 + (� 45)2 = (� 50)2

31. Distances between the points: � 29, � 58, � 29
33. (a)  35. (a)
 

x
(1, 1)

(9, 7)

12

10

8

6

4

2

2Š2 4 6 8 10

y   

x

(5, 4)

(Š1, 2)

1Š1 2 3 4 5

3

Š1

4

5

y

 (b) 10   (c) (5, 4)  (b) 2� 10   (c) (2, 3)
37. 30� 41 � 192 km  39. $40,560.5 million
41. (a) Yes   (b) Yes  43. (a) Yes   (b) No
45. (a) No   (b) Yes
47. 

x Š 1 0 1 2 5
2

y 7 5 3 1 0

(x, y) (Š 1, 7) (0, 5) (1, 3) (2, 1) (5
2, 0)

 

x
541Š1Š2Š3

4

7

2

1

Š1

2

3

5

y

49. 
x Š 1 0 1 2 3

y 4 0 Š 2 Š 2 0

(x, y) (Š 1, 4) (0, 0) (1, Š2) (2, Š2) (3, 0)

 

1 2

3

4

5

4 5
x

Š2 Š1
Š1

Š2

y

51. x-intercept: (6
5, 0) 53. x-intercept: (Š 4, 0)

 y-intercept: (0, Š 6)  y-intercept: (0, 2)

55. x-intercept: (7
3, 0) 57. x-intercepts: (0, 0), (2, 0)

 y-intercept: (0, 7)  y-intercept: (0, 0)
59. x-intercept: (6, 0)
 y-intercepts: (0, ±� 6)
61. y-axis symmetry  63. Origin symmetry
65. Origin symmetry  67. x-axis symmetry
69. 

Š4 Š3  Š1 1 3 4 

1

2

Š2

3

4

x

y  71. 

Š4 Š3 Š2 1 2 3 4

Š4

Š3

Š2

1

2

3

4

x

y

73. x-intercept: (1
3, 0) 75. x-intercepts: (0, 0), (2, 0)

 y-intercept: (0, 1)  y-intercept: (0, 0)
 No symmetry  No symmetry
 

( (
x

(0, 1) 1
3

y

Š1Š2Š3Š4 1 2 3 4
Š1

Š2

Š3

1

4

5

   , 0

  

Š1

2

3

4

Š1 1 2 3 4
x

Š2

Š2

(0, 0) (2, 0)

y

77. x-intercept: ( 3� Š 3, 0) 79. x-intercept: (3, 0)
 y-intercept: (0, 3)  y-intercept: None
 No symmetry  No symmetry
 

Š4 Š3 Š2
Š1

1

2

4

5

6

7

1 2 3 4
x

(0, 3)

  Š3, 03( (

y   

1 2 3 4 5 6
…1

1

2

3

4

5

x
(3, 0)

y

81. x-intercept: (6, 0)
 y-intercept: (0, 6)
 No symmetry
 

2Š2

2

Š2

4

6

8

10

12

4 6 8 10 12
x

(6, 0)

(0, 6)

y

83. x2 + y2 = 49  85. (x Š 3)2 + (y Š 8)2 = 169
87. (x + 3)2 + (y + 3)2 = 61
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 89. Center: (0, 0); Radius: 5 91. Center: (1
2, 

1
2); Radius: 32

  

1Š1Š2

Š2
Š3
Š4

Š6

Š3Š4

1
2
3
4

6

2 3 4 6
x

y

(0, 0)

  

Š1 1 2 3

1

3

x

y

(      )1
2

, 1
2

 93. y

t
1 2

200,000

400,000

600,000

800,000

1,000,000

1,200,000

Year

D
ep

re
ci

at
ed

 v
al

ue

3 4 5 6 7 8 9 10

 95. (a) 
x 5 10 20 30 40

y 414.8 103.7 25.93 11.52 6.48

   
x 50 60 70 80 90 100

y 4.15 2.88 2.12 1.62 1.28 1.04

  (b) 

x

Diameter of wire (in mils)

R
es

is
ta

nc
e 

(in
 o

hm
s)

 

y

20 40 60 80 100

50
100
150
200
250
300
350
400
450

   When x = 85.5, the resistance is 1.4 ohms.
  (c) 1.42 ohms
  (d)  As the diameter of the copper wire increases, the 

resistance decreases.
 97. False. The Midpoint Formula would be used 15 times.
 99. False. y = x is symmetric with respect to the origin.
101.  Sample answer: When the x-values are much larger or 

smaller than the y-values.
103.  Use the Midpoint Formula to prove that the diagonals of the 

parallelogram bisect each other.

  �b + a
2

, 
c + 0

2 
 = �a + b
2

, 
c
2


  �a + b + 0
2

, 
c + 0

2 
 = �a + b
2

, 
c
2


105. (2xm Š x1, 2ym Š y1)   (a) (7, 0)   (b) (9, Š3)

Section P.4 (page 49)

 1. linear  3. point-slope  5. perpendicular
 7. Linear extrapolation  9. (a) L2  (b) L3  (c) L1

11. 

x
1 2

1

2

(2, 3)

m = 1

m = 2

m = 0

m = Š3

y   13. 32

15. m = 5 17. m = Š 3
4

 y-intercept: (0, 3)  y-intercept: (0, Š1)
 

x

3

2Š1Š2Š3Š4 31

4

5

(0, 3)

y   

(0, Š1)

y

x
Š2Š4Š6 2 4 6

Š2

Š4

Š6

Š8

2

4

19. m = 0 21. m is undefined.
 y-intercept: (0, 5)  y-intercept: none
 

(0, 5)

y

x
Š2Š4 2 4

Š2

2

4

6

8

  

Š1 1 2 3

Š2

Š1

1

2

x

y

23. m = 7
6

 y-intercept: (0, Š5)
 

x

y

Š1 1 2 3 5 6 7
Š1

Š2

Š3

Š4

Š5

Š7

1

(0, Š5)

25. m = Š 3
2  27. m = 2  29. m = 0

31. m is undefined.  33. m = 0.15
35. (Š 1, 7), (0, 7), (4, 7)  37. (Š 4, 6), (Š 3, 8), (Š 2, 10)
39. (Š 2, 7), (0, 19

3 ), (1, 6)  41. (Š 4, Š5), (Š 4, 0), (Š 4, 2)
43. y = 3x Š 2 45. y = Š 2x
 

Š2 Š1 1 2 3 4

Š2

Š1

1

2

x

(0, Š2)

y   

Š6 Š4 Š2 2 4 6

Š6

Š4

Š2

4

6

x

(Š3, 6)

y
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47. y = Š 1
3x + 4

3 49. y = Š 1
2x Š 2

 

Š1 1 2 3 4  

Š2

Š1

1

2

3

4

x
(4, 0)

y   y

x

(2, Š3)

Š1Š4Š5 1 2 3
Š1

Š3

Š4

1

2

3

4

51. y = 5
2 53. y = 5x + 27.3

 

x

y

1 2

1

2

3

4

5

Š1
Š1

3 4 5

4, 5
2))

  

x
Š1 1Š2Š3Š4Š6Š7

1

2

3

Š2

Š3

Š4

Š5

(Š5.1, 1.8)

y

55. y = Š 3
5x + 2 57. x = Š 7

 

Š6 Š4 Š2 2 6

Š4

Š2

4

6

8

x

(5, Š1)

(Š5, 5)

y   y

x

(Š7, 5)

(Š7, 2)

Š2Š4Š6Š8

Š2

2

4

6

8

59. y = Š 1
2x + 3

2 61. y = 0.4x + 0.2
 

x

1
2

1
2

5
4( (

(       )

Š1 2 31

1

Š1

,

2, 

2

3

y   

  1Š3 2 3

1

2

3

Š3

Š2

x

(1, 0.6)

(Š2, Š0.6)

y

63. y = Š 1
 y

x
1Š1 2

1

Š2

Š3

2

3

3 4 5

1
3
, Š1)) (2, Š1)

65. Parallel  67. Neither  69. Perpendicular
71. Parallel  73. (a) y = 2x Š 3  (b) y = Š 1

2x + 2
75. (a) y = Š 3

4x + 3
8  (b) y = 4

3x + 127
72

77. (a) y = 4  (b) x = Š 2
79. (a) y = x + 4.3  (b) y = Š x + 9.3
81. 5x + 3y Š 15 = 0  83. 12x + 3y + 2 = 0
85. x + y Š 3 = 0

 87. (a) Sales increasing 135 units� yr
  (b) No change in sales
  (c) Sales decreasing 40 units� yr
 89. 12 ft  91. V(t) = Š 150t+ 5400, 16 � t � 21
 93.  C-intercept: fixed initial cost; Slope: cost of producing an 

additional laptop bag
 95. V(t) = Š 175t+ 875, 0 � t � 5
 97. F = 1.8C + 32 or C= 5

9F Š 160
9

 99. (a) C= 21t + 42,000  (b) R = 45t
  (c) P = 24t Š 42,000  (d) 1750 h
101.  False. The slope with the greatest magnitude corresponds to 

the steepest line.
103.  Find the slopes of the lines containing each two points and 

  use the relationship m1 = Š
1

m2
.

105.  The scale on the y-axis is unknown, so the slopes of the lines 
cannot be determined.

107.  No. The slopes of two perpendicular lines have opposite 
signs (assume that neither line is vertical or horizontal).

109.  The line y = 4x rises most quickly, and the line y = Š 4x 
falls most quickly. The greater the magnitude of the slope (the 
absolute value of the slope), the faster the line rises or falls.

