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Exam I
Section 1
Part A — No Calculators

C

p. 1
5 5
dx ! 12 1 3zt M2
B = = J@Ex+1y (3 dx) =
ﬁ:a—l 30 ) ) 3 172
0

p. 1
Is f defined at x=0 andis lim fx)=10)?
x—0

L f0)=|0|=0 and lim_|x| =f0)
x—==(
. =1 and lim X =1

x=—=0
1L In(e? = 1)=In(0) which is undefined

p. 2
2, ¢ 2

-1
=x"+ I =x"+cx
y X

y‘=2:~.-cx_2 = y'(-1)=-2-¢. When -2-¢ = (), then

5
- % [4-1]=2
0
Continuous
Continuous
Not continuous
ce=-2.

y"=2+2r:x"3 = y"(-1)=2+4=6 and (-1,3) is a relative minimum.

p.- 2

The curves are clearly periodic so the only choices are sine or cosine,

At x=0, cosine has a horizontal tangent, so the answer is C.

p. 2
First we have to find the intersection points of the two curves.

3;2=6x = 332-6:; =0 = 3x(x-2)=0
Hence the curves intersect at (0,0) and (2,12).
Cross sections of the solid taken perpendicular to the x-axis are

is given by:

vV = ;r:ji{(m)z—(hz}z] dx = n:nf(}ﬁxz —9x4 ) dx

“washers." The volume of the solid




SOLUTIONS—BC EXAM [ Section I Part A Muitiple Choice
p.3
fr(x) 5 esinz
I f'(x) = e cosx f'(0) =1-1=1 TRUE

II. Slopeof y = x +11is 1, and the line goes through (0, 1) TRUE

L. h(x) = f(x* - 1)

W(x) = fi(x> = 1)- (322) = 3x2efinte-D)
Since '(x) = 0 for all x, then the graph of h(x) isincreasing. TRUE

p.3
oo
3x2 ¢ -2 a
— o = lim rf(l+x3) Gx2 dx) = lim [- ! 3
(1+x7) a—>0 a—»m| J+x°[1
- i s =i L it
a—»00 1+33 2 2
p.3

: e 8n+
Let R denote the ratio of successive terms of the series: __na;_l_ ;

ST kil T3 AR . - g2 o
(n+1)_3n+l (_l}n+1(x_2)n 3 n+ 1
Hence limlRI= &_3—__2’
n—+o

< 1, so that |x-2l<3.

x =2
For convergence, we must have 3

Hence the radius of convergence is r=3.

p- 4

The slope of PQ = I

e-1"

The slope of the tangent to the graph of y = Inx is c}dxy = i ;

We need the slope of the tangent equal to the slope of PQ.

Hence 1 3__.1__‘_ Therefore x=e~-1
x e-1
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10. D

11. C
12. B
13. E
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No Calculators

SOLUTIONS—BC EXAM I Sectionl Part A

p-4

Using implicit differentiation on 4x” + 2xy + 3y = 0
gives 8x +2y + 2xy' + 3y = 0.

At (2,-1): 16-2+4y'+3y =0 = y =-2

p.- 4
Solution L g}% = \,r; = y= %xm +C
Then the average rate of change of y on the interval [0,4] is

2,
{3 8+C)-C

y(4) - y(0) _ 4
4-0 4 3
1 b
Solution I1. Yave = _ JH(x) dx
aa
4 4
dy _ 1 L, 1P o o 8
avey = ;g Vrax = 4 Ix =33 |p " eB-0=3

p.5
x(t) = cos(2t) + sec t
v(t) = x'(t) = —2sin(2t) + (sec )(tan t)

a(t) = x"(t) = —4cos(2t) + sect + (sec t){lauzt)
When t=m, the acceleration is a(r) =—4(1) + (—I}3 +(=1)0) = -5.

p.5
p T
Solution I. [sinxdx = [sinxdx +1
0 P
I
—cosxlp = —cosxl +1
0 p
_ 1 _2r
~cosp+cos0 = -cosm+cosp+l = cosp=-, = P=

b
Solution II. f sinxdx = 2.
0

If the area under y =sin x to theleftof x =p istobe 1 more than the area to
the right of x =p, then the area to the leftis 1.5 while the area to the right is

0.5.
P
Hence we need to determine p suchthat f{sinx dx = L.5.
S p
[sinxdx = 1.5 =  ~C0s x‘ = 1.5
0 0
= —cosptcos0=15
= -cosp+tl=1L35
= cosp=-=5
o pulX
3




SOLUTIONS—BC EXAM I Section I Part A

Multiple Choice

14.

15.

16.

17.

18.

p-5
Sy =Inx, () =4, 1 =-Z, 0=

f(l)ﬂo,ff(l)- 1‘ f"“)""lt fm(”' 2; ag '0: “| = 1. a; = -%saj -%';
T(x) = (x =)= $r-n* + 3 -1y

p. 6

h(x) = ()] + fx)a(®), F(x) = g(x) and g(x) = ~f(x), then
Rx) = 20x)F(x) + {x)g(x) + F(R)e(x)

h(x) = 26(x)g(x) — F)K) + g(x)e(x)

p. 6
b

L= j 1/“(%)2 dx
a

1
Y 2 - ]
dx

1—i \/4—12

(=9

y = Arcsin% =

Pi T
% >(Q forall x implies that the graph of y is increasing.
% <0 forall x implies that the graph of y is concave down.

(E) is the only choice satisfying both conditions.

p‘ 7 .

; . . 1 A, _B
Using the method of partial fractions, x(x+1) x  x+1
Ax+1)+Bx

1
-1

I

1
Then x=0 = A
and x=-1 = B

1 (L —1)
J’ = dx “f(x+x+1 dx

on

b Sl o 3

i

In|x| ~1o|x + 1| + €

X
x-i—l

= In +C

nonnacecRRARRRR

i

LR

L ..

-~
- e

%

K

: )

gpERE e

4

Y

N

1]

Aa0aDANN

-

osmmaOTGO6GOGOOVD



VIV VUVUUPDVUVVVUVVVVVPVVYPOWPRPFPFPPFeFeEdsbsbuesvubwLuLLWWLLWLWIL UL

No Caleulators SOLUTIONS—BC EXAM | Section I Part 4
19. A p.8
fx)= e 2

20.

21.

22.

fi(x) = 2% 2* _ 252X o 2xe*‘2x(1 ~-X) =-2x(1 -x) 12; X

) e
Since f'(x) >0 for 0<x <1, the graph of fis increasing there.

p. 8
z_nﬂ 2
fix) = ufl-,"— -ty E_2

Since this has both odd and even powers of X, it is neither sinx nor cos x.

2
Since fi(x) = =1 +x —)iz' +... = —f(x), this suggests eX and e’X .
2 3
X = 1+x+ ’-‘2—+%+... and
2,3
eX =]-x+ 2 -6 e =
p- 8
e-1 0 e-1 J.O 5 el
fix)dx = [f(x)dx + [fix)dx = Jsec“xdx + dx
-:54 -n";:4 br -4 x*l
0 e-1
= tan x’ + ln}x + lf
-t/4 0
= (0-(C1)+(ne-nl) =2
p.9
cot x
Let y = (I + %) . As X—»w, this takes on the indeterminate form 0.
Taking the logarithm of both sides gives Iny = (cot x) In(l + % )-
X
: y . finl+3
lim [lny] = lim [(cot x) In(1+% )] = lim i_z] - %
x==0 x—0 2 Xx=*0| tan x
i L 1
. 3 x 1 +x— 2 5 ]
Using L'Hopital's Rule:  lim [lny]= lim 2 =Ty Ta-
x—0 x—=0 —-—2,‘—
sec

If f is continuous, then lim[f(g(x)] = f{lim g(x)). Since the In function is continuous, we have

In (limy) = “i,sc that Jimoy = ¢l2,




6 SOLUTIONS—BC EXAM I Section I Part A Multiple Choice
23, p- 9
27
In polar coordinates, Area = 1 frz de
2
r= +1+cos@ = r2 = |+ cos.
% n
Using the symmetry of cosine, A = % 2 f(1+ cos8)d® = f(1+ cos®)do
0 0
24. p. 10
5 o5
Using the definition of the derivative, Iil—TO [£3—+-}!%)—:3—] = 1; '(3)
where f(x)= xs and f'(x) = Sx4.
1— E— -!- . 4 —
Thus 9 '(3) 9 53 45
25. p. 10
Since the three subintervals indicated by the table have uneven lengths, it is necessary to calculate
the area of the individual trapezoids. Using the function values from the table:
f0)= 3, f@) =k, f(7) = 9and f(9) = 11 wehave
@B +k) + 1Ok + 91+ 3 @9 +11)= 57
(6+2k) + (3 k+ &) +(20) = 57
124 4k+3k+27+40 =114
Tk=35
k=5
26. p. 10 -
1/
Rewrite the integrand: fxxfl—x’ dx = f(l —xz) ‘xdx .
The factor (1 - xz)lfz is a composite function f(g(x)) an outer function £'(x)= x2 and an

inner function g(x)=1-x". The derivative of the inner function, g'(x)=-2x, appears as a factor

in the integrand except for the constant factor ~2. This can be remedied.
1/2
—%f(] - xz) «(=2x) dx
1 '
= 5]‘ f'(g(x)) - g'(x) dx

—% f(g(x)) + C, where f is an antiderivative of .

]

1/2
f(l - xz) - x dx

Since an antiderivative of f(x) = xm' is f{x)= % x3!2, this gives

-r““xzi x dx =—'§-§*(l*x2) +C=—%{1—x2) +C
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No Calculators

SOLUTIONS—BC EXAM I Sectionl Part A

27.

28.

C

p. 11

From the table, Ax =0.5.
Then f(1.5) = f(1) + f'(1) Ax = 2.0+ (0.4)(0.5)=2.2.

The second step gives f(2.0) = f{1.5) + £(1.5) Ax = 2.2 +(0.6)(0.5) = 2.5.

p. 11

)

(=

y = dx

- &
I
b

+ C

<=
[
>

The solution to a differential equation must be a function that contains the initial condition and has

:X_“l‘o = y::-_

At (-1, 1)
1

a continuous domain.
The largest domain that contains (-1, 1) is x<0.

I

-1=-1+C and C=0




Exam 1
Section I
Part B — Calculators Permitted

C

D

p- 12

y =x%-eX = y=22+e> = y'=2-¢&%
y'=0 = 2-e%=0 = ex——-%
Then x = -In2

Y(En2) = 2n2)+e®2 = D0m242 = 2-1n4

p- 12

The slope of the parabola y = 2x% +x+ k at any point is given by y'=4x + 1.

The slope of the line is m =-3. Since the line is tangent to the parabola, these slopes must be
equal.

4x+1=-3 = x=-1. From the equation of the line we learn then that y =4.

From the parabola 4=2-1+k = k=3,

p. 13
1
L fQ) = Lrdt ~ 03867 False
I=¢
II. By the Fundamental Theorem, f'(x) = ! :
1+x4
=Ay3
Then f’“(x}=——'—i§ﬁ ; £'(3) =-0.016, so that "(3) < 0 and fis concave down.
(1 +x7)
True
X 0
m fix) = I dt = ! dt because L is even.
' _[1+14 J.l+t4 1+t
X
Hence f(-x)= — J. = : &t = —f(x). Thus f{(-x)+f(x) =0. True
+t
p. 13
Using the definition of the derivative, l}!—TU X+hh_ X & j".(x)=secz(3x).

Thus f(x) = tan(3x) + C_Since (0) =1, 1=3tn0)+C = C=1.