111. 3x Š 2y Š 1 = 0  113. 80x + 12y + 139= 0

Section P.5 (page 62)

 1. domain; range; function  3. implied domain
 5. Function  7. Not a function
 9. (a) Function
  (b)  Not a function, because the element 1 in A corresponds 

to two elements, Š 2 and 1, in B.
  (c) Function
  (d)  Not a function, because not every element in A is matched 

with an element in B.
 11. Not a function  13. Function
 15. Function   17. Function
 19. (a) Š 2  (b) Š 14  (c) 3x + 1
 21. (a) 15  (b) 4t2 Š 19t + 27  (c) 4t2 Š 3t Š 10
 23. (a) 1  (b) 2.5  (c) 3Š 2�x�
 25. (a) Š

1
9
  (b) Undefined  (c) 

1
y2 + 6y

 27. (a) 1  (b) Š1  (c) 
�x Š 1�
x Š 1

 29. (a) Š1  (b) 2  (c) 6
 31. 

x Š 2 Š 1 0 1 2

f (x) 1 4 5 4 1

 33. 
x Š 2 Š 1 0 1 2

f (x) 5 9
2 4 1 0

 35. 5  37. 4
3  39. ± 9  41. 0, ± 1  43. Š 1, 2

 45. 0, ± 2  47. All real numbers x
 49. All real numbers y such that y � Š 6
 51. All real numbers x except x = 0, Š 2
 53. All real numbers s such that s� 1 except s= 4
 55. All real numbers x such that x > 0
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57. (a) The maximum volume is 1024 cubic centimeters.
 (b) 

x
1 2 6543

200

400

600

800

1000

1200

Height

Vo
lu

m
e

V  Yes, V is a function of x.

 (c) V = x(24 Š 2x)2, 0 < x < 12

59. A =
P2

16
  61. No, the ball will be at a height of 18.5 feet.

63. A =
x2

2(x Š 2)
, x > 2

65. 2008: 67.36%
 2009: 70.13%
 2010: 72.90%
 2011: 75.67%
 2012: 79.30%
 2013: 81.25%
 2014: 83.20%
67. (a) C = 12.30x + 98,000  (b) R = 17.98x
 (c) P = 5.68xŠ 98,000
69. (a) 

3000 ft

d
h

 (b) h = � d2 Š 30002, d � 3000

71. (a) R =
240nŠ n2

20
, n � 80

 (b)
 

n 90 100 110 120 130 140 150

R(n) $675 $700 $715 $720 $715 $700 $675

  The revenue is maximum when 120 people take the trip.
73. 2 + h, h � 0  75. 3x2 + 3xh + h2 + 3, h � 0

77. Š
x + 3
9x2 , x � 3  79. 

� 5x Š 5
x Š 5

81. g(x) = cx2; c = Š 2  83. r(x) =
c
x
; c = 32

85. False. A function is a special type of relation.
87. False. The range is [Š 1, � ).
89.  The domain of f (x) includes x = 1 and the domain of g(x) 

does not because you cannot divide by 0. So, the functions do 
not have the same domain.

91. No; x is the independent variable, f  is the name of the function.
93. (a)  Yes. The amount you pay in sales tax will increase as the 

price of the item purchased increases.
 (b)  No. The length of time that you study will not necessarily 

determine how well you do on an exam.

Section P.6 (page 74)

 1. Vertical Line Test  3. decreasing
 5. average rate of change; secant
 7. Domain: (Š 2, 2]; range: [Š 1, 8]
 (a) Š 1  (b) 0  (c) Š1  (d) 8
 9. Domain: (Š � , � ); range: (Š 2, � )
 (a) 0  (b) 1  (c) 2  (d) 3
11. Function  13. Not a function  15. Š 6   17. Š 5

2, 6
19. Š 3  21. 0, ± � 6  23. ± 3, 4  25. 12
27. (a) 

…2 10

6

…10

 29. (a) 

3Š6

Š1

5

  0, 6   Š 5.5
 (b) 0, 6  (b) Š 11

2

31. (a) 

3Š3

Š2

2  0.3333

 (b) 1
3

33. Decreasing on (Š � , � )
35. Increasing on (1, � ); Decreasing on (Š � , Š 1)
37. Increasing on (1, � ); Decreasing on (Š � , Š 1)
 Constant on (Š 1, 1)
39. Increasing on (Š � , Š 1), (0, � ); Decreasing on (Š 1, 0)
41. 

Š3 3
0

4  43. 

…8 8

6

…6

 Constant on (Š � , � )  Decreasing on (Š � , 0)
    Increasing on (0, � )
45. 

Š4 2

Š1

3  47. 

0 6
0

4

 Decreasing on (Š � , 1)  Increasing on (0, � )
49. Relative minimum: (Š 1.5, Š2.25)
51. Relative maximum: (0, 15)
 Relative minimum: (4, Š 17)
53. Relative minimum: (0.33, Š0.38)
55. 

Š1 1 2 3 4 5

1

Š1

2

3

4

5

x

y  57. y

x
Š2Š4Š6 2 4 6

Š2

2

4

6

10

 (Š � , 4]  [Š 3, 3]
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59. y

x

Š1
Š1 1 2 3 4 5

1

2

3

4

5

  61. Š 2  63. Š 1

 [1, � )
65. (a) 

0 4

100

50

 (b)  About Š 6.14; The amount the U.S. federal government 
spent on research and development for defense decreased 
by about $6.14 billion each year from 2010 to 2014.

67. (a) s = Š 16t2 + 64t + 6
 (b) 

0
50

100  (c) 16 ft� sec

 (d) The slope of the secant line is positive.   (e) y = 16t + 6
 (f) 

0
50

100

69. (a) s= Š 16t2 + 120t
 (b) 

0
80

270  (c) Š 8 ft� sec

 (d) The slope of the secant line is negative.
 (e) y = Š 8t + 240
 (f) 

0
80

270

71. Even; y-axis symmetry  73. Neither; no symmetry
75. Neither; no symmetry
77. y

x
Š2Š4Š6 2 4 6

Š2

Š4

Š6

Š8

Š10

2

 79. y

x
1Š1 2 3 4 5 6 7

Š1

Š2

Š3

Š4

Š5

Š6

1

2

 Even  Neither

81. y

x
Š2Š4 2 4

Š2

Š4

2

4

 Odd
83. h = 3 Š 4x + x2  85. L = 2 Š 3� 2y
87.  The negative symbol should be divided out of each term, 

which yields f (Š x) = Š (2x3 + 5). So, the function is neither 
even nor odd.

89. (a) Ten thousands  (b) Ten millions  (c) Tens
 (d) Ones
91.  False. The function f (x) = � x2 + 1 has a domain of all real 

numbers.
93.  True. A graph that is symmetric with respect to the y-axis  

cannot be increasing on its entire domain.

95. (a) (5
3, Š 7)  (b) (5

3, 7)
97. (a) 

Š6 6

Š4

4   (b) 

Š6 6

Š4

4

 (c) 

Š6 6

Š4

4   (d) 

Š6 6

Š4

4

 (e) 

Š6 6

Š4

4   (f) 

Š6 6

Š4

4

  All the graphs pass through the origin. The graphs of the odd 
powers of x are symmetric with respect to the origin, and the 
graphs of the even powers are symmetric with respect to the  
y-axis. As the powers increase, the graphs become flatter in  
the interval Š 1 < x < 1.

99. (a) Even. The graph is a reflection in the x-axis.
 (b) Even. The graph is a reflection in the y-axis.
 (c) Even. The graph is a downward shift of f.
 (d) Neither. The graph is a right shift of f.

Section P.7 (page 83)

 1. Greatest integer function  3. Reciprocal function
 5. Square root function  7. Absolute value function
 9. Linear function
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11. (a) f (x) = Š 2x + 6 13. (a) f (x) = 2
3x Š 2

 (b)   (b)
 y

x
Š1 1 2

1

2

3

4

5

6

3 4 5 6 7

  y

x
Š2 4 6

Š2

Š4

Š6

2

4

15. 

Š6 6

Š6

2  17. 

…6 6

8

…2

19. 

6Š6

Š4

4  21. 

…2 12

10

…2

23. 

…6 10

6

…6

 25. 

Š10 10

Š10

10

27. (a) 2  (b) 2  (c) Š4  (d) 3
29. (a) 1  (b) Š 4  (c) 3  (d) 2
31. y

x
Š4 Š3 Š2 Š1 3

4

2

3

Š2

Š1

Š3

Š4

4

 33. y

x
Š6

Š6

Š4

2

4

6

Š4 Š2 1 2 4 6

35. y

x

Š16
Š14
Š12
Š10

Š10 Š4 Š2 2 8 10

Š8
Š6
Š4

2
4

 37. 

Š1 1 2 3 4 5

1

2

3

4

x

y

39. y

x
Š1Š3Š4 1 2 3 4

Š1

Š2

Š3

1

2

3

4

5

41. (a) 

Š9

Š4

9

8    (b) Domain: (Š � , � )
      Range: [0, 2)

43. (a) W(30) = 420; W(40) = 560;
  W(45) = 665; W(50) = 770

 (b) W(h) = �14h,
21(h Š 36) + 504,

   0 < h � 36
   h > 36

 (c) W(h) = �16h,
24(h Š 40) + 640,

   0 < h � 40
   h > 40

45. Interval  Input Pipe  Drain Pipe 1  Drain Pipe 2
 [0, 5] Open Closed Closed
 [5, 10] Open Open Closed
 [10, 20] Closed Closed Closed
 [20, 30] Closed Closed Open
 [30, 40] Open Open Open
 [40, 45] Open Closed Open
 [45, 50] Open Open Open
 [50, 60] Open Open Closed

47. f (t) = �t,
2t Š 2,
1
2t + 10,

     0 � t � 2
     2 < t � 8
     8 < t � 9

 y

t
2 4 6 8 10

2

4

6

8

10

12

14

16
In

ch
es

 o
f s

no
w

Hours

 Total accumulation= 14.5 in.
49.  False. A piecewise-defined function is a function that is 

defined by two or more equations over a specified domain. 
That domain may or may not include x- and y-intercepts.

Section P.8 (page 90)

 1. rigid  3. vertical stretch; vertical shrink
 5. (a)

x

y

Š2Š4 2 4

c = Š2
c = Š1

c = 1c = 2

Š2

Š4

4

6

(b)

x

y
c = Š2

c = Š1
c = 1

c = 2

Š2Š4Š6 2 4 6
Š2

Š4

4

6

8

 7. (a) y

x

c = 5 c = 2

c = Š1

c = Š4

Š4 2 6

Š4

2

6

(b) y

x

c = 5 c = 2

c = Š1

c = Š4

Š4 2 6

Š4

2

6
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 9. (a)

x

2

4

10

4 6 8 10

6

8

Š4

Š4Š6

Š6

(Š6, 2)

(2, Š2)(0, Š2)

(4, 2)

y (b)

x
6

4

10

6

8

(0, 2)(Š2, 2)

(Š4, 6) (6, 6)

2 4Š2Š4

Š4

Š6

Š6Š8Š10

y

 (c)

x
Š4Š6Š8Š10

4

10

6

8

(Š4, 4)

(Š2, Š4) (0, Š4)

(6, 4)

64
Š2

Š6

2

y (d)

x
4

4

10

6

8

(2, 2)

(10, Š2)(0, Š2)

(4, 2)

12

2

2 6

Š4

Š4 Š2

Š6

y

 (e)

x

4

10

6

8

Š6

42

2

Š2Š6Š8Š10

y

(Š4, Š1) (6, Š1)

(Š2, Š5) (0, Š5)

(f)

4

10

6

8

2

Š2

Š4

Š4Š6Š8

Š6

x
4 6

(Š2, 1)

(Š4, Š3) (6, Š3)

(0, 1)

2 8

y

 (g) y

x
Š4 Š3 Š2 2

Š4

Š3

Š1

1

2

3

4

3 4

(Š2, 2) (3, 2)

(Š1, Š2) (0, Š2)

11. (a) y = x2 Š 1  (b) y = Š (x + 1)2 + 1
13. (a) y = Š �x + 3�  (b) y = �x Š 2� Š 4
15. Right shift of y = x3; y = (x Š 2)3

17. Reflection in the x-axis of y = x2; y = Š x2

19.  Reflection in the x-axis and upward shift of y = � x;
y = 1 Š � x

21. (a) f (x) = x2

 (b) Upward shift of six units
 (c) 

x

y

Š2Š4 2 4

2

4

8

 (d) g(x) = f (x) + 6

23. (a) f (x) = x3

 (b) Reflection in the x-axis and a right shift of two units
 (c) 

x

y

Š2 2 4 6

Š2

Š4

2

4

 (d) g(x) = Š f(x Š 2)

25. (a) f (x) = x2

 (b)  Reflection in the x-axis, a left shift of one unit, and a 
downward shift of three units

 (c) 

x

y

Š2Š4Š6 2 4

Š2

Š4

Š6

Š8

1

 (d) g(x) = Š 3 Š f(x + 1)

27. (a) f (x) = �x�
 (b) Right shift of one unit and an upward shift of two units
 (c) 

x

y

Š2Š4 2 4 6

Š2

2

4

6

8

 (d) g(x) = f (x Š 1) + 2

29. (a) f (x) = � x  (b) Vertical stretch
 (c) 

x

y

1 2 3 4 5 6
Š1

1

2

3

4

5

6

 (d) g(x) = 2f (x)

31. (a) f (x) = 	 x

 (b) Vertical stretch and a downward shift of one unit
 (c) y

x
Š2Š4 2 4

Š4

Š6

2

4

 (d) g(x) = 2f (x) Š 1
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33. (a) f (x) = �x�   (b) Horizontal shrink
 (c) 

x

y

Š2Š4 2 4

Š2

2

4

6

8

 (d) g(x) = f (2x)

35. (a) f (x) = x2

 (b)  Reflection in the x-axis, a vertical stretch, and an upward 
shift of one unit

 (c) 

x

y

Š2Š4 2 4

Š4

Š6

2

 (d) g(x) = Š 2f(x) + 1

37. (a) f (x) = �x�
 (b)  Vertical stretch, a right shift of one unit, and an upward 

shift of two units
 (c) 

x

y

Š2Š4 2 4 6

2

4

8

10

 (d) g(x) = 3f (x Š 1) + 2

39. g(x) = (x Š 3)2 Š 7  41. g(x) = (x Š 13)3

43. g(x) = Š �x� Š 12  45. g(x) = Š � Š x + 6
47. (a) y = Š 3x2  (b) y = 4x2 + 3
49. (a) y = Š 1

2�x�  (b) y = 3�x� Š 3
51. Vertical stretch of y = x3; y = 2x3

53. Reflection in the x-axis and vertical shrink of y = x2; y = Š 1
2x2 

55.  Reflection in the y-axis and vertical shrink of y = � x; 
y = 1

2� Š x
57. y = Š (x Š 2)3 + 2  59. y = Š � x Š 3

61. (a) 

0 100

40

0

   (b)  H� x
1.6
 = 0.00001132x3; 

    Horizontal stretch

63.  False. The graph of y = f (Š x) is a reflection of the graph of 
f (x) in the y-axis.

65. True. �Š x� = �x�  67. (Š 2, 0), (Š 1, 1), (0, 2)
69. The equation should be g(x) = (x Š 1)3.
71. (a) g(t) = 3

4 f (t)  (b) g(t) = f (t) + 10,000
 (c) g(t) = f (t Š 2)

Section P.9 (page 99)

 1. addition; subtraction; multiplication; division
 3. 

1 2 3 4

1

2

3

4

x

h

y

 5. (a) 2x  (b) 4  (c) x2 Š 4

 (d) 
x + 2
x Š 2

; all real numbers x except x = 2

 7. (a) x2 + 4x Š 5  (b) x2 Š 4x + 5  (c) 4x3 Š 5x2

 (d) 
x2

4x Š 5
; all real numbers x except x =

5
4

 9. (a) x2 + 6 + � 1 Š x  (b) x2 + 6 Š � 1 Š x
 (c) (x2 + 6)� 1 Š x

 (d) 
(x2 + 6)� 1 Š x

1 Š x
; all real numbers x such that x < 1

11. (a) 
x4 + x3 + x

x + 1
  (b) 

Š x4 Š x3 + x
x + 1

  (c) 
x4

x + 1

 (d) 
1

x2(x + 1)
; all real numbers x except x = 0, Š 1

13. 7  15. 5  17. Š 9t2 + 3t + 5  19. 306
21. 8

23  23. Š 9
25. 

Š15 15

Š10

f

g

f + g

10  27. 

Š6

9Š9

6

f g

f + g

 f (x), g(x)  f (x), f (x)
29. (a) x + 5  (b) x + 5  (c) x Š 6
31. (a) (x Š 1)2  (b) x2 Š 1  (c) x Š 2
33. (a) x  (b) x  (c) x9 + 3x6 + 3x3 + 2
35. (a) � x2 + 4  (b)  x + 4
 Domains of f  and g� f : all real numbers x such that x � Š 4
 Domains of g and f � g: all real numbers x
37. (a) x2  (b) x2

 Domains of f, g, f � g, and g� f : all real numbers x
39. (a) �x + 6�  (b)  �x� + 6
 Domains of f, g, f � g, and g� f : all real numbers x

41. (a) 
1

x + 3
  (b) 

1
x

+ 3

 Domains of f  and g� f : all real numbers x except x = 0
 Domain of g: all real numbers x
 Domain of f � g: all real numbers x except x = Š 3
43. (a)

x

g

f
f + g

y

Š4 4 6

Š2

Š4

Š6

2

4

 (b)

x

g

f

f � g

y

Š4 4 6

Š4

Š6

2

4
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45. (a) 3  (b) 0  47. (a) 0  (b) 4
49. f (x) = x2, g(x) = 2x + 1  51. f (x) = 3� x, g(x) = x2 Š 4

53. f (x) =
1
x
, g(x) = x + 2  55. f (x) =

x + 3
4 + x

, g(x) = Š x2

57. (a) T= 3
4x + 1

15x2

 (b) 

10 20 30 40 50 60

50

100

150

200

250

300

x

Speed (in miles per hour)

D
is

ta
nc

e 
tr

av
el

ed
(in

 fe
et

)

R

B

T

 (c)  The braking function B(x); As x increases, B(x) increases 
at a faster rate than R(x).

59. (a) c(t) =
b(t) Š d(t)

p(t)
× 100

 (b)  c(16) is the percent change in the population due to births 
and deaths in the year 2016.

61. (a) r(x) =
x
2
  (b) A(r) = � r2

 (c) (A � r)(x) = � �x
2


2

;

   (A � r)(x) represents the area of the circular base of the 
tank on the square foundation with side length x.