5
Ur(%tan(_’.x)+l)dx ~ 0.79

!"Fﬁ.ﬂ'ﬁﬁﬂﬂ.'ﬁﬁﬁdﬁﬁﬂﬁﬂHﬂﬂﬂﬂ.---.—.‘._.__ g
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Calculators SOLUTIONS—BC EXAM I  Section I' PartB

5. D p.13
L h2)=1gR2)=1£4)=3
I 9= £E0)- €60 =
ese derivatives are approximated b imati
graphs of f and g. Thus h'(4)= F&isjt}u.n;m

M. RQ) = @) gd) = £3)-0 = 0

g the slopes of lines that are tangent to th
@)=1(1)g@) ~(-1)-1) = 1 ¢ True )

True

6. E p.l4
The graph of v shows that the particle moves both left and right.

4 4
Distance=0f Iv{t}l dt =chos(t+ J?)l dt = 2416

7. B p.14
Use a graphing calculator to find the intersection points of the two functions
y = arctan x and y=4—x2.
They are: x; =-2.271 and x,=1.719.
1.719

Then A = 22,;(14—x2-arctanx)dx ~ 10972

8. D p.l4

I. The given series converges by the Alternating Series Test.

® o @
] 1 1 z X o
However, 2 Sl = E n and 3 18 divergent.
1 n=1 n=1

n:

Hence the given series is conditionally convergent.
II. The given series is not alternating, in spite of the (-1)". The factor cosn in each fraction
is itself sometimes positive and sometimes negative.

Icos nl 1
Since |cos n\sl forall n, a0 s -, forall nzl.

3
‘cos n|
Hence o

The given series converges absolutely.

IIl. The given series converges by the Alternating Series Test.
o0 00

E: 1 g et
We note that 2 71—; = -;3 (a divergent p series).

n=1 n=1

o0
= -1;1 (a convergent geometric series).
2 3
n=1

Hence the given series is conditionally convergent.
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SOLUTIONS—BC EXAM I SectionI Part B

Multiple Choice

10.

11.

12.

p. 15

x=t2 == Q‘—=2t

y=]n(12+1) = dy 1 . 2t

p. 15

The relationship between the supply x and price p is given by the equation
px—20p— 6x +40 =0,

Differentiating with respect to time t, we have p %% % %E -20 %13 -6 %’-:“ +0=0.

From the original equation, we determine p when x = 100.

100p - 20p — 6-100 +40 =10 = B0p=560 = p=7

We are given that when x = 100, the supply is decreasing at a rate of 8 crates per day, so that (:1—’:
=-8.

Substituting x =100, p=7, i—f =-8 into the equation with derivatives yields

dp dp _ - ‘
7(-8) +100 F -20° % - 6(-8)=0.

C_!.E:__ g‘E=
Hence Sodt 8, so dt i,

The price is increasing at $ 0.10 per day.

p. 15 o
The two curves intersect at x = 0, +2.331. The first quadrant region is defined on the interval

[0, 2.331].
Using the washer method we obtain
2.331
V= O":rr[(ZArctan x)2-x2] dx ~ 7.151

p. 16
p) = (e ")
vty = (e —")

v(l) = (e- = %)

The speed at t=1 is lv(1)| . e2+—l_l— =~ 2.743
e

NP, rRPrRArArrrARARArRPrP AR,
m‘-m‘m‘mlz—w"rﬂ‘-—.:!—-&‘—‘--:'--r-—i‘--l\s-q"—-l'-r-ﬁ"rﬁ'-e-a‘rﬁ‘ﬂ‘

T



Calculators SOLUTIONS—BC EXAM I Section | Part B
11

13. A p.16
b

1
Yave= b-a If{x) dx
a

: : _ 0lx, )
Using fnlnt or graphing L(x)=e x+? for f(x) on a= 15 to b= 25, gives:
1 25
Lave"‘ 25 - 15 ]'gL(x) dx = 0.144 .

14. B p. 17
S = 4x? +y2 = Vx? 4 2%
S _ 2x+ 22X
dx '
2vx2 + e2x
% =0 = S —ezx ;
We solve this equation with a graphing calculator to obtain x = -0.426 .
Since C—E <0 for x <-0.426 and %{S >0 for x> - 0.426, the minumum value of §

is at x = - 0.426.

5. ¢ p. A7

n+1) _ayntl ¢
The Lagrange error is Rp(X) = f (n(?{;t)! a? :
)= X2 f0)=1
F(x)= % X2 £(0)= % Since f is increasing, positive and continuous
P00 = iaﬂ PO= o [0.2], the maximum is at x=2is

L1 - "9, ' 1 = =, p— E

=tz FO" ! )= ged? T = g

: se-0’
Whenn=2,2=0,andx =2, Rz(x)ﬂ————3—!——— = 0.453.

16. B p.18
To antidifferentiate [f{x)cosx dx, use Integration by Parts.
u = f(x) u' = fi(x); }

Take .
yv' = ¢osx v =smx.

Then [flx)cosxdx = f{x)sinX -—J'f‘(x)sinxdx.

; 2. ;
Since we are given that [ f(x)cos X dx = f(x)sinx —_r6x sinx dx, this means that

£(x) = 6x2. Thus f(x)=2x> +C. :
The only proposed answer of this form is f(x)=2x"-
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SOLUTIONS—BC EXAM I SectionI Fart B Multiple Choice

17.

p. 18

If the function is decreasing, the left-hand Riemann sums will be greater than
the right-hand sums. Thus a function that is concave up but decreasing
(for instance, f(x)= X% for -1 <xs 0) will have lefi-hand Riemann sums

greater than the right-hand sums. False

II. To obtain a definite integral equal to 0, the area below the x-axis

must equal the area above the x-axis, This can only happen if the
function has peints on each side of the x-axis (or if it is the constant
0 function). In either case, continuity (with the Intermediate Value

Theorem) forces the function to have a zero between a and b. True

II. If f(x) >0 on an interval, then f is increasing on that interval.

To have the graph of f concave up on an interval, it is f*(x) that

must be positive-valued. False
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Exam I
Section 11
Part A—Calculators Permitted
1. p. 20

(@)  Find the zeros of y=-16t2+ 05t+ V168

When y=0,t =~ 0.902 sec. 9. L:sets (t) = 0

1:solves for t

(b) The vertical velocity of the top of the ladder is given by ‘:lt =-32t + 0.05 g 1:%

Differentiating 169 = x2 +y2 with respect to time gives 0 = 2x zt—x+ 2y % . 1:y when x=35

2. p-21
@

(®)

©

@

When x=35, then y =12 and we use the calculator to find the value of t
when 12 = —16t2 + .05t + +168. Thust~0.247 sec and

dy .
at 7.84457 ft/sec.

dx
d

Thus, 0=2(5)‘;—’: +2(12)(-7.84457) and S = 18.827 fUsec.

1:expression relating
quantities

‘1 1: implicit differentiatior

dx @
2:'?F+2y ZIK,-O

.dy =
1: i when y =12

g(x) =(x2 + 1) - f(x). The product rule gives g'(x) = 2x f(x)+(x2 +1)- f(x).
Hence, g'(0) = 2-0-3+1:f(0) = 0+1 = T

g is increasing if g'(x)>0. Since gx) = 2x f(x)+(x2+ 1)- f'(x), we have
g(l) = 2f()+@2)- (1) = 2[f(1) + ' (1)]. From the graph, f"(x)'>0 for

-1 < x <4. This also means that f is increasing on — 1 <x <4 . Since f{0)=
3, then f(1)>3 and f(1)+ (1) >3.

Hence g'(1)=3 sothat g is increasing.

g(x) = [2x )]+ &2+ 1) P (x)

Differentiating
gives g'(x) = [2f(x) +2x (0] +2x P (x) + 2+ 1)-f(x).
Then g"(D)$[2-3+2-0'i]+2-0'1+1-f"(x)

The slope of the tangent to f'(x) at (0, f(0)) isabout 1; hence () = 1.
This gives g'(0) =6+1=7

The graph of g is concave upat x=1 if g"(1)> 0.

Since f(1)>3, f'(1)>0 and '(1)>0,

| 2:answer (with units)

1:g'(x)
2
{11 g'(0)

{l:answar

1: justification

Lg"(x)
3:] 1;estimateof f"(0)

1:answer

I:answer
2: i
1: justification

then g"(1) = 26(1) +4f'(1) + 2f'(1) > 0.
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Section 11
Part B — No Calculators
3. p22
(@) n
A=2- % J‘(Z - cosB}2 de 1: integrand + constant
(®) X =rcosh

Substituting r=2 - cos@ into the parametric equations .
¥ =r sinf

{ x = (2 - cos@)(cosB) = 2cosB — cos2@
Y = (2 — cosB)(sinB) = 2sin6 — (cosO)(sind)

% =—2sinB + 2(cos0)(sind)
dy 29 + sin’
do

Hence
= 2cos8 — cos“0 + 5in" B

© dy _ 2c0s8 ~ cos28 + sin?@
d&  —2sin8 + 2(cosO)(sind)

Ato= %,
@ 2

Xx=rcos@ = x= (2-cosB)cosB)= (2-(:05-’25)(;‘,05 -’25) = (2-0)(0)=0

gives

y=rsin® = x= (2-cos8)(sinb) = (2-cosT )Xsin F) =(2-0) (1)=2

Thus, (0, 2) is the point in rectangular coordiantes when 6= 7.

i

| dl‘ 2c0sT - COSZ% + sinz% 2-0 - 0% + 1%
slope: =

=

dxlg-g -2sn% + 2cosTYsing) 20 + 2(0)1)

Tangent line equation: y—2=- %—x

2 : Answer

4:

2:point
1:slope

1:line equation

(X X3
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No Calculators SOLUTIONS—BC EXAM | Section Il Part B

B gx =1-xfx) L e :
WG 1 B =B S (=" x="
gR = =X (2!" A a1 =Y Gnent )
T 41 6! 8 " (2n+2)
oo
—130 20
This can also be written  g'(x) = Glx 3 ¥
(2n)!
n=20
(c} We recognize that g'(x) = cosx.
l—cosx T
2 ]

Hence cosx = 1—12 fix) and f(x)=

7 x=0

(d Since g'(x) = cos x, we know g(x) = sinx+C. )
Since g(0) =3, we determine that C=3 and g(x)=smx+ 3.

15
4. p.23
3 an + 1| _ 4. xZn +2 (2n + 2)! - 2 [ 1:setsup ratio test
(a) lim = lim 7 N = lim
x—x| @én x—»0 (20 + 4)! x4 x—+ca| (20 + 3)(2n + 4) | : computes limit
. |:applies ratio test
This limit is 0 for any particular real x. Hence, f converges for all x. 3. ) PP
toconclude
CONVerges

forall x

> 1:first 3 terms
’ 1:general term

|
|

1: familar function

| :answer

1:antiderivative

1:answer
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16 SOLUTIONS—BC EXAM I Section I Part A Free-Response
5. p.24
@  Since x=——— and y=—
Vi +1 t+1
cdx
- we have dx =—l(t+1)‘3"2 and dy R R I.E-
I dt 2 dt (t + 1)2
| dy
| l:;.!-
1 _ 1
20+ 132 @+ 1)2 1: 4
dy
3/2
Thus & -4t _ 1 20+1)%2 2
® & @i Jis1
t

(b) When t=3, we have the point x = % » Y= % . In addition, the slope is given by

I
L
T
3
G
(1]
B

£
=2
[=]
[=]
e
&
(4]
g
[+
&8
5
o
B
g
2
=1
=
=
a
(1]

I

[#%]

FNIIS

This can be rewritten as x +y =

© !
- ' &V (@Y
L —DJ' (W) +(?E'] dt
1 1
i 2 1 2 J. -—1—'31» L n

= = 4 1 r+1

—J (*zmum) *((:+1)2) by @+1? @+D? at
@ Solve x = fort. t=0 = lx'sland y=0)

r+1
1 1
t¥1l == = t=-5-L
! x2 x2

- F t >
Substitute this expression for t intermsof x into y = T+ 1 to obtain

L
y =Tl{-—-—'— =1-x2 for 0<xsl

= - 1+1
2

1:slope
2: .
1:equation

1:limits
1:integrand

1:answer

3 {l:solve forxory

{
i

e Ve
‘ . ‘ ) ‘ IFI'
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6. p-25

(@ Separate the vaniables and integrate.
P _
mo0-p) ~kdt
Inf1200~ P |= -kt +C,
1200-P = &7 (0< P <1200)

P= 1200 - Ce™ (C= &*

Since P(0) =300, C =900 and the size of the population is given by

P(f) = 1200 — 9007 .

600 = 1200 — 900e ™" which means that ¢ = 23- . Solving for k, we have

g =_n@3) _
===

(®)

153
zin3

(©  Since ™ tends to zero as t goes to infinity, we have ;IHE P(t)=1200

[ 1:separates variables
2: antiderivatives
6:4 1: constant of integration

1:uses initial conditions

1:solves for P

1:uses P(4) =600
1: answer

1: answer
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BC Exam Il
Section 1
Part A—No Calculators

p. 26
1
0f:nw:"zn:lx = %Jle"z (2x dx) =% 2 N %(c—l}
p. 26
. f(x +1)—f(2) L x+1D2-1-3 . x2+2x+1-1-3

lim 5 = lim 3 = lim 5
x—=1 x<—1 x—=1 xe —1 x—1 o xe=

= lim (x +3)(x-1)

x—1 (x+1)(x-1)

o i X13)

= Jm e T2
p. 27
Using implicit differentiation on cos x =¢”, we obtain —sinx = eyg.
dy __sinx _ _sinx _
dx & cos X
p- 27
y= Arcsin(ezx) = & el a % 202%

dx 1_(92::)2 ;)1-— edx
p. 27 ‘
f is a composite function so use the chain rule when applying the Fundamental Theorem.
2x
- I _ 1 2
fix) = dt = f'(x) = ‘2 =
:],3+. «-J(ZI)3+1 1f8x3+l
Then f(l) = —2= = .
:i8+1 3

p. 28
r=3wc9=si:;9 = rsinf = 3.

Since in polar coordinates, y =rsinf, we have r=3csc equivalentto y = 3.

p. 28

g is a triple composite and its derivative requires a careful application of the Chain Rule,
g(x) = tanZ(eX) = [tan(e¥))2
Then g(x) = 2[tan c*(sec? eX)(e) = 2e¥an(e¥)sec(eX)




No Calculators SOLUTIONS—BC EXAM Il Section I Part A

g. D p28

1 ]
Solution L. J. \lxz -2x+1dx = ! w’(x_l)z dx

On the interval [0, 1],

X—1| =1-X.

1 1

2
herefl - = X
Therefore J.lx lldx ;’(l—x)dx—x-——

Solution I1. As before,
Vxt —2x+1 =|x—ll. 1|
Considering the graph of N Y k a3
y=\x— lL we see that the area under :

the graph on the interval [0,1] is % 1
9. B p.29
X
4
f(x)=J1 1 at /0)=0
e
Px)=(1+x)}e* f£0)=1
P =eXt (1 +x)(-e™)=-xe* £(0)=0
(%) =-(eX +x(-eX) = e X +xeX £7(0)=-1
a1 oxs 0 Rk (D) Bt m - Theanswers (B
x)=0+1-x+0 o +(-1)-3! i R e answer is (B).
10. D p.29
Since F' and G' exist, then F and G are continuous.
F'(x)<0 = F is decreasing everywhere.
G'(x)>0 = G is increasing everywhere.

If G(x)>F(x) forall x, then the graphs of F and G will never intersect.
If, however, G(a) = F(a) at some point, then F and G intersect once or not at all.

JL‘JJJ‘JUUUUUUUUUUl,ll_ll_llrll[:g_r‘..L, e’ W’ el S T 2 E

- 11. A p.29

~2 C [EL T
b The parametric form for the length ofarcis L = J (%)2 *(%YT) o
>

b"? X =sint %‘“’“

>2 {y - - dy _

1*D at~ !

e 7

:;3 Then L=f \'(c:t:rst)2 +12 dt = J 1‘(:0321 +1dt.

2 BEEE o

[}

o
N
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12. A p. 30
Since fis continuous f(0) = lim /(0) = ]imﬂs—(-z——-f)-:-1

x—0 =0  x

= lim —2sin(2x)

et 2x

= lim -2sin(2x) apply L 'Hopitals Rule
x—0 2x

= fiin —2[cos(2x)- 2] -
x—0 X

With the indeterminate form %,

-2

13. D p.30 ‘
Differentiate the expression In(x +y) = x* implicitly. (Watch out for the chain rule!)
say (Y =%

(1+y) = 2x% + 2y = vy =2xt+ny-1
At x=1, Inl1+y) = 1 = (1+y) =e sothat y=e-1

Then y' = 2(1)+2(1)e-1)-1 = 2e—1

14. D p.30
f(x)=sinx +e X

f'(x)=cosx—eX and f'(1)=1-1=0. There is a horizontal tangent at x = 0.

f'(x) =-sinx +e* and '(0)=0+1 = 1. The graph is concave up at x =0.

15. C p.31
a
To determine the radius of convergence, we evaluate 1.;@‘00 —!;f- .
L5 | R (k+2x-3kT ! (21<+1)2"k
k—o| 3 k—»o| (k+3)2KtD (k+1)(x-3)
|x=3], o, kD@D
2 k—oo(2k + 3) (k + 1)
x=3|, . 2k2a5k¥2 x-3)
2 | k—oo2k? + 5k +3 2

Ekﬂ < 1_
o3

This implies that |x - 3' < 2. This gives an interval centered at x = 3, with radius 2.

< 1. Thus we must have ;

The series converges if _lim
Jc—»c0

The radius of convergence is r=2.
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16. E p.31

Since x and y are functions of t, differentiating x2y=2 with respect to t gives

(=& ) (%) -

With x=-1 and -X =8, we have y=2 (from xzy 2) so that

zun§m+w>®=m¢4%=4mmgzz

17. B p.31
L. It is possible for the function f to have smaller values at some
points X in the interval [a,b] than the function g and still

produce a larger integral value than g for the integral over [a,b]. False
b b b
L [(f(x) +g(x))dx= [fix)dx + [g(x)dx=3-2=1 True
a a a
III.  Asa general principle,
b b b
) (f(x) - g(x)) dx is not equal to (_[ f(x) dx) ' (f g(x) dx) False
a a a
18. A p.32
, x_ 2
=% a 2 2
- e meOH-
dt t
When x=1, t=2. Then slope= S =—2 =_1
en X =1, : n slope= o 2 .

19. C p.32
Separating the variables we obtain y -2 dy = x dx.
2

Integrating gives -y -1 % +c
i 4 X2 + 2¢ -2

X
—t=%4¢c= "7, sothat y = ‘
Then vy~ 2 c ) s y xz +C

Thus the correct answer is 2 -
x“+1

20. C p. 32
X =x+2—2_1__ 2
X+ 2 x + 2 B x+2

5 2)d1|c= x—21nlx + 2‘+C

[P =f(1-53

21. D p.33
f2.2) ~ f(2) + £(2) - Ax
Since f(2)=4 and f'(2)= \/5 =3, then with Ax=0.2 we have
f(22) ~ 4 +3(02) =
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Multiple-Choice

22. A p- 33
We use the disk method.
2m

V=J1:J. (%)2 dx =mxin xlzl: = nfIn(Zm) — In(m)] = n]n(%n - xln2

m

Thus the volume is independent of m.

23. A p. 34
p(t) = (sin (3:-—;5—), 3)

v(H) = P = (3cos(3t-3), 61)
v(t) = {3cos(w), 3m) = (-3, 3x)

2. E p.34
: . Bai . 13 n+l L
L Diverges: Fails the nth term test; 31{11 g =370
1. Converges: p series withp=2>1
: : 2
1IL. Converges: By Ratio test |a,,, !a,,lr,—!’l—l-i - %— <1
25. A p.34

Note that F'(x) = G(x) by the Fundamental Theorem. Then F must be continuous on (a,b),
since it is differentiable.

A. Since F(a)=3 = F(b), then by Rolle's Theorem, there exists at

least one x in (a,b) suchthat F'(x)=0. Hence G(x)=0 for

some X in (a,b). True
B. If G(x)=0 forall x in (a,b), then F is constant on (a,b).

This need not be the case. False
C. G(x)>0 forall x in (a,b) implies that F is increasing on this

interval. It is not, since F(a)=F(b) and F is continuous. -False
D. This need not be the case. F can take on negative values in (a,b)

with an appropriate function G. False
E.

This need not be the case. F could be the function F(x) = 3. False
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26. B p.35
Use Integration by Parts,

lo
1
= rhx gt gl
L lo
= eloehy _ ooy
_ 2
= ja &
e
27. E p.35
i il:(:& the average rate of change of f over the interval [2,2 +Hh] is 7R - 4 cos(2h), we know
t
f(2 +h) -
—(—h)—f@ = 7eM— 4 cos(2h),
im f2+h)-fQ2) _ . -
1'11'1‘310 b = f'(2), by the definition of the derivative.

Hence f'(2) = hli_TO (7::“—4 cos(2h)) = 7-4 = 3,

28 E p.35

The given slope field indicates a curve that is increasing and concave up.
A.  y=e ™ isdecreasing, not increasing.

y =sinx is periodic, not always increasing.

y= \f; is concave down, not concave up.

y=Inx is concave down, not concave up.

m o 0w

y=e"% isboth increasing and concave up.

The correct answer is E.

M W WY R ULUVUUVUVURVRLLLELLLLELLLP»RLLBLLLLDVLGLDEYLLLOLULLULUUUUUU
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BC Exam II
Section [
Part B—Calculators Permitted

C

p. 36

SO =1+ 2)", fi(x) = 31+ 2)25, prr) - ~2(1+ %)
JO=LIO =4 /O =-}i0 =1, g=},0,=-}

2
L) =1+5-2

p. 36

The critical numbers for f are x = 1, 4.
L f(2)>0. Hence f is increasing at x =2,
Il f'(x) does not change si gnat x= 1. Hence there is no relative
extreme valueat x =1,

L £6) = 2(x ~ 1)(4 ~x) ~ (x = )2 = (x - 1)(9 - 3x).
Thus f"(x)>0 for 1<x<3.

p. 37
o4 o e (404 - axx?)
y 3 y = 32 .
1+x (1+x7)
Hence y'(1)= 2——4;—4-*3- = 1.

Thus, the tangent lineis y—2=—(x—1) or y=-x+3,
The intercepts of the tangent line are (0, 3) and (3, 0).

Then the area of the triangle is il' *3-3=45.

p. 37

/,'iwsé

4 4
L f(4)-f2)= [ f"(x)dx.Since [ f'(x)dx <0, we have f(4) < £|(2)
2 2

IL. Since the area of the region between the x-axis and the graph of " on

the interval [-1,2] is greater than the area between the axis and the

4
graph of f" on the interval [2,4], [ £'(x) dx > 0.
-1
4
Thus, f(4) - f(-1) = J £'(x) dx > 0 implies f'(4) > f\(-1)
-1

III.  See the answer to II.

False

False

True

False

True

True
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S. C p-37
s(4)—s(1) _ 8-3

Ave. velocity = 4 -1 e
(2 + 2)(181) Ot _ 36

b L [

Inst. velocity = s'(t) =

@+ @42y’
Use a calculator to find the intersection in the interval [1,4] of the

hterrecti
}I-l 21!?2&1 V=1.6666667

functions Y1=5/3 and Y2 =36x/(x> +2)°.
The intersection is at x =~ 2.219.

6. C p.38
X X X X
fx) = — s Pl)= BTN - _xe
%+ ((H])Z (x + 1)2
o)== = gpg=-HD=x 1
x+ 1 (x + 1) (x + 1)2

fi(x) =g'(x) if the numerators are equal.

We solve the equation x e =1 using the graphing calculator.
We obtain x =~ 0.567.

7. E p.38
. f{I)=1 The value of the function f at x = 1.

f'(3)<0 The slope of the tangent to f at x =3.

2
I [fix)dx > 1.5 The area under the curveon 1 sxs2.

f(3.5)=0 The slope of the tangent at x = 3.5,
lim i@"f_hli_l -
1L beal] f(2)=1

f2.5)-f2) _2.5-23 _g,
2.5-2 2.5=2

1 : 1
I J- de = lim 7 dx.
1 +x a—>® || +x . e

0 [ Lax= tim [x?ax= lim -

= Law= i [: i —Ina
1L fdx = hm fxdx—al_:’n&_,_lnxa al-l»%*‘anl na)

Osx=s5
~-18sy=44

True

True

True

a
dx= lim Amtanx| = lim (Arctana-— Arctan 0) =2
0 a—-w

Converges

Converges

e

Diverges
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9. p. 39
The rate of change of ‘;‘:,7
d(dP)_d Y .
a':(d:) L(9p-6p*)= 9-12P, 0PI
The eritical number occurs at P = % Since this derivative is greater than zero to the left of the
critical number and less than zero to the right, there is is 2 maximum when P = iv So 75% of the
population has heard the rumor when it is spreading the fastest.
10. p. 39 T
sz
We separate the variables of %}: = x_sn_;(x_)_ to obtain ydy = x sin(xz) dx .
¥l 2
Integrating both sides of this equation yields ] cos(x”) + k.
Multiplying by 2 gives yz == cos(x )+ C.
At (0, 1), we have | ——l+C sothat C=2.
Then y2 =2- cos(x ); hence one solutionis y = +/2— cos(x?).
11. p. 39

X
If we consider the function F(x)= f(t2 + 728 a1, then g(x) = FP).