63. g( f (x)) represents 3 percent of an amount over $500,000.
65. False. ( f � g)(x) = 6x + 1 and (g � f )(x) = 6x + 6
67. (a) O(M(Y)) = 2(6 + 1

2Y) = 12 + Y
 (b) Middle child is 8 years old; youngest child is 4 years old.
69. Proof
71. (a) Sample answer: f (x) = x + 1, g(x) = x + 3
 (b) Sample answer: f(x) = x2, g(x) = x3

73. (a) Proof
 (b) 1

2[ f (x) + f (Š x)] + 1
2[ f (x) Š f (Š x)]

   = 1
2[ f (x) + f (Š x) + f (x) Š f (Š x)]

   = 1
2[2f (x)]

   = f (x)
 (c) f (x) = (x2 + 1) + (Š 2x)

  k(x) =
Š 1

(x + 1)(x Š 1)
+

x
(x + 1)(x Š 1)

Section P.10 (page 108)

 1. inverse  3. range; domain  5. one-to-one

 7. fŠ 1(x) = 1
6x  9. fŠ 1(x) =

x Š 1
3

11. fŠ1(x) = � x + 4  13. fŠ1(x) = 3� x Š 1

15. f (g(x)) = f(4x + 9) =
(4x + 9) Š 9

4
= x

 g( f (x)) = g�x Š 9
4 
 = 4�x Š 9

4 
 + 9 = x

17. f (g(x)) = f ( 3� 4x) =
( 3� 4x)3

4
= x

 g( f (x)) = g�x3

4 
 = 3� 4�x3

4
 = x

19. 

x

y

Š1 1 2 3 4

Š1

1

2

3

4

21. (a) f (g(x)) = f (x + 5) = (x + 5) Š 5 = x
  g( f (x)) = g(x Š 5) = (x Š 5) + 5 = x
 (b) 

Š8 Š4 Š2 2 6 8

Š8

Š4

2

6

8

x

g

f

y

23. (a) f (g(x)) = f �x Š 1
7 
 = 7�x Š 1

7 
 + 1 = x

  g( f (x)) = g(7x + 1) =
(7x + 1) Š 1

7
= x

 (b) y

x

g

f

1 2 3 4 5

1

2

3

4

5

25. (a) f (g(x)) = f ( 3� x) = ( 3� x)3
= x

  g( f (x)) = g(x3) = 3� (x3) = x
 (b) 

x

g

f

y

Š4 2 4 6

Š4

Š6

2

4

6

27. (a) f (g(x)) = f (x2 Š 5) = � (x2 Š 5) + 5 = x, x � 0
  g( f (x)) = g(� x + 5) = (� x + 5)2 Š 5 = x
 (b) 

x

g

f

y

Š2Š4Š6Š8 4 6 8
Š2

Š4

Š6

Š8

4

6

8
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29. (a) f (g(x)) = f �1
x
 =

1
(1� x)

= x

  g( f (x)) = g�1
x
 =

1
(1� x)

= x

 (b) 

1 2 3

1

2

3

x

f = g

y

31. (a)  f (g(x)) = f �Š 5x + 1
x Š 1 
 =

Š �5x + 1
x Š 1 
 Š 1

Š �5x + 1
x Š 1 
 + 5

   =
Š 5x Š 1 Š x + 1
Š 5x Š 1 + 5x Š 5

= x

   g( f (x)) = g�x Š 1
x + 5
 =

Š 5�x Š 1
x + 5
 Š 1

x Š 1
x + 5

Š 1

   =
Š 5x + 5 Š x Š 5

x Š 1 Š x Š 5
= x

 (b) 

x

6

2

4

2Š6Š8Š10 4 6 8 10

gŠ6

Š10

8

g

f

f

10

Š4

Š8

y

33. No  35. 
x 3 5 7 9 11 13

fŠ 1(x) Š 1 0 1 2 3 4

37. Yes  39. No
41. 

Š10 4

12

Š2

 43. 

Š6 6

6

Š6

 The function does not   The function does not
 have an inverse function.  have an inverse function.
45. (a) fŠ 1(x) = 5� x + 2
 (b) 

x

3

2

2Š1Š3 3

f

Š1

Š3

f Š1

y   (c)  The graph of fŠ1 is the 
reflection of the graph 
of f  in the line y = x.

 (d)  The domains and ranges of f  and fŠ1 are all real numbers x.

47. (a) fŠ 1(x) = � 4 Š x2, 0 � x � 2
 (b) 

1 2 3

1

2

3

x

f = f Š1

y

 (c) The graph of fŠ1 is the same as the graph of f.
 (d)  The domains and ranges of f  and fŠ1 are all real numbers 

x such that 0 � x � 2.

49. (a) fŠ 1(x) =
4
x

 (b) 

 Š3 Š2 Š1 1 2 3 4

Š3

Š2

1

2

3

4

x

f = f Š1

y

 (c) The graph of fŠ 1 is the same as the graph of f.
 (d)  The domains and ranges of f  and fŠ 1 are all real numbers  

x except x = 0.

51. (a) fŠ 1(x) =
2x + 1
x Š 1

 (b) 

x

6

4

4 6

f

Š2

Š6

f Š1

f Š1
f

2

Š4

Š2Š4Š6

y

 (c)  The graph of fŠ1 is the reflection of the graph of f  in the 
line y = x.

 (d)  The domain of f  and the range of fŠ1 are all real numbers 
x except x = 2. The domain of fŠ1 and the range of f  are 
all real numbers x except x = 1.

53. (a) fŠ 1(x) = x3 + 1
 (b) 

Š4Š6  2 4 6

Š6

2

4

6

x

f Š1

f

y

 (c)  The graph of fŠ1 is the reflection of the graph of f  in the 
line y = x.

 (d) The domains and ranges of f  and fŠ1 are all real numbers x.
55. No inverse function  57. gŠ1(x) = 6x Š 1
59. No inverse function  61. fŠ 1(x) = � x Š 3
63. No inverse function  65. No inverse function
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 67. fŠ 1(x) =
x2 Š 3

2
, x � 0  69. fŠ 1(x) =

5x Š 4
6 Š 4x

 71. fŠ 1(x) = x Š 2
   The domain of f  and the range of fŠ1 are all real numbers x 

such that x � Š 2. The domain of fŠ1 and the range of f  are 
all real numbers x such that x � 0.

 73. fŠ 1(x) = � x Š 6
   The domain of f  and the range of fŠ1 are all real numbers x 

such that x � Š 6. The domain of fŠ1 and the range of f  are 
all real numbers x such that x � 0.

 75. fŠ 1(x) =
� Š 2(x Š 5)

2
   The domain of f  and the range of fŠ1 are all real numbers x 

such that x � 0. The domain of fŠ1 and the range of f  are all 
real numbers x such that x � 5.

 77. fŠ 1(x) = x + 3
   The domain of f  and the range of fŠ1 are all real numbers x 

such that x � 4. The domain of fŠ1 and the range of f  are all 
real numbers x such that x � 1.

 79. 32  81. 472  83. 2 3� x + 3

 85. 
x + 1

2
  87. 

x + 1
2

 89. (a) y =
x Š 10

0.75
   x = hourly wage; y = number of units produced
  (b) 19 units
 91. False. f (x) = x2 has no inverse function.
 93. 

x 1 3 4 6

y 1 2 6 7

 

4

x
6 82

2

4

6

8

y

  
x 1 2 6 7

fŠ 1(x) 1 3 4 6

 95. Proof  97. k = 1
4

 99. 

Š2

Š2 7

10   There is an inverse function 
fŠ 1(x) = � x Š 1 because the 
domain of f  is equal to the range  
of fŠ1 and the range of f  is equal  
to the domain of fŠ 1.

101.  This situation could be represented by a one-to-one function 
if�the runner does not stop to rest. The inverse function would 
represent the time in hours for a given number of miles 
completed.

Review Exercises (page 114)

 1.  (a) 11   (b) 11  (c) 11   (d) 11 Š 8
9, 

5
2, 0.4   (e) � 6

 3. 
9
8

1
8

1
4

3
8

1
2

3
4

5
8

7
8 10 5

4

  5
4 > 7

8

 5. 122  7. �x Š 7� � 4  9. (a) Š1   (b) Š3
 11. Additive Identity Property
 13. Associative Property of Addition
 15. Commutative Property  17. 0  19. 32

21. 
x
10

  23. 6  25. Š 30  27. Š
7
2
, 4  29. Š 8, Š 18

31. 0, 12
5   33. 5  35. Š 124, 126  37. Š 5, 15

39. (a) 

x
42

2

4

8

Š2Š4

(1, 5)

(Š3, 8)

y    (b) 5   (c) (Š 1, 13
2 )

41. 

Actual temperature (in °F)

A
pp

ar
en

t t
em

pe
ra

tu
re

 (
in

 °
F

)

80
70

90

110

130

150

100

120

140

7065 75 85 9580 90 100

y

x

43. 
x 1 2 3 4 5

y Š 4 Š 2 0 2 4

 y

x
Š2 2 4 6

Š2

Š4

Š6

2

4

45. 
x Š 3 Š 2 Š 1 0 1

y 3 0 Š 1 0 3

 y

x
Š2Š3Š4Š5 1 2 3

Š2

Š3

1

2

3

4

5

47. x-intercepts: (1, 0), (5, 0)
 y-intercept: (0, 5)
49. No symmetry 51. y-axis symmetry
 

x

y

Š2Š4 2 6 8

Š2

2

4

6

10

  

x

y

Š4Š6 2 4 6 8
Š2

Š4

Š6

10
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53. (x Š 2)2 + (y + 3)2 = 13

55. Center: (0, 0); 57. m = Š 1
2

 Radius: 3  y-intercept: (0, 1)
 

Š4 Š2 Š1 1 2 4

Š4

Š2

Š1

1

2

4

x
(0, 0)

y   

x

y

Š2Š4 2 4

Š2

Š4

2

4

59. m = 0 61. m = Š 1
 y-intercept: (0, 1)
 

x

y

Š2Š4 1 3 5

Š2

4

6

63. y = 1
3x Š 7 65. y = 1

2x + 7
 

x

y

Š2Š4 2 4 6 8 10
Š2

Š4

Š6

Š8

Š10

2

4

(6, Š5)

  

x

y

Š2Š4Š6Š8 2 4
Š2

Š4

2

4

6

8

10 (4, 9)

(Š6, 4)

67. (a) y = 5
4x Š 23

4   (b) y = Š 4
5x + 2

5

69. S= 0.80L  71. Not a function  73. Function
75. (a) 16  (b) (t + 1)4� 3  (c) 81  (d) x4� 3

77.  All real numbers x such that Š5 � x � 5
79. (a) 16 ft� sec   (b) 1.5 sec  81. Function  83. Š 1

2

85. 