Hence by the Chain Rule, g'(x) =F'(x ) (2x}

By the Fundamanta] Theorem, F'(x) = (t2 + 7) , sothat F'(x")= (x4 +7)
Then g(x)=(x" + 7)2’ 3. @x.

This g =04+ DR @+ @03 ot + 171 @) .

3.1 ae32
This gives g"(1) = 4-2+2- ) 4 3

a . w» 2 F £ 1
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12.

13.

14.

15.

B

B

p. 40

The given Maclaurin series is that for the function f(x) = ¢**

intersection of the curves ¥, = e** and Y, =2-x°
The intersection is at x =0.337

. We use the calculator to find the

I | ir’%
11 I
1111 AN

Lt =

——— - _.L.._
: ]
i
1

™

\

I
£}
i

N ) i
1

graph of the derivative of {
I. f(-3)=0, so f does have a horizontal tangent at x =-3,
£(2) =1, so f does not have a horizontal tangent at x = 2.
IL £(x)<0 for 0<x<1; f'(x)>0 for 1 <x<2.
f is decreasing to the left of x =1 and is increasing to the right,
IOl f(x) is increasing to the left of x =-3, so the graph of f is concave up there,

fi(x) is decreasing to the right of x =-3, so the graph of f is concave down there.
The concavity of the graph of f changes at x =-3.

False

True

True

p. 41
We use the washer method.

In 3 In 3
Vt:ﬂ:![(e"‘fz)l—lz]dx = nJ(ehl)dx ~ 2.832

p. 41
; LE3
The Lagrange error is |Rn(-’f )I” G%?'x ~al" Recall that M is the upper bound for

Whenn=2.a=1.x=14 and M = 10 we have all values of the ( n+1) derivative on the

given interval , [a, x] in this case,

|R,(1.4)] = 201417 =0.107

r
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16. E p.42
L. This is the additive property of integrals. True
II. Since f is differentiable on [a,b], it is continuous as well. Then the
Mean Value Theorem holds. True
II.  Since f is differentiable, it is continuous at ¢, Hence ii’f‘c f(x) = f(c). True

17. B p.42

From similar triangles, % = % = % - Thus at any particular depth, R = % h. In the formula for

2
the volume of a cone, we then have V=%n(%h) h=i-nh3. Differentiating with respect to

. dv _ 9 2dh
time t, we have 4::!1 a

dt
We are given that %\{* = 10, and are to determine ?ih-? when h=2,
. 9, . ,db dh _ 10 :
This produces 10 =2" 4 at Hence & - ox™ 0.354 ft/min.

d

py

=

»

al” d B B A o  mh a a ad ol

¥ Y
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p. 44

@

()

©

(d)

To find the velocity, the derivative of s, we apply the Fundamental Theorem to
t

s(= [[1-xcosx—(Inx)(sinx)] dx .
1

This gives s'(t)=v(t)=1—tcost—(Int)(sint) .

Solving %|s'(r)| =0, for 1=r<8, we have
t=1.234 or t=3.731 or t = 6.700. Evaluating the speed at the interior critical
points:

|s"(1.234)| =0394 and |s'(3.731)| =4.833 and |s'(6.700)| = 5.896
At the endpoints:

|s(1)| =0.460 and |s'(8)| =0.107.
Thus, the particle reaches its maximum speed of 5.896 at t = 6.70.

y = v(t) = s'(t)
The particle is moving to the left when its velocity is
negative. We graph v(t) onits domain 1 st=8. /\
The zeros of the velocity function are at t=5.204 and ——=g

t=7.987. We see from the graph that the velocity is ~

negative-valued between its zeros. Hence the particle is

moving left when 5.204 <t <7.987. [1, 8] x [-10, 10]

Since the particle moves both left and right, we must integrate \v(t)| to
determine the total distance traveled.

Total djstance=jl |1 - x cos x - (In x)(sin x)| dx = 21.461.

1: formula

4:]

|

9

1:Sets Ls'(n)] = 0

1:interior critical pts
1:evaluation at
critical pts /endpts

1:answer

Liv(t)<0

1:answer

{ 1:integral

1:answer

- B B

AT ——
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Free-Response

2. p.45

(@) Averaging the slopes of the secants on each side of h=22 gives
1/1.3-1.5_ . 1.5-1.6

A 1_
2{26-22 2218 )" —0.0375 feet per foot.

() From h=14 to h=30, there are four subintervals, each of width 4. We must

30
also convert the given diameters to radii in order 1o approximate V = J‘mz dx
|

ol A A AR (|-

2

© From h=2 to h=28, cross-sections are all circular
with diameter 2. The strength of the beam is given by

2 2
§ = lid vibite (‘g) +(’§) -1, 1

Thus h? =4 —w? and S = kw(4 — w2) = 4kw — k> \
Then §' =4k — 3kw? . Hence §'=0 when =
w = 1.155 . The candidates for maximum are the

critical number w = 1.155 and the endpoints w = 0 and

w=2 Attheend pointsw=2and w=0,S8 = 0.

Since S(1.155) > 0, the maximum is at w = 1.155
ft.and and h=1.633 ft.

(SIS
L

Nl T

{ 1: difference quotient

1:answer (with units)

2 {2: trapezoid methods

1:answer (with units)

' 1l:5= kwhz
1:solving % =0
4 1: evaluation at
critical pts and
endpts

1 : answer

Exam 11
Section 11
Part B — No Calculators

3. p.46

3 3
2
@ Ave value = Y 1 . 1J-(x - :‘:-‘)dx = -12-[—12 +21nx]1=2+ln3

k
(b) Sinceboth k and x are positive on [1, 3], then g(x)=x + z = X fi(x).

V= J‘:[(H%F — x*] dx) (washer method )

3
i K2 I 2
= f[2k+x—2]dx—n[2h-'—f]i = 3(123{-1-23: )

()  Again we use the washer method. %
The outer radius of a typical cross section of the solidis g(x)+2 = x + = + 2.

The inner radius of a typical cross section of the solid is f(x)+2 = x +2.
Then the volume of the solid is

3

:: f{(x+‘§+ 2)? - (x+ )%} ax.
i

[ 1:limits / constant
3:4 l:integrand

Li ;answer

[ 1:limits / constant

3:4 l:integrand

I_l Janswer

1:limits / constant
3:¢ l:integrand

1:answer
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4. p.47
(2) Approximate the slope of f' on each side of x =2.
) -f() _19-21 _ , £3)-f@) _15-19 :
2-1 1 i === T =—4 2_{1:lthiIf:renc:e:r.;l.u'}ti-::m
f(3)-f(1) _ 15-21 _ _ 11
3.1 3.1 - - 3. Any of these are appropriate. Tiaswer
2 2
® a :
Ofxf‘(x)dx =3 IF(x}{Zxdx)

. P

©

p. 48

(@

()

©

@

Note that 2K=Dx(}i2)- so that (2?0 f"(x ) is the derivative of f‘(x )
2

Thus; i f xf‘(xz) dx

b= b

ofqzx) Fod)ax = L[ f(xz)] .

[9)-70)] = 30-1) =
3
To evaluate _f x f"(x) dx , we use Integration by Parts.
1
Let u=x
v =1"(x)
3

u=]
v=1"(x)
3
Then [ xf"(x)dx = xf(x) - [ 1-f(x) dx
1 1

3
= xf(x) - f(x)] = 3 FE)-13)~(1- £(1)-1)
1

=(B-15-3)-(21-17) = 37-4 = 33

1 —kx

X ~k) =
-

f(x)=xe_kx = f(x)= kR KX =

Critical numbers occur if this derivative is either 0 or undefined. Since e KX o 0

for all x, £ changes from + t0 — at x= ; , S0 that is the only critical number.

fu(x)_ ke —kx (-k ~kx k2 xe kx) kZ xe—kx -2% c—k)t:ke kx

f"(k)='kc'i (1-2) = -';‘ <0

(kx-2)

Since the curve is concave down at x = E , there is a relative maximum at (%-kl;)

f'(x)=ke ~kx (kx - 2)___15_(_13_.__1

2
f"(x)> 0 if and only if x> i , o the graph is concave up for x> 1.

; 0
lim f{x) = lim xe*kx = lim X This takes on the indeterminate form 0"
K=>m X

K=»00 K—+0

Hence we use L'Hépital's Rule. lim f(x) = lim = 0.

X—>0 X=+X% ke KK

Thus the horizontal asymptote is the line y = 0.

- {Z:mtideﬂva:ive

l:answer

1:answer

i {3:amide,rivaxivc

¥ =0
2.{ sets f(x)

" |1:critical point

1:find /" (x)
:{1:evaluate _,r' "
1:answer with reason

2:{I:sct5f"(x}>0

1:answer

VMﬁh
2: ===

l:answer
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6. p.49
i 1: £/(0) and f"(0)
(a) f(x) = In(x + 1) = f(x)= e x+1) 1 2:{1 0
= f'(x) = {(x+ )2 = (%) = 2(x + l)_3 :
Then f(0) =1 f'(0) = -1 0 =2
(b) Firstofall, f{0)=0.
The coefficients of f(n)(x) develop as alternating in sign and growing as
factorials.
In general, f(n)(x) = (1|t lm- D x+1)0 s0 f(n}(ﬂ) = )+ @m-1)y 2_{1:ﬁrst3terms
2 3 4 ' 1 1 term
= _x7 R Shi :genera
Hence f{x) =0+x 2!+2 3 6 41+.,.
S B )L T
2 3 4 n
(¢} Solution 1, We use the Ratio Test to determine the radius of convergence.
: ti
351 (~1)n+2 g0+l . 5 1: setsupratio
n—>o | ap n—>0 hi% 1 (~1)ntl xn 3:41: limit
& 1: applies ratio test
- i x| =l

@

We have convergence if \xl <1, thatis,if -1 <x<1.

Thus the radius of convergenceis R=1.

1 1
PO~ "o

The power series for {" can be obtained as a geometric series
with first term a=1 and common rafo r=-x. This geometric
series converges if and only if its common ratio is strictly
between —1

and 1. This is an interval of radius R = 1.

If the power series for ' converges on an interval of radius 1,
then so does the power series for f. Hence we have R=1.

Solution 1[I,

0.5 3 4 5 _1yr+l 0+l
| 5 T LA o I, . ) (i ik
f, fx)ax [2x At b

=l 4(1)3 _l_(_!_)4 _L(L)s .
'2(2) =23\2) *34\2) “as5\7) v
This is an alternating series whose terms decrease in absolute value with limit 0.

Thus, the error in using a part of the series as an approximation of the definite
integral is less than the first omitted term. Since absolute value of the third term

is less than 0.01,
LY. 3 .
3-4(2) “Eﬁ‘l‘nLU-
0.5

2 3
we have, J‘ﬂ J(x)dx = %(-12-) —%3(-12—) '71% with an error no greater than
0.01.

1:evaluation

l:refersto alternating
series and indicates
the error term is
found from first

omitted term

IF T SERTET SRR S A SRR S

>
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Exam 111 %
Section |

Part A — No Calculators
p. 50

D

x(t)={(In t)2

Then the velocity is given by v(1) = X(=2(nt)-=

The maximum
: 1:1 : value of the ve!amty wnll occur at a cntical number of this function,
VO=2:3% + 2(n0 (- 2}*:2“ In 1)
vi(t)=0 - Int=1

L1 t=ge

p. 50

I

feosxdx =0, because on the interval [0,x],

; cosmne takes on both positive and negative

values in such a way that the definite integral has the value 0,

n/2
The only one of the suggested answers that matches this property is f sin x dx

-1/

p. 51
dy _ 1

= m—

dx  xy
We separate variables to obtain  y dy = i dx
2
Integrating, we obtain :% = In!xl + C,
or v* = 2mx| +K
Using the initial condition y{1)=\1 gives 1= 0+ K, so K=1,

Since the point (1,1) is on the curve and x = 0, it follows that x > 0 and we don't need the
absolute value,

Hence yz =2lnx+1;
and since the curve contains a point where y > 0, we have

y = 'JZInx+]

p. 51

I f(x)>0 ontheinterval (-3,-2), so f is increasing there. S
Il. P isdecreasing on (~3,~1), so the graph of [ is concave down there. True

III. f isincreasing on (-3,-2), so f(-3) < f{(-2), and the maximum
value can't be f{-3). False
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E

p. 51
) b
1 _ lim 1 - lim f
dx = = 1
f x(In x)2 b= I x(ln 1)2 b= O x}
e e
= lim = lim o
brase X bvo ( Wk * B e) =1

p. 52

A radius of convergence of 1 implies ]x —2 | < 1. Thus the series converges foralix, 1 < x < 3.