Š1

4Š5

5  Increasing on (0, � )
   Decreasing on (Š � , Š 1)
   Constant on (Š 1, 0)

87. Relative maximum: (1, 2)  89. 4
91. Neither even nor odd; no symmetry
93. Odd; origin symmetry
95. (a) f (x) = Š 3x
 (b) y

x
Š4

Š4

Š3

Š2

Š1

3

4

Š3 Š2 Š1 1 2 3 4

 97. y

x
Š2 2 4

Š2

Š6

2

  99. 

x
9

6

3

Š15

3

6

Š12

Š3 12 15Š6Š9Š12

y

101. (a) f (x) = x2  (b) Downward shift of nine units
  (c) 

x

2

Š4

Š10

2 4 6Š6 Š4
Š2

y   (d) h(x) = f (x) Š 9

103. (a) f (x) = � x
  (b) Reflection in the x-axis and an upward shift of four units
  (c) 

2 4 6 8 10

2

4

6

8

10

x

y   (d) h(x) = Š f (x) + 4

105. (a) f (x) = x2

  (b)  Reflection in the x-axis, a left shift of two units, and an 
upward shift of three units

  (c) 

Š2Š6Š8 2 4
Š2

Š4

Š6

Š8

4

x

y  (d) h(x) = Š f (x + 2) + 3

107. (a) f (x) = 	 x

  (b) Reflection in the x-axis and an upward shift of six units
  (c) y

x
Š2Š1Š3 1 2

Š3
Š2

1
2
3
4
5
6

3 4 5 6 9

9

  (d) h(x) = Š f (x) + 6
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109. (a) f (x) = 	 x

  (b) Vertical stretch and a right shift of nine units
  (c) y

x
Š2 2 4 6 10 12 14

Š5

Š10

Š15

5

10

15

20

25

   (d) h(x) = 5 f (x Š 9)

111. (a) x2 + 2x + 2  (b) x2 Š 2x + 4
  (c) 2x3 Š x2 + 6x Š 3

  (d) 
x2 + 3
2x Š 1

; all real numbers x except x =
1
2

113. (a) x Š 8
3  (b) x Š 8

  Domains of f, g, f � g, and g� f : all real numbers x
115.  ( f � g)(x) = 0.95xŠ 100; ( f � g)(x) represents the 5% 

discount before the $100 rebate.
117. fŠ 1(x) = 5x + 4

  f ( fŠ1(x)) =
5x + 4 Š 4

5
= x

  fŠ1( f (x)) = 5�x Š 4
5 
 + 4 = x

119. 

Š2

7Š5

6    The function does not have an 
inverse function.

121. (a) fŠ 1(x) = 2x + 6
  (b) 

x

8

2 f

Š6

Š10

Š2Š6Š10Š8

f Š1

8

6

Š8

y

  (c) The graphs are reflections of each other in the line y = x.
  (d)  Both f  and fŠ 1 have domains and ranges that are all real 

numbers x.

123. x > 4; fŠ 1(x) = � x
2

+ 4, x � 0

125.  False. The graph is reflected in the x-axis, shifted 9 units to 
the left, and then shifted 13 units down.

  y

x

3

Š3 3 6 9Š12 Š6Š9
Š3

Š6

Š9

Š12

Š18

Chapter Test (page 117)

 1. Š 10
3 < Š 5

3  2. 3  3. Additive Identity Property

 4. 128
11   5. Š 3, 5  6. No solution  7. Š 2, 83

 8. 

x

(Š2, 5)

(6, 0)

5 64321

2

3

5

1

Š1Š2

Š2

6

y   Distance: � 89;

    Midpoint: (2, 52)

 9. No symmetry 10. y-axis symmetry
 

x
2Š2 4 8

Š2

2

8

6

y

(0, 4)

, 016
3( (

  

x

8

2Š2
Š2

Š4

Š4 4

2

4

6

y

(0, 4)

, 016
3( (, 016

3( (Š

11. Origin symmetry 12. Center: (3, 0); Radius: 3
 

x

4

42Š1
Š1

Š2

Š3

Š4

Š2Š3Š4 3

1

2

3

y

(Š1, 0) (1, 0)
(0, 0)

  

x

y

Š1 1 2 3 4 5 7
Š1

Š2

Š3

Š4

1

2

3

4

(3, 0)

13. y = Š 4x Š 3 14. y = 5
3x Š 1

3

 

x

y

(1, Š7)

(Š2, 5)

Š2Š4Š6 2 4 6
Š2

Š4

Š6

4

6

  

x

y

(Š4, Š7)

Š2Š4Š6 2 4 6

Š4

Š6

4

2

6

4
3(         )1,

15. (a) y = Š 5
2x + 4  (b) y = 2

5x + 4
16. (a) Š9  (b) 1  (c) �x Š 4� Š 15
17. (a) 

Š12 6

Š2

10  (b) Increasing on (Š 5, � )
    Decreasing on (Š � , Š 5)

 (c) Neither
18. (a) 

Š2 4

10

Š10

 (b) Increasing on (Š � , 2)
    Decreasing on (2, 3)

 (c) Neither
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19. (a) 

Š0.1

1Š1

0.1

 (b) Increasing on (Š 0.31, 0), (0.31, � )
  Decreasing on (Š � , Š 0.31), (0, 0.31)
 (c) Even
20. (a) f (x) = 	 x

 (b) Vertical stretch
 (c) y

x
Š2Š4 2 4Š2

Š6

Š10

2

6

10

21. (a) f (x) = � x
 (b)  Reflection in the x-axis, left shift of five units, and an 

upward shift of eight units
 (c) 

x
6

2

Š2Š4Š6 42

4

10

8

Š2

y

22. (a) f (x) = x3

 (b)  Vertical stretch, a reflection in the x-axis, a right shift of 
five units, and an upward shift of three units

 (c) y

x
Š1 1 2 3 4 5 7

Š1

1

2

3

4

5

6

7

23. (a) 2x2 Š 4x Š 2
 (b) 4x2 + 4x Š 12
 (c) Š 3x4 Š 12x3 + 22x2 + 28xŠ 35

 (d) 
3x2 Š 7

Š x2 Š 4x + 5
 (e) 3x4 + 24x3 + 18x2 Š 120x+ 68
 (f) Š 9x4 + 30x2 Š 16

24. (a) 
1 + 2x3� 2

x
   (b) 

1 Š 2x3� 2

x
   (c) 

2� x
x

 (d) 
1

2x3� 2   (e) 
� x
2x

   (f ) 
2� x

x
25. fŠ1(x) = 3� x Š 8  26. No inverse function

27. fŠ1(x) = (1
3x)2� 3, x � 0

Problem Solving (page 119)

1. (a) W1 = 2000+ 0.07S
 (b) W2 = 2300+ 0.05S
 (c) 

0
0 30,000

(15,000, 3050)

5,000

   Both jobs pay the same monthly salary when sales equal 
$15,000.

 (d) No. Job 1 would pay $3400 and job 2 would pay $3300.
3. (a) The function will be even.
 (b) The function will be odd.
 (c) The function will be neither even nor odd.
5.  f (x) = a2nx2n + a2nŠ 2x2nŠ 2 + .  .  .+ a2x2 + a0

  f (Š x) = a2n(Š x)2n + a2nŠ 2(Š x)2nŠ 2

 + .  .  .+ a2(Š x)2 + a0

  = f (x)
7. (a) 8123 h

 (b) 255
7 mi� h

 (c) y =
Š 180

7
x + 3400

  Domain: 0� x �
1190

9
  Range: 0 � y � 3400
 (d) y

x
30

500
1000
1500
2000
2500
3000
3500
4000

60 90 120 150

D
is

ta
nc

e 
(in

 m
ile

s)

Hours

9. (a) ( f � g)(x) = 4x + 24

 (b) ( f � g)Š 1(x) = 1
4x Š 6

 (c) fŠ 1(x) = 1
4x; gŠ 1(x) = x Š 6

 (d) (gŠ 1 � fŠ1)(x) = 1
4x Š 6; They are the same.

 (e) ( f � g)(x) = 8x3 + 1; ( f � g)Š 1(x) = 1
2 

3� x Š 1;

  fŠ 1(x) = 3� x Š 1; gŠ 1(x) = 1
2x;

  (gŠ1 � fŠ1)(x) = 1
2 3� x Š 1

 (f) Answers will vary.
 (g) ( f � g)Š 1(x) = (gŠ 1 � fŠ 1)(x)
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11. (a) y

x
Š3

Š3

Š1

1

2

3

Š2 Š1 1 2 3

 (b) y

x
Š3

Š3

Š2

Š1

1

2

3

Š2 Š1 1 2 3

 (c) y

x
Š3

Š3

Š2

Š1

1

2

3

Š2 Š1 1 2 3

 (d) y

x
Š3

Š3

Š2

Š1

2

3

Š2 Š1 1 2 3

 (e) y

x
Š3

Š3

Š2

Š1

1

2

3

Š2 Š1 1 2 3

 (f) y

x
Š3

Š3

Š2

Š1

1

3

Š2 Š1 1 2 3

13. Proof
15. (a) 

x Š 4 Š 2 0 4

f ( fŠ1(x)) Š 4 Š 2 0 4

 (b) 
x Š 3 Š 2 0 1

( f + fŠ1)(x) 5 1 Š 3 Š 5

 (c) 
x Š 3 Š 2 0 1

( f � fŠ1)(x) 4 0 2 6

 (d) 
x Š 4 Š 3 0 4

� fŠ1(x)� 2 1 1 3

Chapter 1
Section 1.1 (page 129)

 1. coterminal  3. complementary; supplementary
 5. angular  7. 1 rad  9. Š 3 rad
11. (a) Quadrant I   (b) Quadrant II
13. (a) y

x

3
�

 (b)

Š2
3
�

x

y

15. Sample answers: (a) 
13�
6

, Š
11�
6

   (b) 
7�
6

, Š
17�
6

17. (a) Complement: 
5�
12

; Supplement: 
11�
12

 (b) Complement: none; Supplement: 
�
12

19. (a) Complement: 
�
2

Š 1 � 0.57;

  Supplement: � Š 1 � 2.14
 (b) Complement: none; Supplement: �Š 2 � 1.14
21. 210°  23. Š 60°
25. (a) Quadrant II   (b) Quadrant IV
27. (a) y

x

270°

 (b) y

x

Š120°

29. (a) 480°, Š 240°   (b) 150°, Š 570°
31. (a) Complement: 72°; Supplement: 162°
 (b) Complement: 5°; Supplement: 95°
33. (a) Complement: 66°; Supplement: 156°
 (b) Complement: none; Supplement: 54°

35. (a) 
2�
3

   (b) Š
�
9

  37. (a) 270°   (b) Š210°

39. 0.785  41. Š 0.009  43. 81.818°  45. Š 756.000°
47. (a) 54.75°   (b) Š128.5°
49. (a) 240° 36�   (b) Š 145° 48�
51. 10� in. � 31.42 in.  53. 15

8  rad  55. 4 rad

57. About 18.85 in.2  59. 20° should be multiplied by 
�  rad

180 deg
.