@
Checking endpoints:  x =1 = convergent alternating harmonic series z S%?—

x=3 => divergent harmonic series 2 %

Interval of convergence: 1< x <3..

p. 52

dP _ dP _
@ =2P-001P2 =  To=2p(1- 200 ——P)
This is an example of the logistic equation.

When P =0 and again when P = 200, we have %‘ =0.

Half-way between is when % iIs maximum. (I) is True.

IfP > 0, then %P <0 = Pis decreasing (1) is True,

The carrying capacity of the population is 200, (IM) is True, hence the answer is E.
p. 53
If we take =sin 0,

dx =cos 6d6
and \(I-Ju:2 = ‘Jl-sinzﬂ = cos 0.
In addition, we changc the hm:ts of integration. When x =0, then 6=0
and when x= 2 , then 8= 6
Hence the new integral is J'ségs?i ©cos 8do = fsinzﬂ de.
0 0

p. 33

Since th f(x)=0 and hm o &) =0, we use L'Hopital's Rule.

lim ﬂ_l= lim _(i)__ﬁ.

x—0 gx)  x—0 gx) 2~
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10, C p. 53
1
dy 2 S A
x [ 4 xz_ 4+ x2
4
. n
Hence at the point (2, 4 1 the slope of the tangent iy 1 )
1. E p.54
dy 3 sin x : 2
-2 © = 3 ginx cos“ x
dx scczx
Then y =-f3 sinx cos? x dx
- -f3 cos? x (- sinx) dx
= —cos3 x+ C
12, E p. 54
r\_ \'4 ":‘:I‘z h
= = Since the height of the cylinder is 18 — 2r, we have:
. Vr)=nr (18- 2) = 18n P - 21,
& Then V'(r)=36n1—6x1%,
Set this equal to 0 to find the critical numbers.
= Focli=g
Hence r=0 or 6.
The critical number r=0 gives the volume V(0)=0.
The critical number r= 6 gives the volume V(6)=36-6n.
This is the maximum volume. Hence r=26.
13. C p.54

r=1+sin@ isacardioid.
l 2n y i
The area is EOI(]+sm6J de = 5

2n

B =

2n \
% %Of( L+ 25in0- ; cos(260)) 40

Because of the periodicity of sin ® and cos 26,

2 2n
[sin®d6 = 0 and J cos(26)d6 =0.
0 0
: 1 3 in
Hence the area is; % of%de =3 -5-2:1'. -

(1+2sinB+

1

- cos(20)) dé

2n
ar(l+2sin6+sin28}d9 [sin*8=1 - Lcos(26) )
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Multiple Choice

14.

15.

16.

17.

p- 55
alt)y=1 +‘=,~*t
V) =fa(t)dt = t-et+C

v0)=-2 = 2=0-l+¢c = c=_g
Thus v(t)=t-et-}

2
s(t) = fv(t)dt = 22_. T e

=3 = 3=0+e?-0+D = p=»

Hence s(t)= 7 +e*t_t+2

p. 55
y=tanx
. ) b
y =sec”x, so (y) =sec4x. Hence the arc length is j‘1}1+sec“x dx.
a

p. 56
v=sin(112—1) and u:'\Jx2+ 1is
Solution I, u2 = x2 +1, so u2 -1 =x2 i

Then v=sin(u2-— 1§} = v= sin(xz)

= Q =
dx
. dv _dv d

Solution . §° =% - & = [2ucos(u? - 1)] - 22

\/xz-rl

Now we substitute for u:

X

%:= [2 x2+ 1 cos(xz)]-
x“+ 1

= 2x cos(xz)

p. 56

A, B, C, and D are all true because the definition of continuity of the function f at x = ¢

requires that:
i. flc) exist;
P lim ist:
il. . f(x) exist;
lim -
iii. e f{x) = flc).

Hence answer E is the one that could be false. For example, the absolute value function, f(x)= | xl

is continuous at x =0, but f'(0) does not exist.

AN &

LG
o, e,

AN

ol el A
0, 15, W, Vo, B T,

ik

 of

A

(ol ol
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18. D p.56
1 b
1 — lim 1
J ; dx b=>1— J. '—-——2 dx
1-x . Vl-x
1/ 1/2
. b
= bl_f;h_ Arcsin x]
12
= lim —— ) |
b1 (Arcsin b Arcsm2)
=& _ T _ =
2 6 3
19. D p.57

Consider the function F(x) = 3){2 - x3 .

The relative maximum and minimum values of F allow us to determine how much vertical shift is
allowed for F if we are to obtain three real zeros for f.
F(x) = 6x - 3x> = 3%(2 - x). The critical numbers for F are 0 and 2. F(0)=0 while F(2)=4.

The graph of F is shown to the right. -
Note that f(x) = F(x) + h. s <

If we move F down some, but less than 4

units, then the resulting function will have
three real zeros.

Hence 4<h<0. \

20 C p.57

Given f™(0)=4. Then the coefficient of x* in the Taylor series for fabout x=0

- fm(o)_i 2_
Bes —6=%-

2. € p.57

The depth increases rapidly at first; then it increases very slowly for a while; and finally it increases
more rapidly. The container must be narrow at the top and bottom, and quite wide in the middle.

22. D p.58

%% =300t + tI 2, t3;‘2_ Then the accumulated sales over four days is:

{ 4
f(300t+t”2+t3r’2) at 1502 + 2432, 2 t5!2]
0 3 5 5
2 .. 2 6 , 64

16
= ]50-16+5-8+-S--32 = 2400 + 3 + 5

2400 + 5.3 + 128 ~ 2418

QQQQUUUUUU»bttQ.owww-w-w----------

“'E-—-_____
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23. p. 58
X
F(x) = /-[“ sin(3) dt = Fe=4xsin(}).
n
Ty e T
Hence F(Z) 4 7 "sing T,
/2
x ;
At X=5, F(;-E)——- /.[4t sm(%)dt = 0 because the length of the interval is 0.
w
Then the equation of the tangent line at the point ( g,O) is
2
y—0=n(x—-2:£) = y*—-nx—:-tz— = 2y=2:|;x—::2
24. p.- 58
k
2 k
sec” x
dex = ln‘l +tanx| . = 1nll+tank = In2.
This implies that |1 + tan k| =2, sothat 1+tank==2,
Hence tank=1 or tank=-3. But tank=-3 creates a divergent improper integral, since 1+
tan X =0 on the interval [Arctan(-3),0].
Thus tank =1, so k=7 .
25. p- 59

Since the rate of change of the depth is 4 times the rate of change of the radius, we know that ‘;—ttl =

43—2. Hence h=4r+ C. Butina cone, when r=0, h=0 as well, so C=0. Thus h=4r.

_1_2 1 D A3
V-3:rcr h = V—aur (4r) 3 AT -

d_v._ (-iL i ﬂ: = g
Then & = 4n P L since &L = 16, wehave 16= 4n i,
S0 &_ 4

@ 2

The area of the exposed surface is A=nr.
dA _, 4 _ 4_T.8
Then dt-—Enrdt—-an[Erz o

When the radius is 2, %—? =4.

aA[Q

N

5

GGG

A A AN

A48

&
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26. D p.59
y(0)=0 1 on WS
y'(0) = 1 = W=ty
1, _L
)'(2 E 1.21 5
yl(% = 1 1=2§' = Y(l)-§+5.i=g
1+ =
2
27. D p.60

28.

The function appears to be an "up-side down" exponential with a horizontal asymptote (as x —> o)
at y=2. Hence it looks like y=2- e x.

p. 60
Use Integration by Parts.

u = x u' =1
aki
T, C{ V.:c2x V=15e2x }
X er_%erx dx

xezxuiezx-FC = %ezx(2x—1)+C

Then fx er dx =

B = B =

ey A
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Exam III
Section I
Part B — Calculators Permitted

1. A p.6l
s() =(t-2)° (t-6)
SO = 3-2)%@t-6)+@-2)
= -2 3(t-6) + (t-2)]
= (t-2)% (4t-20)
= 4(t-2)% (t-5)

I s'()>0 for t>5 True
IL. s'(6)>0 False
HOL s'(t)<0 if t<s, exceptat t=2
Hence the particle is moving to the left both

before and after t=2. False

B p.61

X

Since f(x)= f sin(tz) dt, then the rate of change of the function f is given by f'(x)= sin(xzj.
0

The average value of this rate of change on the interval [1,3] is

% [ sinc®) ax = 0232
1

D p.62

—2In{1 ——J;i +C

h

D . 62 . o
‘I:Ve: use the washer method. The outer radius is R =In(x + 1) + 1; the inner radiusis r=1.

e
ven [(ax+1)+112 - 12) dx
0

Use a calculator to evaluate this definite integral. The resultis V =20.146.

C p.62
1+h y |
\ 3 lim = (. Hence the given limit has the indeterminate
Let F(h)= f x~ 4+ 8 dx. Then h—0 F(h) n gi
1
form g This is an appropriate time to use L'Hdpital's Rule.
0"
is F')=y(1+4)> + 8.
The derivative of F(h), with respectto h, is F'(h)
Hence
1+h
V2 + 8 d
lf L% Bk lin 1f(l+h)3+ 8 g
tll—nfo h " h—0 1

d 7
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O, 3
7. A
8 D
9. B

p. 03

o )
h(x) = g(x7) Then by the Chain Rule, h(x) = H.hz) 9 .
We extimate from the graph that g'(4) = -1, Then h.(z)" ' :u h'(2) =« g'(4) - 4,

D 63

The Lagrange bound on the erro
4 rin this 4th degroe Tayl
o . na+l
ylor polynomial is Tn{fijil‘ - d|

Al - 20. = " = = s
\ a=2,n=4and M = 08, we have 9-5{-}&‘2.9-- 2l =0.004

p. 63
L Since I'(x) <0 on (-2,-1), f is decreasing on (-2,-1). False

Il Since '(0) exists, f is continuous at x = 0, T
rue

UL M) <0 if -4 <x<-2 since M(x) i i
. | ! is decreasing there,
"(x)>0 if ~2<x<1 since f'(x) is incrcusing’{'hc::

Hence the concavity of the graph of { changes at x = -2, True
p. 64
{ x = e
y=2 et
Solution 1. When t=In 2, we have the point ( cI" 2 y2 e"l" 2 )=(2,1).
dy -
. d dt -2¢_
Th Y B o TEC
e slope of the curve is & & K
dt
~In 2
SYROOON. . [ M |
When t=1In2, 7 el“ 3 =3
Then the equation of the desired tangent is:
y=1= —% (x-2) = 2y-2= -x+2 = x+2y-4=0
Solution 1. We eliminate the parameter to obtain y =% . When t=In2, x=2, so y=1
Then Y =—2 . sowhen x=2, dy __ L The equation s obtained as before.
dx 2 dx 2
Solution 1. First we obtain the point desired point (2.1) as before. Then we note that only

proposed answers (B) and (E) contain this point.

The slope of equation (B) is m==5. The slope of equation (E) is m= -2
; 2 y

th the non-parametric y = OF with the

dow that has equal units. It is clear that the

2.

.Then graph the given curve (either wi

given parametric equations) with a win

1
slope of the curve at (2.1) is much closerto =5 than to
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10. p. 64
%o yz =25 2
Differentiating implicitly, we obtain 2 ~ 2y ‘—;{1 =0. Then & - 3;— .
2
dy X
¥ b =ge Y= == 2 _
By the Quotient Rule: d—zx = S Y - .
@ P 7 7
Since the curve is x2 - y2 =25, the numerator of this second derivative has the value —25. Hence
dy _ 25
ad P
11, p. 65
L. This is a "p-series" with p=2. Convergent
Il This is the alternating harmonic serjes. Convergent
n
lim , _ lim 2_ _ lim ;
. n—oo B n—>w 1.12 e n—>w a0, Divespent
12, p. 65
lim g(x+h) - g(x) _ x®+] = Xt 1
h—0 h N XZ = g= <2
= g=1+ ‘15
X
2
= g(x)=x—}l—[+C=xx—l+C
13. p. 65
xl =cost
for 0sts<2m
Then the velocities of the two particles are given by:
Vi =—sint
_ 1. (t-3)2
{ V2 = 2 e
Graph these velocities on a viewing window that includes the domain 0sts2x.
The first intersection shown in the viewing window occurs for a
number x <0 (i.e., out of the domain). Hence we look more
closely at the region where the curves might intersect toward the
\ upper right of this graph. When we zoom in on this portion of the
graph, we find that the velocity curves do not intersect at all in the
given domain.
L. 7] x [-1.5, 1.5]
14.

p- 66

Parts of the rectangles are above the curves for B and C.

The trapezoids are all on or above the curves for A, C, and E.
Hence, the answer is C.

Mudtiple Choice
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15. C-: p.66
To determine the radius of convergence, we evaluate lim ana;-I_
n—w
an'l'] - (n + 1)! Xn *1 nn
lim |——|.= lim ET
| & [ 0=e| @+ 1) ! x"
- gy [SBEDR 0
n—® | (n + l)n + 1 1
X n®
= lim |[—————: "—
n—e| (q+ 1yt 1
= X s X _ |x|
= lm [==—2o—] = lm |= -
n—® u.l_ﬂ n— l_n ]
\g— @+

; ; M - I
The last step is based on the important limit: lim (1 + 1 ) =e.
n—o n

The series converges if lim “ntl <1
n—co aD
Hence we have convergence if <l

That happens if |x| <e.

This is an interval centered at the origin and having a radius of e.
Thus the radius of convergence of the series is R =e.
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16. D p.67
L. Since f is concave down, f' decreasing. Thus, f'(1.5) > f'(1.7) False
Il.  The average rate of change of f on the intervals [1.3,1.5] and [1.5,1.7] is True
15 and 10 respectivelly. Then f'(1.5) must lie between numbers 10
and 15..
Il Since fis concave down on the interval, f”(1.7) < 0. However, f(1.7)=23 True
17. E. p.67

With the acceleration vector a=(Q2,e ) we antldlfferentlate to obtain the velocity
vector v=_2t+A, - +B)
The particle is at rest when t=0, so v(0)=(0,0).

Since v((}) (0+A4,-¢" +B), we find that A =0
and B=

Y=s0
Hence v={_2t,1 - et ). (—\
We antidif‘ferentiate again to obtain the position vector -
s={2+C,t+¢ "+D)

Att=0, s=(3,3), s0(C,1+D)=(3,3) and S5 A81874 =2 2172681
C= 3D 2. 0=sx=<5
s=(2+3,t+e " +2). Whent=2, s=(7,4+e'2) -2sy=<3

SEEEELGLLY

ANAAS

f

1584448
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45

p &
@

(b)

©

)

p-
@

69
Solution 1. Calculate left- and right-hand slopes of the segments joining
(1.4, £(1.4)) to the points on either side. Then average the results,
fQ.4)-€(1.2) _ 2.6-35_ 09

14-12 14-12_ 02 - 43

f(1.6)~ f(1.4) _ 2.0-2.6 _ 0.6 _
1.6 -1.4 1.6-14 02

=3

The average of these slopes gives f'(1.4) =~ -3.75, but either is
acceptable.
Solution IL Since the inputs x=1.2 and x = 1.6 are symmetrically placed
on either side of x = 1.4, the result above can be obtained more
ecasily simply by calculating one slope.
f(1.6)—f(1.2) _ 2.0-3.5 _ -1.5 _ 375
1.6 -1.2 1.6-12 02 ’

Since f(1.4)=2.6 and (from part (a)) f'(x) ~—3.75, we have
y—-2.6=-3.75(x—1.4).

The given points are plotted in the graph to the right.
Ax remains constant at 0.2 as we move from x=1.0
to1.2 to 1.4 to 1.6 to 1.8.

At the same time, Ay increases.

The first Ay is -1.5.

The second Ay is —0.9.

The third Ay is —0.6.

The last Ay is —04.

Since %xx is increasing, f"(1.4) > 0.

With two equal subdivisions, each piece has width Ax = Oi‘r :
The midpoints of the two subintervals are x = 1.2 aild x=16,
Then Mj =0.4[f(1.2) +f(1.4)] = 04(3.5 +2.0) = 2.2.

70
=12
x +y2 =1
V2
y= J—E— Alternatively, graph yy == With each of
[ ,] 2
x .
x4 ~x2 -2=0 obtain intersection ponts
(> =2)(x2+1)=0 (1.414,1) and (-1414-1).
x== 2

The intersections are at ( sE, 1) and (—\E y=1):

3

5 {1 :difference quotient

1: answer

1:slope
"|1: tangent equation
1: f'(x)isincreasing

1; answer

1: explanation

{1:0.4[ f(1.2)+ f(1.4)]

1:answer

| 1:(v2.1)
Ni(2.-1)
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(b) Differentiate the two equations implicitly, and determine i for each. rl;fx—(xy -2 )
xy=w/§ /= y+xg=0 = %=—-‘£ (
9 9 dy dy  x 34252 0
x“-y“=1 = 2x-2y L =0 = == Y
dy & x - )
Since (— 1) ( —’-"-) = -1, the tangent lines are perpendicular,
/Ny 1:answer
© 1:limits
4:12:integrands
1( 4 1:answer
7 4
] X -lax + J[_-‘Qi dx = 0.2664 + 1.4704 =~ 1737
2
Section II
Part B — No Calculators
p. 71
(@ 1: answer

f@3) = () +Jff’(x)d.x=5+ 1:(3+2)=54+5=10

()  f'changes from increasing to decreasing or vice versa atx = -3, 1 and 3.

Thus the graph of f has points of inflection at x = -3, 1 and 3.

(©) [ is increasing <> f"(x) > 0. This occurs on intervals (—6,~4) and (-2, 6).
The graph of /° is concave down where the graph of /” is decreasing.
This occurs on intervals (—6,-3) and (1, 3).

Thus, graph of / is increasing and concave down on intervals (—6,—4) and (1, 3).

@  H(x)=rg0)] &) At x= 4, H'(3)= f[g(®)] £'4).

With g(x) = x% —3x -1, g(4)=3 and g'(4) = 5, we have
H'(8)=f[3]5=2-5=10

{l:x=—3, land3
2.

1: justification

1:increasing intervals
1: concave down

1: answer

L:H'(x)=fTg0)]-g'(x)
L: g(4), g'(4)
1: answer

S

&
—
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4, p.72
@

(®)

The series diverges.

Solution I. Use the Limit Comparison Test.

o

— 1 1
El = = E ;_lﬁ diverges, for this is a
n=

n=1

We know that

S

T ] « g
p-series with p= 3 [p-series diverge if p<1].

1.
lim L [2n45 _ 1
2n+5

Since this limit is finite and positive, the series

s and S 1 exhibit the same behavior.

n=1

. 1
Since S o

n=1

diverges, so does —L
n=1 a=1 A 2n+5
Solution 1I. Use the Direct Comparison Test.
72 < : .
n+5 <n for n=4, Hence m‘» = for n=4.
Then the divergence of the harmonic series 2 1; implies the
n=1
divergence of the series —Ll—.
. =/, V2n+5
We use the Ratio Test.
fim |20 +1 | _pim |3®P1x®*Y  n | fim n
n—>oo an n—>w n+1 31’! . xn n—>o n+1
= 3 lxl
. ' . _ 1 1
There is absolute convergence if 3 \xl <1; thatis, if - 3 <x<3.
Check endpoints:
1 - ;
53 = X . This series diverges. It is the harmonic series.

1 . -
X=-3 = 2 " -ll; This converges. It is the alternating harmonic

series.
1

The interval of convergence is ~-1§ sx<j.

1: comparsion
1:compute limit
1:answer

1: justification

1:sets up ratio test
1:computes limit
1:conclusion of
ratio test
2:endpoint conclusio
1: right endpoint
1: left endpoint

3



48 SOLUTIONS—BC EXAM III Section Il Part A

Free-Response

5. p.73
@ aft) =6@t+1y>/2
~1/2
= ~3/2 o _ (2t 1) 6
v(t) -IG(Z’HIJ dt= 3 +C= = +C
=172 e+l
vd) =1 = 1=-24c
= 1= -2+%C
= C=3
Thus v(t)= — —8— +3
® ‘JZH-]
®) v)=0 - -t 3.0
'Jlt+l
S = 2+l =2
=  2+1=4 - t=%

© s = (=6 (2t +

12
= —642t+1 +3t+D
s(4)=9 . 9=-6-3+12+D
= =_18+12+D
= D=15

Thus s(t) = —6v2r+1 +3t+15

@ Solution I.

A 4
= _ 6
O_[]v(t)|dt ” T+ 3t
0
1.5 4

Solution II.

The total distance traveled from t=0 to t=4 is

( ]1/2
1)“”2+3)dt = 33t +3t+D

_ 6 _ L f
I[Jﬁ 3] dt J[ T+ 3] at
0 1.

From part (c),

= [6v2r1-a]® + [-svareisa]

9 9
—12-2-6-64*12-2 3.
The particle travels left for 0 <t < 1.5 and right for 1.5 <t < 4.
From part (c), s(0)=9; s(1.5)=7.5; s(4)=09.

Hence the distance traveled for 0st=15 is 9-7.5=1.5;
the distance traveled for 1.5st=4 is 9-7.5=1.5.
The total distance traveled is 1.5 +1.5=3,

" {1 :antiderivative

1:answer

.
.

1:answer

{l isets v(t) = 0

{‘1 :antiderivative

1:answer

2:distance integral
1:limits
3.) l:integrand

1:answer

‘l"-f-!‘f-*-f-f‘(-!'-f-.’-_i-"-‘-‘A

P
—"’-"(‘
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6. p. 74

(@)

(b)

©

@

2
X (.. X )2 x2

Since h(x)= [f() dt, we have h(-x)= [ftyde = [ (1) dt = h(x)
0 0 '

Since h(-x)=h(x) for every x in the domain, h is an even function

With x positive, h only makes sense if x> 55 (since the domai

integrand function f is [0,5]. ( omain of the
Hence h is defined for 0 = x = 5.

Since h is even, we then have h defined forall x satisfying —v/5 s x = +/5.

X
Let the function F be defined by F(x)= [ f(t) dt.
0

Then h(x) = F(x%).
By the Chain Rule, h'(x) = F'(xz) - 2x.

But F'(x) = f(x). Hence h'(x)= f(xz) < 2x.
Then h'(2)=f(4)-4=(-3)-4=-12. ’

h'(x) = t{xg) - 2X.
The critical numbers for h are x=0, +4/2 .
h is increasingon [0, /2] and decreasing on [

absolute maximum at x = v2 .
Since h is even, h also has its absolute maximum at X = 2.

J2 , 4/5). Hence h has its

1: justification

1:answer

" 1:chain rule
' 1:answer

(1 :sets h'(x)=0

1: critical numbers

1:evaluationat
critical pts and

endpts

L 1:answer

1: graph
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Exam IV
Section 1
Part A — No Calculators
1. p. 75
This is an improper integral.

o0

b
Jerao =i Jox o

I X = 1 _b
o T

b~

= lim (_Lbﬂ) -1
€

p. 75
f(x) =x sinx

fi(x) = sin x + x cos X
f"(x)=cosx +cosx—xsinx=0

2cosx =xsinx
sin X
cos X

fan x

E R - S

p. 76
A:szx+1 = EJ'@H])UZ =5[(2x+1)3;2,5]0

26

B PR
=z7-11=7%.

lnx—l

: ) 0
lim — 2 (kes on the indeterminate form 0"
x—=>3 3 -x

Hence we use L'Hopital's Rule. First we rewrite the logarithm of the quotient. This leads to:
x-—1 1

lim ol ~ im _Iln(Gx-1)-mn2 _ fim x=-1 _ 1

x=+3 3-% X3 3-x x—=3 -l 2

p. 76

o 1 x"
The general term of the series is (-1)"*" & forn=1

Using the Ratio test: %Lﬁ{ = n_:-'_l' ].t| so that 'lll_{[; n:-l -|x|=|x|.