61. About 592 mi  63. About 23.87°
65. (a) 8�  rad� min � 25.13 rad� min
 (b) 200�  ft� min � 628.3 ft� min
67. (a) About 35.70 mi� h   (b) About 739.50 revolutions� min
69. 

15

150°

 A = 93.75� m2 � 294.52 m2

71. False. 
180°

�
 is in degree measure.

73.  True. Let �  and �  represent coterminal angles, and let n
represent an integer.

  � = � + n(360°)
  � Š � = n(360°)
75.  When �  is constant, the length of the arc is proportional to the 

radius (s = r� ).
77.  The speed increases. The linear velocity is proportional to the 

radius.
79. Proof
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Section 1.2 (page 137)

 1. unit circle  3. period
 5. sin t = 5

13 csc t = 13
5   7. sin t = Š 3

5 csc t = Š 5
3

 cos t = 12
13 sec t = 13

12  cos t = Š 4
5 sec t = Š 5

4

 tan t = 5
12 cot t = 12

5   tan t = 3
4 cot t = 4

3

 9. (0, 1)  11. �Š � 3
2

, 
1
2


13. sin 
�
4

=
� 2
2

 15. sin�Š �
6
 = Š

1
2

 cos 
�
4

=
� 2
2

  cos�Š �
6
 =

� 3
2

 tan 
�
4

= 1  tan�Š �
6
 = Š

� 3
3

17. sin�Š 7�
4 
 =

� 2
2

 19. sin 
11�
6

= Š
1
2

 cos�Š 7�
4 
 =

� 2
2

  cos 
11�
6

=
� 3
2

 tan�Š 7�
4 
 = 1  tan 

11�
6

= Š
� 3
3

21. sin�Š 3�
2 
 = 1

 cos�Š 3�
2 
 = 0

 tan�Š 3�
2 
 is undefined.

23. sin 
2�
3

=
� 3
2

 csc 
2�
3

=
2� 3

3

 cos 
2�
3

= Š
1
2
 sec 

2�
3

= Š 2

 tan 
2�
3

= Š � 3 cot 
2�
3

= Š
� 3
3

25. sin 
4�
3

= Š
� 3
2

 csc 
4�
3

= Š
2� 3

3

 cos 
4�
3

= Š
1
2
 sec 

4�
3

= Š 2

 tan 
4�
3

= � 3 cot 
4�
3

=
� 3
3

27. sin�Š 5�
3 
 =

� 3
2

 csc�Š 5�
3 
 =

2� 3
3

 cos�Š 5�
3 
 =

1
2
 sec�Š 5�

3 
 = 2

 tan�Š 5�
3 
 = � 3 cot�Š 5�

3 
 =
� 3
3

29. sin�Š �
2
 = Š 1 csc�Š �

2
 = Š 1

 cos�Š �
2
 = 0 sec�Š �

2
 is undefined.

 tan�Š �
2
 is undefined. cot�Š �

2
 = 0

31. 0  33. 1
2  35. Š 1

2  37. (a) Š1
2   (b) Š2

39. (a) Š1
5   (b) Š5  41. (a) 45   (b) Š4

5

43. 0.5646  45. 0.4142  47. Š 1.0009
49. (a) 0.50 ft   (b) About 0.04 ft   (c) About Š 0.49 ft
51.  False. sin(Š t) = Š sin(t) means that the function is odd, not 

that the sine of a negative angle is a negative number.
53. True. The tangent function has a period of � .

55. (a) y-axis symmetry   (b) sin t1 = sin(� Š t1)
 (c) cos(� Š t1) = Š cos t1
57. The calculator was in degree mode instead of radian mode.
59. (a) 1

1.5Š1.5

Š1

   Circle of radius 1 centered at (0, 0)
 (b)  The t-values represent the central angle in radians. The  

x- and y-values represent the location in the coordinate 
plane.

 (c) Š 1 � x � 1, Š 1 � y � 1
61. It is an odd function.

Section 1.3 (page 146)

 1. (a) v   (b) iv   (c) vi   (d) iii   (e) i   (f) ii
 3. complementary
 5. sin � = 3

5 csc � = 5
3  7. sin � = 9

41 csc � = 41
9

 cos � = 4
5 sec � = 5

4  cos � = 40
41 sec � = 41

40

 tan � = 3
4 cot � = 4

3  tan � = 9
40 cot � = 40

9

 9. sin � =
� 2
2

 csc � = � 2

 cos � =
� 2
2

 sec � = � 2

 tan � = 1 cot � = 1
11. sin � = 8

17 csc � = 17
8

 cos � = 15
17 sec � = 17

15

 tan � = 8
15 cot � = 15

8

  The triangles are similar, and corresponding sides are 
proportional.

13. sin � =
1
3
 csc � = 3

 cos � =
2� 2

3
 sec � =

3� 2
4

 tan � =
� 2
4

 cot � = 2� 2

  The triangles are similar, and corresponding sides are 
proportional.

15. 




15

17
8

 sin � = 8
17 csc � = 17

8

      sec � = 17
15

   tan � = 8
15 cot � = 15

8

17. 




5

6 11

 sin � =
� 11

6
 csc � =

6� 11
11

   cos � =
5
6

   tan � =
� 11

5
 cot � =

5� 11
11

19. 



5
1

62

    csc � = 5

   cos � =
2� 6

5
 sec � =

5� 6
12

   tan � =
� 6
12

 cot � = 2� 6
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21. 



3

10 
1
 sin � =

� 10
10

 csc � = � 10

   cos � =
3� 10

10
 sec � =

� 10
3

   tan � =
1
3

23. 
�
6

; 
� 3
3

  25. 45°; 
� 2
2

  27. 45°; � 2

29. (a) 0.3420   (b) 0.3420  31. (a) 0.2455   (b) 4.0737
33. (a) 0.9964   (b) 1.0036  35. (a) 3.2205   (b) 0.3105

37. (a) 
1
2
   (b) 

� 3
2

   (c) � 3   (d) 
� 3
3

39. (a) 
2� 2

3
   (b) 2� 2   (c) 3   (d) 3

41. (a) 
1
3
   (b) � 10   (c) 

1
3
   (d) 

� 10
10

43…51. Answers will vary.  53. (a) 30° =
�
6

   (b) 30° =
�
6

55. (a) 60° =
�
3

   (b) 45° =
�
4

57. (a) 60° =
�
3

   (b) 45° =
�
4

59. x = 9, y= 9� 3  61. x =
32� 3

3
, r =

64� 3
3

63. About 443.2 m; about 323.3 m  65. 30° =
�
6

67. (a) About 219.9 ft   (b) About 160.9 ft
69. (x1, y1) = (28� 3, 28)
 (x2, y2) = (28, 28� 3)
71.  sin 20° � 0.34, cos 20° � 0.94, tan 20° � 0.36, 

csc 20° � 2.92, sec 20° � 1.06, cot 20° � 2.75
73. (a) About 519.33 ft   (b) About 1174.17 ft
 (c) About 173.11 ft� min

75. True. csc x =
1

sin x
  77. False. 

� 2
2

+
� 2
2

� 1

79. False. 1.7321 � 0.0349
81.  Yes, tan �  is equal to opp� adj. You can find the value of the 

hypotenuse by the Pythagorean Theorem. Then you can find 
sec � , which is equal to hyp� adj.

83. 
� 0.1 0.2 0.3 0.4 0.5

sin � 0.0998 0.1987 0.2955 0.3894 0.4794

 (a) �  is greater.

 (b) As � � 0, sin � � 0 and 
�

sin �
� 1.

Section 1.4 (page 156)

 1. 
y
r
  3. 

y
x
  5. cos �   7. zero; defined

 9. (a) sin � = 3
5 csc � = 5

3

  cos � = 4
5 sec � = 5

4

  tan � = 3
4 cot � = 4

3

 (b) sin � = 15
17 csc � = 17

15

  cos � = Š 8
17 sec � = Š 17

8

  tan � = Š 15
8  cot � = Š 8

15

11. (a) sin � = Š
1
2
 csc � = Š 2

  cos � = Š
� 3
2

 sec � = Š
2� 3

3

  tan � =
� 3
3

 cot � = � 3

 (b) sin � = Š
� 17
17

 csc � = Š � 17

  cos � =
4� 17

17
 sec � =

� 17
4

  tan � = Š
1
4
 cot � = Š 4

13. sin � = 12
13 csc � = 13

12

 cos � = 5
13 sec � = 13

5

 tan � = 12
5  cot � = 5

12

15. sin � = Š
2� 29

29
 csc � = Š

� 29
2

 cos � = Š
5� 29

29
 sec � = Š

� 29
5

 tan � =
2
5
 cot � =

5
2

17. sin � = 4
5 csc � = 5

4

 cos � = Š 3
5 sec � = Š 5

3

 tan � = Š 4
3 cot � = Š 3

4

19. Quadrant I  21. Quadrant II
23. sin � = 15

17 csc � = 17
15

 cos � = 8
17 sec � = 17

8

   cot � = 8
15

25.   csc � = 5
3

 cos � = Š 4
5 sec � = Š 5

4

 tan � = Š 3
4 cot � = Š 4

3

27. sin � = Š
� 10
10

 csc � = Š � 10

 cos � =
3� 10

10
 sec � =

� 10
3

 tan � = Š
1
3

29. sin � = 1
   sec �  is undefined.
 tan �  is undefined. cot � = 0
31. sin � = 0 csc �  is undefined.
 cos � = Š 1 sec � = Š 1
 tan � = 0 cot �  is undefined.

33. sin � =
� 2
2

 csc � = � 2

 cos � = Š
� 2
2

 sec � = Š � 2

 tan � = Š 1 cot � = Š 1

35. sin � =
2� 5

5
 csc � =

� 5
2

 cos � =
� 5
5

 sec � = � 5

 tan � = 2 cot � =
1
2

37. 0  39. Undefined  41. 1  43. Undefined 45. 0
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47. � � = 20° 49. � � = 55°
 y

x�


160°

  y

x

�

Š125°

51. � � =
�
3

 53. � � = 2� Š 4.8

 

�


2
3
�

x

y   y

x

�


4.8

55. sin 225° = Š
� 2
2

 57. sin 750° =
1
2

 cos 225° = Š
� 2
2

  cos 750° =
� 3
2

 tan 225° = 1  tan 750° =
� 3
3

59. sin(Š 120°) = Š
� 3
2

 61. sin 
2�
3

=
� 3
2

 cos(Š 120°) = Š
1
2
  cos 

2�
3

= Š
1
2

 tan(Š 120°) = � 3  tan 
2�
3

= Š � 3

63. sin�Š �
6
 = Š

1
2
 65. sin 

11�
4

=
� 2
2

 cos�Š �
6
 =

� 3
2

  cos 
11�
4

= Š
� 2
2

 tan�Š �
6
 = Š

� 3
3

  tan 
11�
4

= Š 1

67. sin�Š 17�
6 
 = Š

1
2

 cos�Š 17�
6 
 = Š

� 3
2

 tan�Š 17�
6 
 =

� 3
3

69. 
4
5
  71. Š

� 13
12

  73. 
8� 39

39
  75. 0.1736

77. Š 0.3420  79. Š 28.6363  81. 1.4142  83. 0.3640
85. Š 2.6131  87. Š 0.6052  89. 1.8382

91. (a) 30° =
�
6

, 150° =
5�
6

   (b) 210° =
7�
6

, 330° =
11�
6

93. (a) 60° =
�
3

, 300° =
5�
3

   (b) 60° =
�
3

, 300° =
5�
3

95. (a) 45° =
�
4

, 225° =
5�
4

   (b) 150° =
5�
6

, 330° =
11�
6

97. (a) 12 mi   (b) 6 mi   (c) About 6.9 mi

 99. (a) B = 24.593 sin(0.495tŠ 2.262) + 57.387
   F = 39.071 sin(0.448tŠ 1.366) + 32.204
  (b) February: B � 33.9°, F � 14.5°
   April: B � 50.5°, F � 48.3°
   May: B � 62.6°, F � 62.2°
   July: B � 80.3°, F � 70.5°
   September: B � 77.4°, F � 50.1°
   October: B � 68.2°, F � 33.3°
   December: B � 44.8°, F � 2.4°
  (c) 

1
0

12

90

F

B

   Answers will vary.
101. (a) About 270.63 ft   (b) About 307.75 ft
  (c) About 270.63 ft
103.  False. In each of the four quadrants, the signs of the secant 

function and the cosine function are the same because these 
functions are reciprocals of each other.

105. Answers will vary.

Section 1.5 (page 166)

 1. cycle  3. phase shift  5. Period: 
2�
5

; Amplitude: 2

 7. Period: 4; Amplitude: 
3
4
  9. Period: 

8�
5

; Amplitude: 
1
2

 11. Period: 24; Amplitude: 53
 13. The period of g is one-fifth the period of f.
 15. g is a reflection of f  in the x-axis.
 17. g is a shift of f �  units to the right.
 19. g is a shift of f  three units up.
 21. The graph of g has twice the amplitude of the graph of f.
 23.  The graph of g is a horizontal shift of the graph of f  �  units 

to the right.
 25. 

Š2

2

�6

fg

x

y  27. y

x
Š2 Š�� 2��

Š1

1

2

3

f

g

 29. 

Š2

2

�� 2

f

g

x

y  31. y

x
3
2
�

Š6

Š Š

Š8

2

4

6

8

3
2
�

2
�

2
�



A20 Answers to Odd-Numbered Exercises and Tests

33. y

x
� �
2

�2

1

Š1

2
3

4
3

1
3
2
3

4
3

Š

Š

Š

 35. y

x
�4�2�Š2

Š1

Š2

2

37. 

1 2

Š2

1

2

x

y  39. 

Š1 2 3

Š3

Š2

2

3

x

y

41. y

x

Š3
2
� 3

2
�

2
�

Š2

1

2

 43. y

x

Š2

Š4

4

Š Š3
2
� 3

2
�

2
�

2
�

45. 

Š3 Š2 Š1 1 2 3
Š1

1

2

4

5

x

y  47. y

x
1
3

1

2

4

6

49. y

x
� �2�Š�Š2

Š2

Š4

Š6

Š8

2

 51. 

    

Š4

Š3

Š2

Š1

1

2

3

4

� �4
x

y

53. (a)  Horizontal shrink and a phase shift � � 4 unit right
 (b) y

x

Š3

Š2

Š

Š4

2

3

4

3
8
�

2
�

8
�

 (c) g(x) = f (4x Š � )

55. (a)  Shift two units up and a phase shift �� 2 units right
 (b) y

x
Š� �Š2� 2�

Š1

2

3

4

5

 (c) g(x) = f �x Š
�
2
 + 2

57. (a)  Horizontal shrink, a vertical stretch, a shift three units 
down, and a phase shift � � 4 unit right

 (b) y

x

Š3

Š5

Š6

ŠŠ

Š4

2

1

2
�

4
�

2
�

4
�

 (c) g(x) = 2f (4x Š � ) Š 3
59. 

Š6 6

Š4

4  61. 

Š3

Š1

3

3

63. 

Š20

Š0.12

20

0.12

65. a = 2, d = 1  67. a = Š 4, d = 4

69. a = Š 3, b = 2, c= 0  71. a = 2, b= 1, c= Š
�
4

73. 

Š2

2

2

�Š2�

 x = Š
�
6

, Š
5�
6

, 
7�
6

, 
11�
6

75. y = 1 + 2 sin(2x Š � )  77. y = cos(2x + 2� ) Š 3
2

79. (a) 4 sec
 (b) 15 cycles� min
 (c) 

1 3 5 7

Š2

Š3

1

2

3

t

v
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C
H

A
P

T
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 1

81. (a) 65 sec   (b) 50 heartbeats� min
83. (a) and (c)
  y

x

Day

P
er

ce
nt

 il
lu

m
in

at
ed

5 10 15 20 25 30 35 40

0.5

1

  The model fits the data well.

 (b) y = 0.5 cos�� x
15

Š
�
15
 + 0.5

 (d) 30 days   (e) 25%
85. (a)  20 sec; It takes 20 seconds to complete one revolution on 

the Ferris wheel.
 (b) 50 ft; The diameter of the Ferris wheel is 100 feet.
 (c) 

0
0 20

110

87.  False. The graph of g is shifted one period to the left.

89.  True. Š sin�x +
�
2
 = Š cos x

91. 

2

1

Š2

f = g

x
� �3
2 2

Š �3
2

y

 Conjecture: sin x = cos�x Š
�
2


93. 

Š2

2

� 2�

b = 2 b = 3

b = 1
2

y

x

  The value of b affects the period of the graph.
 b = 1

2 � 1
2 cycle

 b = 2� 2 cycles
 b = 3� 3 cycles
95. (a) 0.4794, 0.4794   (b) 0.8417, 0.8415   (c) 0.5, 0.5
 (d) 0.8776, 0.8776   (e) 0.5417, 0.5403
 (f) 0.7074, 0.7071
 The error increases as x moves farther away from 0.

Section 1.6 (page 177)

 1. odd; origin  3. reciprocal  5. �
 7. (Š � , Š 1] � [1, � )  9. e, �   10. c, 2�   11. a, 1
12. d, 2�   13. f, 4  14. b, 4
15. 

1

2

3

x
� �

y

Š

 17. y

x

1

2

3

4

Š� �

19. y

x

Š2

Š4

2

4

Š
6
�

6
�

2
�

3
�

 21. 

x

4

3

2

1

Š3

Š4

21Š1Š2

y

23. y

x
Š1Š2 1 2

2

 25. y

x

Š3

Š4

2

2Š2

1

3

4

� 4��Š4�

27. y

x

2

4

2
�

2
Š�

 29. 

Š4 4

2

4

6

x

y

31. y

x

Š1

Š2

Š3

Š4

1

2

Š2� 2��Š�

 33. y

x

Š1

1

2

3

4

� 2�Š� 3�

35. y

x
1 2 3 4

1

2

3

 37. 

x
�2

1

2

y
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39. 

Š5

5�Š5�

5  41. 

Š4

�
2

�
2

Š

4

43. 

Š3

Š �
2

3�
2

3

3  45. 