Thus the series converges if [¢]<1 or ~1<x< L. Checking endpoints:

@ (12! R N e
If x = -1, the series ZLlnm diverges. Ifx = 1, the series 2 ~— is the convergent
=

alternating harmonic series. The interval of convergence for the seriesis —1<x = 1

N GELGLG
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6. C p.77
I. Extend the direction line at (3,3). It almost goes through the origin

II. Near the horizontal line y =38, the direction lines near flatten out

toward the horizontal. Thus %ﬁ — 0.

IIl. Atagiven value of x (i.e, along a vertical line) the slopes vary

7. C p77
Jim tan(x +h)-tanx . iti
| LTO b is the definition of the derivative of tan x.

Hence the answer is seczx.

8. E p.77

x2+2x+9 x2+9 Ix
. dx = 5 + 3 dx
x“+9 xX“+9 x“+9

=I [ 1 +x22i9]dx =x+1n(x2+9)+c
9. D p.78
= dy _ sinx
y m(c;sx) = 3 o8 = —tan x
'I'hend—%=~sec2x
dx
10. D p.78

I. Using the slope of the graph, f3)=-1; f((1)=1L
2
. Using the area under the graph, I fx)dx=0; f(3.5)=-1
0

0 1 3 .
M [fdc=- [ld=—-3)=y =d [Rdx=3
1 0

11. C p.78
The cross-sectional area at coordinate X is given by A=

Then the volume of the solid is
% T
V= [sinxdx = [-—cosx]o = —cosm+cos0 =2
0

12. D p179
x(t)= (t-2)(t- 6)°
vit)= x() =(t- 6)3 +3(t— 6)2 (t-2)
= (t-6) [(t-6)+3(t-2)]
= (- 6)% [4t—12]
= 4t-6)% (t-3) o .
The particle moves toward the left if the velocity 1S negative.

This occurs when 0st<3.
=

- 2 ;
(\Jsmx) = sin x.

True

True

False

False

True

True



52 SOLUTIONS—BC EXAM IV Section ] Part A Multiple Choice
3. B p. M
e A
u=Ilnx wu'= =
Use Integration by Parts. Take 4
a3 =5
vi=x Lol
4 4 4 3 4 4
3 X x 1 X X X X
Th nxdx = — —_ e—iok = — = — = = 1o
en Jx~ Inx 4lnxj4 xdx 4lnxj.4dx 4lnx 16+C
14. C p. 79
y(cosx)+e¥ =5 When x=2, &/'=5, s0 y=ns.

Differentiating the given equation,
dy : dy _
c’x(c:os:-rk}-y{su'lx)+e3’r- & =0

At (3 ,1nS), this givesS, -0-ns) 1+5-L =0

dx
dy _In5
dx = 5"
15. E p.80

£(x) =0 means the tangent line is horizontal. g"(x) <0 means the curve is concave down. This
happens at point E.

i6. B p. 80

Let x denote the x-coordinate of the lower right-hand vertex of the rectangle. Then the area is
1 _ 2x

1+2x2  1+2x2
_(1+2x%) -2 - 2x - (4x) _ _2-4x%

givenby A(X)=2xy=2x-

A'(x) 5 5

(1+2x%) (1 +2x%)
The critical numbers occur when x> =%. When x<5l-' then A’(x) > 0 and whenx:»—vl—‘ then A’(x)

2 2

< 0. When x2 -l the area is a maximum. Height: y = — L.

2 vk 2

2
17. C p.8
2 — z_ o= 2

f(x) = i—e:—lg = (x2+1)e*; P(x) = 2xe*—- (F+1)eX = _2}___51(_1, = - j‘%l—

Thus, £(x)<0 forall x= 1. Hence, fis decreasing everywhere, except whenx =1.

Dy 2
Px) = (2-2x)e% + (2x — x2 - 1)(-eX)= 2 2xe*h +x2+ 1
_x-4x+3 _ (x-3)x-1)
e* ex

f is concave down when f°(x) < 0; that is , when 1 <x< 3,

18. B p.81
Solution I, The point (1,2) is on the graph of f. Hence (2,1) is on the graph of f‘I =h.
"y = —e = 352 = =L
h'(2)= FD But f'(x) =3x%, so {'(1)=3. Hence h'(2) 3
Solution II.  The inverse of f is h(x)=f " (x)=(x- V3.

Then h'(x)= %(x - 1)_2)'3 . Hence h'(2)= % : (1)‘2"3 =

1
3 -

LT A s naaaa g
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No Calculators SOLUTIONS—BC EXAM IV~ Section | Part 4
19. D p. 81
4 2 4
Solution 1. 0_[ f(x) dx fx dx + f (6 - x) dx
3|2 2 |4
=5 +eex- X
2 |z
8
=3 t@4-8)-(12-2) = s%_
Solution II. Counting squares in the graph to
the right we see that the value of \
the definite integral is about 8 %-
] £
200 E p.82
_ox  _(x=-2)+2 _ _2
i) x — 2 x -2 1+x—2
Hence f'(x)=- 2 3
(x-2)
The slope of the tangent line at (1,-1) is m =-2. The slope of the normal is then m=';-.
An equation of the normal is y+1 = —é—(x -1).
2y+2 =x-1
0 =x-2y-3
21. D p.82
vi=(1 +t,t3)
RO=(t+ 5 +C,% +D)
When t=0, R(t) (C,D). -
Since we are given that R(O) (5,0), weknow C=5 and D=0.
Hence R(t)=(t+ %- +5, L ). From this we obtain R(2)={(9,4)
22. E p.82
f(x) = x2/3 @x—5)= 2x5/3 n 5x2!3
10 10 -1/3 _ 10 173  _
Then fi(x) =3 X 2'13 3 X =3 X (x-1)
f'(x) is positive if x>1 or x<0.
f'(x) is negative if 0 <x <1, Thisis when f is decreasing.
23, A p.8
1/2 1/2 DR
1 1 2 = + = '("+0)]
e g f e & = g e AP
=e+l-l=¢

———
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SOLUTIONS—BC EXAM IV SectionI Part A

Multiple Choice

24,

28,

26.

217.

28.

p- 83
lim 'Jx +2- -\/2:

f(2) must equal s~ B

lim Vx+2-2x = i (x+2)-2x

x—>2 x -2 x—2 (x -2)[«/5?2 +«Jﬂ]
li 2-x

m
x2 (¢ -2)[{x+2 +42x]
= lim

=1
X2 [WH/EI T T4

Rationalize the numerator.

f—y

p. 83

y= x2+3

dy _ 2x _ X
o 21]12-»3 \/x2+3

- 1
x=1 2
The tangent to the curve at (1,2) is y—2= %(x— 1).

When x = 1.04, y:2+%(0.04)= 2.02.

p. 84

y(0)=2 and y'(0)=0+2=2

Then y(.5)~2+2:(.5)=3

y(.5)=3 and y'(5)=.5+3=35
Then y(1) w3 +3.5-(.5)=4.75 = %Q .

p. 84

I.  Direct Comparsion Test True

4 1 a 4/3
L a=3,r=3.15 =13=2

True

-]

1 ;
III. Harmonic series Y — divergesand lim1=0  False
o n n=+o0

p. 84

The distance a car travels in a given time is the area under its velocity function.

VY B 2 I Y Y I N B

4 & F 4 o

V]

a

P,

4 ¥ ¥ 5 5 F 3

I.  Car 1's velocity is greater than Car 2's velocity over the interval. True

II.  On the interval [0,2], the area under Car 2's velocity function is
greater than the area under Car 1's velocity function. True

Il Acceleration is the derivative of velocity. The cars' velocity functions
have different slopes at time t= 1. False

4
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Exam IV 55
Section I
Part B — Calculators Permitted
D p.85
10
The distance traveled is [ v(t) dt.
0
We use the Trapezoid Rule, with n =5, to approximate this
A :
Ts = E[V(0)+2 *V(2)+ 2 v(4)+2-v(6)+2 “v(8) +v(10) ]
2
=5 [30+2(36) +2(40) +2(48) + 2(54) + 60 ] = 446
D p.85
2
1 -
) = nxxuzélnx’ -
_2Ilnx-xInx
x=2
_2-x)Ilnx
X -2
= -Inx
To have continuity at x =2, hrnz fix) = f(2).
x—’
Since xling f(x) =-1n2, we must have f(2)=—1In2.
C p.86
I. f" does not change sign at x =-2.
Hence f has the same concavity on each side of x =-2. False
II. f"(x) >0 on the interval (0,3), so the graph of f is concave up there. False
IL f'(x)>0 on (0,3), so ' isincreasing from 0 to 3. Since
f(0) =0, f'(2) must be positive. Then f is increasing at 2. True
C p.86

On the interval Osts 21 the graph of R(t) = 3cos( %) has zeros at t=4.71 and t=14.14.

R(t) is positive on 0 <t < 4.71, negative on 4.71 <t < 14.14 and positive on 14.14 <t <21
Thus the number of flies increases, then decreases, then increases again.

X
Let N(t) = the number of flies at time t, then N(t) = N(0) + f 3x cos( 3) dx

Att =0, N(0) = 500 flies. _

Att=471, N@4.71)= 500 + 1097 = 511 flies.

Att=14.14, N(14.14) = 500 - 143.92 =~ 456 ﬂ_ie&‘:. ) £
Att=21,N(21)= 500+ 19.65 =~ 520 flies. This is the maximum number of flies.
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SOLUTIONS—BC EXAM IV Section I Part B Muitiple Choice
p. 86
_ 1 f(x +h) — f(x) :
filx) = ;1_’110 h = In the given formula, let a=x and b= h.
. 2 2
= lim 3x"h+2h"  _ }im ., 2 2
b= h = e (3x"+2h) = 3x
p. 87
&2+
The velocity vector is given by
Y he—6
dt

When t=2, the velocity vector is v(2)=(6,2 ).
The speed of the particie is the length of this vector, [v|= 6% +22 = 24/10.

p. 87

y=x2+!

Solution I.

Solution II.

Since the distance of a point (x,y) from the origin is
D= \!xz +y2 , we have in this case
D= yx2 +(:c2 +1)2 = \(.x“ #3x2 41,

(4x> + 6x) ‘%‘

Then 92 - — " d
& Tz 5
29Vx% 4322 41
3
10 - =
- [ db _ 2_3
When x=1 and a "2 this gives dt Vs =5
Since y=x2+ 1, we have %)ti=2x3—f.
Again, the distance of a point (x,y) from the origin is
D= \sz +y% . This time we differentiate implicitly to get
dx dy  de dx
dD 2xdt+2ydt_xdt+Y(2x&)_x+2xyrb(

V5 ~ 3.354.

dat T moadt”
2 x2+y2 x2+y2 xzﬂ,z

Since dt =%, then at the point (1,2) we have
4

dD 1+ L §
= —2J§ 3.354 .

& ¥
il - il

L 4

JJ‘

&
-

AT I PP PP PPrrPy

did

ddd;
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SOLUTIONS—BC EXAM v Section ]  Pgrt B

10.

E

57
e
p. 87
sin £ i
) fl + cosz = F'(x)= 1 il:oxs ”

Solution I. Enter Y1 =F’(x) and evaluate nDerive(Y1,x 55) = 0.667

Solution II, F7(x) =108 x) cosx — Sm X (-sin x)
(1 + cos x)?

= Cosx + cosZx + sin’x

(1 + cos x)2
- l+cosx _ 1
x 1 P (1 + cos x)2 1+ cosx
AE i §
I # =
2
p. 88
u=vx +1 )
ue -1 =% 2 | 2
2u du = dx - IT——-Zudu = I 22 du
x=0 = u-=1 o Wr=dyicw 2w =1
x = 3 = u=2 )
p. 88
The average values of the functions f and g on [0,b] are
b
J'cos(Zx)dx and - f(e -1)dx .
1 b 1
Setting these equal, we have b [ cos(2x) dx g J-(e - 1) dx
0
b b
fcos(2x) dx =0J-(cx -1)dx
’ 1 R X b
= sin(2x) =(e —x‘
2 0 0
L g = (@-b)-(1-0
Zsin2b) = (¢ -b)-(1-0)

2
Lsin(2b) = & -b-1

: 1l = ively, the zero of
The intersection of the graphs of y; =5 sin(2x) Alternativesy, S

Lo -ef-x-1
aind yziexfx—l y-—zsm(Zx) 8854?&
t x=~0384.
occurs at X = 0.854 . occurs a




SOLUTIONS—BC EXAM IV Section I  Part B Multiple Chowce

13.

p. 89
aﬂ*’i <l
| % |
] |
lim “_'m_u _ lim | _x“H (n+1)3"

n*mf an i n""w’ {n+2) 35 + 1 XB

The series converges absolutely 1f I‘m

X lsd <3
3 <1 <> ]xl<

This describes an interval centered at the origin and having a radius of 3.
Thus the radius of convergence of the seriesis R=3.

1. y'= __.Zx—___l - 2x =1

1—(12—”2 \{l-x4+2x2—1
2x

= -1
2x2 -x*
2x

Ixv2 - x2 -

lim 2
= —1 because when x>0, —
x—=0* ¥ V2 i |x|

=1,

Ix

lim
x—>0~ X
Since these limits are different, the derivativeat x =0
does not exist. No

y=- T_l because when x <0, =-1.

x2 if x=0 2x if x>0
II. y= {

= = .
_xz if x{O —2x lfx<0

Since x]_i_“a+ y=0= l' g y', this does have a derivative
at x=0. Yes

. y= Vxt = x2 . This is differentiable everywhere. Yes

p- 89

With f(x) = il}_&, we have

FG)-F() = f(x)dx
F(3) = F(1) +J'l’f(x)dx -2+1.177=3.177

Fr r fr f
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14. C p. 90
Ty

]

1
F[0+2(ID+2(14)+2(12)+15]

1(22+28+24+15]

L -
7 [891=445

fix)=x(x~- 3)3 with a> 0.

1. f‘(Za)=Za(a3)=234>0 True
1. f(0)=0.

f'i(x)>0 if x <0. f is increasing to the left of x =0.

f(x) <0 if 0 <x<a. f is decreasing to the right of x =0. True

I ') = (x-2a)° +x-3 (x-a)
= (x—-2)% [(x —a) + 3x]
= (x-— a)2 (4x - a)

f"(a) = 0, but f"(x) does not change sign at x =a. False
16. D p.9l

The curve is a four-leaved rose.

The area is determined by evaluating
2m 2::1
f 5 [x(@)” do = f 5 [sin(20)1% d6 .

0 0

- 1. ; 53
Limaxs 113 With a calculator, we determine the value of this definite integral to be

D
-
o
>

o)

o)

»

=

o) 15. B p.9
»)

)

b ]

2

J

)

)

)

B

)

]

)

]

l

' -775sy=<.775
»

approximately 1.571.

)
' 17. D p.91
l

fx)-f3)

. X
The average rate of change of f ontheinterval [3,X] is defined to be = "

|
fx)-f(3) _ x> =%x=6

r
In this problem, we have = x -3
? %;=:3 lim fx)-fG)

Also by an alternate definition of the derivative, f3)=__,3 “x 3

2_y4_6 fim (x=3)x*2) _lim 42) =5
———— = x-—.3 .

i X
Hence F3)= M0, =75 “x=3  x-3
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Exam IV
Section 11
Part A — Calculators Permitted

L. p.93
(a) Graph f(x) = %c' . ln(x“ +1) and
/ 2 = l:solves f'(x) =0
fi(x) = le""2 - 33x with the window y = f(x) /')
2 x> + 1 / 3:{ l:answer
[ -1.5]1x [-2,5). The zeros of f'are x = =0.364, - S I: justification
x = 0487 and x = 1.977. The relative minimums are L/,
at x = 0364 and x = 1.977 because f'(x) shows [-1,5]x[-2,5]
changes in sign from minus to zero to plus at each of these
values of x. The relative maximum is at x = 0487
because the sign of f(x) changes from plus to zero to minus
(b) The graph of f is increasing when f '(x) > 0. ,
_ L f'(x)>0
This happens when —0.364 <x < 0.487 and x > 1.977 . 2
1:answer
© o = Lxi2 _ 6341)6x) - 322G:d) _1x2 _ (6x*+6x) - ox* T
4 (x3 + l)2 4 (x3 + l)2 2;{ )<
4 1:
1 x/2  6x - 3x :answer
= g — 73 5 - Thegraphof f is concave down when
4 (x3 + 1)2
f7(x) <0. That occurs when 6x - 3x4 < 0; that is: 0.0425 < x < 1.0919.
1 .
(d) _u’[e‘r"2 ~In(x” + l)]dx =1.097 2: 1:integral
0 1:answer
p. 94
Xx=2-3cost . 7t
{ . for -~ sts>.
Yy=3+2sint 2 2
dy
(a) dy _ & _ 2cost 2 ot L:x'(e)
d‘ q}_ 3 Sin t 3 3- l:y‘{:)
& dy
l:z—intcrmsofr
(b) = x-2-3-—";-§-=2—%‘\/5
When t=z, we have the point 5
2
. 1”'3"'2"2"'3“5 " 1:slope
n 2 :
When t=7 i =3 (from part (a)). Hence the tangent line has the equation: 1:tangent line
2 .
y-3+ «5) =3 (x-2+ % -\/5}. Multiplying both sides
by 3 and collecting terms leads to:  2x — 3y + 5 + 643 = 0,
(c) The curve intersects the y-axis when x = 0. That is,

2-3cost=0 =]cost= §

The two values of t that yield the y-intercepts are t = + Arccos % ~ + 0.841069,

L3 2
(It's better to use + Arccos 3 and not round off too soon. We did it 1o save space.)

841 2 \2 841
- d; d [(2e
Arc Length = l-.w (d:) +(d:) d!-f-_w (Eosmr)2 + (.?.t:osr)2 dr =~ 3.757,

4:

2:intersection pts
I:limits and integrand

l:answer

Il 2

F £ f
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3. p.95

@ 4 v30)-v20) 11-7

=04 fi/ sec2

dr 30-20 10

(b)) Midpoint sum = 20[W(10) + v(3) +1(50)] = 20(14 + 11 + 40) = 1300 feet

©

va(r)uj\/‘-—]:gfdr =24t +9+C
3=¥0)=6+C=C=-3

vg(t)=2~t+9 -3
vg(40)=14 ~3=11<12=v,(40)

Car A is traveling faster at time ¢ = 40 seconds,

[ 1:a difference quotient
using numbers from
2:{ table and interval

contains 25

1: 04 ft / sec”

1:usesv(10),v(30),
2; ¥(50)

l:answer

[ 1:24/t+ 9

1: constant

| :use initia] conditions
5:{ 1:finds v8(40)
1:comparestov,(40)

and draws conclusion
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Solution 1.

(¢) Solution I.

Solution 11.

4. p.9%
1 if n=90
fix) = San x2n with a_ = Soci
n=20 = if nz1
(a) ao =1
al = T =1
I oL
27759
_12 _1_1
B3T3 T 673
_13r 1
a4y 4 T 4
4 6 8 2n
- 2.% X x X
S T Rl T e
(b) Solution I.  We use the ratio test.
: st
We must have 1im (&tlhm Z1L
oo n - term
x2n + 2
lim |+ DV | im [x22F2 0w | o [ 2]
n—>% 20 n—2o|(n+1)! 20| now|n+ 1|
ol

Since the limitis 0 for every real x, the series converges
for all real x and the radius is infinite.

2,2 2.3 2,0
Rewrite f(x) as 1+(x2)+(%|)—+&3|)—+...+&n,)— T

This is the Maclaurin series for g(x) = e® . This series is well
known to converge for all real x; that is, the radius is infinite.

0

3 5 7 2n-1
2
£(x) =2x+‘3—;-|—+6;—,+%‘,—+.“+(—“)"T—+.

' 2 4 6 2n -2
2%° 3% . 4x (mx™ =

=2"['+ Attty et +]
4 6 8 2n

=2x[]+x2+,52—!+x-ﬁ+x4—1 +"[;‘!—'+..]

= (2x) - fi(x)

2 2
Since fix)=e* , we have fi(x)=¢* (2x)=(2x) - f(x).

s-{

3.

3{

2:firstSterms

1:general term

1:setsup ratio
1:limit

1:answer

2:f'(x)

1:conclusion
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5. p.97
(a)

(b)

(©)

g -
Separating variables gives:
& kar
¥y
2y = -kt+C Ty
k, . C [
\J_ _2t+ 2 C;_—/
J}=-—I-‘2-1+D
2
 =(-51 +0)
yO=9 = 9=@° = D=3
y20)=4 = 4= (-'-‘5-20+3)2
=  A4=(-10k+3)
= =-10k+3
I—"*k
Thus y=(— t+3)
Using the result of part (b), % = ?».(-2t 3)( )
-0.1 =-0'!(3_§6)
1. = 3'56

40 minutes after the valve is opened.

[

t
Alternatively one could start with the original differential equation:
Y iy

With -.1 for —x,wehave-l-— J’ chce-J; =1, s0 y=1
Returning to the specnfic solution of the dlffercnual equation found in

part (b), we have
1 ==( 56 t + 3)

1= - 55“—3

3.

|:separates variables
|:antiderivatives

1:solves for y

y(0)=9

3:) 1:usesinitial condition

y(20) =4
| 1:equation

2:finds d_y
32 dx
1:answer

3/{2::«:;]\.'&:3 for y

{:answer

1 :
St = t= 40 minutes.
20( 2, and

[ 1:usesinitial condition
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6. p.98

(@

()

©

()

(e)

Calculating the areas of the regions under the graph of f we obtain:
3 2

- 3,022

G(J)-Off(t)dl =0ff(t)dt + sz{t)dt = 2+0—2

Using the Fundamental Theorem, G'(x) = f(x).

G is increasing when G'=f is positive-valued.

That occurs on the intervals (0,%) and (1712 ).

G is concave down when G'=f is decreasing.
That occurs on the interval (2,4).

G has both properties on the interval (2,% ).

G(3)=

P W

3 1
G4 =3-2=-7

G is continuous, since G'=f exists.
The Intermediate Value Theorem guarantees a zero between x =3 and x =4.

G 1s monotone decreasing on the interval (3,4) since G'=f is negative-valued
there. Hence G can only have the value 0 once in that interval.

G(3)=

N W

G'3)=f3)=-1
An equation of the tangent to the graph of G at (3, %) is

9

y—- =-I(x-3) or y=-x+5

o RILVE ]

._2[

1:G(3)

1:G'(x)=f(x)>0

1:intervals
4:
1: f decreasing
1:interval
1:analysis

1:slope
1:tangent equation

1:graph

I A A A AR AR . .
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p. 99 ¢
Rewrite the integrand by dividing.
3 3
X 1
f dx = (1 + ) dx
x -1 f -
2 5 x -1

3
=[x +In|x - 1|]2 =(3+l2)-Q+Inl)=1+In2

p- 99

The radius of convergence for the differentied series is the same as the radius of the convergence

» . . x
for original series. Thus, given f(x) = E — Wwith radius of convergence 1, the differentiated

n=|
. , @ nxn-l @ xn—l
series f'(x) = 2-—-2-— = Z—-— converges for all x, -1 <x < 1.
n=| a1 N
-]

. . _1y=!
Checking endpoints: x=-1 => convergent alternating harmonic series 2( -

o
x=1 => divergent harmonic series 2%

Interval of convergence: —l<sx <1.

p. 100

The velocity vector is v(t) = (6t —4)i + (2t + 2)j .

At time t =2, the velocity vectoris v(2) = 8i +6j = _(8,6). _

The speed of the particle is the magnitude (Iength) of this velocity vector.

Speed= ¥82 + 62 =10

p. 100 | :
X
f(x)=ln(x2—ezx) = f'(x)=;i—‘2-,; c(2x-2e7)
2
2(1-e
Then i‘(1}=:l-]—-2ﬂ-(2-:z.¢=z)=l =2
_e -