Š3

Š �
2

�
2

3

47. 

Š6

Š0.6

6

0.6

49. Š
7�
4

, Š
3�
4

, 
�
4

, 
5�
4

  51. Š
7�
6

, Š
�
6

, 
5�
6

, 
11�
6

53. Š
4�
3

, Š
2�
3

, 
2�
3

, 
4�
3

  55. Š
7�
4

, Š
5�
4

, 
�
4

, 
3�
4

57. Even  59. Odd  61. Odd  63. Even
65. d, f � 0 as x� 0.  66. a, f � 0 as x� 0.
67. b, g� 0 as x� 0.  68. c, g� 0 as x� 0.
69. 

Š3 Š2 Š1 1 2 3

Š3

Š2

Š1

1

2

3

x

y  71. 

Š1

2

3

y

x
��Š

 The functions are equal.  The functions are equal.
73. 

Š10

Š10

10

10  75. 

Š15

Š1500

15

1500

 As x� � , g(x) oscillates.  As x� � , f (x) oscillates.
77. 

0

Š2

8�

6  79. 

Š1

6�Š6�

2

 As x� 0, y� � .  As x� 0, g(x) � 1.
81. 

Š2

Š� �

2

  As x� 0, f (x) oscillates between 1 and Š1.
83. (a) Period of H(t): 12 mo
  Period of L(t): 12 mo
 (b) Summer; winter
 (c) About 0.5 mo

85. d = 27 sec x
 

x

20

40

60

80

Angle of camera

D
is

ta
nc

e

d

0 �
2

�
4

�
4

�
2

Š Š

87.  True. For a given value of x, the y-coordinate of csc x is the 
reciprocal of the y-coordinate of sin x.

89. (a) 

3

Š2

Š3

2

  0.7391
 (b)  1, 0.5403, 0.8576, 0.6543, 0.7935, 0.7014, 0.7640, 0.7221, 

0.7504, 0.7314,  .  .  . ; 0.7391
91. (a) f (x) � �  (b) f (x) � Š �
 (c) f (x) � �  (d) f (x) � Š �
93. (a) f (x) � Š �  (b) f (x) � �
 (c) f (x) � Š �  (d) f (x) � �

Section 1.7 (page 186)

 1. y = sinŠ 1 x; Š 1 � x � 1

 3. y = tanŠ 1 x; Š � < x < � ; Š
�
2

< y <
�
2

  5. 
�
6

 7. 
�
3

  9. 
�
6

  11. Not possible  13. Š
�
3

15. 
2�
3

  17. Š
�
3

19. 

Š1

4

�
f

g

�
2

Š

21. 1.19  23. Š 0.85  25. Š 1.25  27. Not possible
29. 1.99  31. 0.74  33. 1.07  35. Š 1.50

37. Š
�
3

, Š
� 3
3

, 1  39. � = arctan 
x
4
 41. � = arcsin 

x + 2
5

43. � = arccos 
x + 3

2x
  45. 0.3  47. Not possible

49. 
�
4

  51. 
3
5
  53. 

� 5
5

  55. 
13
12

  57. Š
5
3

59. Š
� 5
2

  61. 2  63. � 1 Š 4x2  65. 
1
x

67. � 1 Š x2  69. 
� 9 Š x2

x
  71. 

� x2 + a2

x
73. 

Š3 3

Š2

2

 Asymptotes: y = ± 1
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H
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 75. 
9

� x2 + 81
  77. 

�x Š 1�
� x2 Š 2x + 10

 79. 

�

�

y

x

Š

Š1Š2 1 2

 81. 

Š4 Š2 2 4
x

�

y

  Vertical stretch  Shift 
�
2

 units up

 83. 

v

�

y

Š1Š2Š3 1 2 3

 85. 

0

2�

Š1 1

  Horizontal stretch
 87. 

Š2 4

�Š

�  89. 

5

Š2

Š4

4

 91. 3� 2 sin�2t +
�
4


  

Š6

Š2

6

� 2�

   The graph implies that the identity is true.

 93. 
�
2

  95. 
�
2

  97. �

 99. (a) � = arcsin 
5
s
   (b) About 0.13, about 0.25

101. (a) About 32.9°   (b) About 6.5 m
103. (a) 

0

Š0.5

6

1.5

  (b) 2 ft   (c)  � = 0; As x increases, �  approaches 0.

105. (a) � = arctan 
x
20

   (b) About 14.0°, about 31.0°

107. True. Š
�
4

 is in the range of the arctangent function.

109. False. sinŠ 1 x is the inverse of sin x, not the reciprocal.

111. Domain: (Š � , � ) 113. Domain:
  Range: (0, � )   (Š � , Š 1] � [1, � )
  

x
Š1Š2 21

�
2

y

�

   Range:
     [Š � � 2, 0) � (0, � � 2]
     

x
Š2 Š1 21

Š

y

�
2

�
2

115. 
�
4

  117. 
3�
4

  119. Š
�
2

  121. 1.17

123. Š 0.12  125. 0.19

127. (a) 
�
4

   (b) 
�
2

   (c) About 1.25   (d) About 2.03

129. (a) f � f Š 1  fŠ 1 � f
   

Š2

Š� �

2   

Š2

Š� �

2

  (b)  The domains and ranges of the functions are restricted. 
The graphs of f � fŠ 1 and fŠ 1 � f  differ because of the 
domains and ranges of f  and fŠ 1.

Section 1.8 (page 196)

 1. bearing  3. period
 5. a � 10.39  7. b � 14.21
  b = 6  c � 14.88
  B = 30°  A = 17.2°
 9. c = 5 11. a � 52.88
  A � 36.87°  A � 73.46°
  B � 53.13°  B � 16.54°
 13. 3.00  15. 2.50  17. About 214.45 ft
 19. About 19.7 ft  21. About 20.5 ft  23. About 11.8 km
 25. About 56.3°  27. About 75.97°
 29. About 3.23 mi or about 17,054 ft
 31. (a) l = 250 ft, A � 36.87°, B � 53.13°
  (b) About 4.87 sec
 33. About 508 mi north, about 650 mi east
 35. (a) About 104.95 nmi south, about 58.18 nmi west
  (b) S 36.7° W; about 130.9 nmi
 37. N 56.31° W  39. (a) N 58° E   (b) About 68.82 m
 41. About 35.3°  43. About 29.4 in.  45. d = 4 sin � t

 47. d = 3 cos 
4� t
3

  49. � = 524�

 51. (a) 9   (b) 35   (c) 9   (d) 512

 53. (a) 14   (b) 3   (c) 0   (d) 1
6
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A24 Answers to Odd-Numbered Exercises and Tests

55. (a) 

t

1

Š1

y

� �3
8 8

�
4

�
2

   (b) 
�
8

   (c) 
�
32

57. (a) 

t
2 4 121086

3

6

9

12

15

A
ve

ra
ge

 s
al

es
(in

 m
ill

io
ns

 o
f d

ol
la

rs
)

Month (1 � January)

S

 (b) S= 8 + 6.3 cos 
�
6

t or S= 8 + 6.3 sin��
6

t +
�
2


  The model is a good fit.
 (c) 12. Yes, sales of outerwear are seasonal.
 (d)  Maximum displacement from average sales of $8 million
59.  False. The scenario does not create a right triangle because the 

tower is not vertical.

Review Exercises (page 202)

 1. (a)   3. (a)
 y

x

15
4
�

  

Š110°

x

y

 (b) Quadrant IV  (b) Quadrant III

 (c) 
23�
4

, Š
�
4

  (c) 250°, Š 470°

 5. 7.854  7. Š 0.279  9. 54°  11. Š 200.535°
13. 198° 24�  15. About 48.17 in.  17. About 523.60 in.2

19. �Š 1
2
, 
� 3
2 
  21. �Š � 3

2
, Š

1
2


23. sin 
3�
4

=
� 2
2

 csc 
3�
4

= � 2

 cos 
3�
4

= Š
� 2
2

 sec 
3�
4

= Š � 2

 tan 
3�
4

= Š 1 cot 
3�
4

= Š 1

25. 
� 2
2

  27. Š
� 3
2

  29. 3.2361  31. Š 75.3130

33. sin � =
4� 41

41
 csc � =

� 41
4

 cos � =
5� 41

41
 sec � =

� 41
5

 tan � =
4
5
 cot � =

5
4

35. 0.6494  37. 3.6722

39. (a) 3   (b) 
2� 2

3
   (c) 

3� 2
4

   (d) 
� 2
4

41. About 73.3 m
43. sin � = 4

5 csc � = 5
4

 cos � = 3
5 sec � = 5

3

 tan � = 4
3 cot � = 3

4

45. sin � = 4
5 csc � = 5

4

 cos � = 3
5 sec � = 5

3

 tan � = 4
3 cot � = 3

4

47. sin � = Š
� 11

6
 csc � = Š

6� 11
11

 cos � =
5
6

 tan � = Š
� 11

5
 cot � = Š

5� 11
11

49. sin � =
� 21

5
 csc � =

5� 21
21

   sec � = Š
5
2

 tan � = Š
� 21

2
 cot � = Š

2� 21
21

51. � � = 84° 53. � � =
�
5

 

�


264°

x

y   

�

x

y

6
5
�Š

55. sin(Š 150°) = Š
1
2
; cos(Š 150°) = Š

� 3
2

; tan(Š 150°) =
� 3
3

57. sin 
�
3

=
� 3
2

; cos 
�
3

=
1
2

; tan 
�
3

= � 3

59. 0.9613  61. Š 0.4452
63. y

x

4
�

4

Š2

1

2

Š�

 65. 

x

y

Š1Š2Š3 1 2 3

2

6

8

10

67. 

Š4

Š3

Š2

Š1

1

3

4

t
�

y

69. (a) y = 2 sin 528� x   (b) 264 cycles� sec
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