Limits and Continuity
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Type 2: Finding Algebraic Limits Type 3: Finding Trigonometric Limits
The easiest way to get an intuition about limits is to first look at them graphically.
Informally we say, a limit exists at a point if we can trace THE CURVE (the function) inwards ( of the value that we Tend i ng to a num ber Example 23 Example 24 Example 25 Example 26
are finding the limit at) and tend towards the same value (reach the same height on the axis) T e i  x2-2 Find lim sin3xsec*x Find lim (3 sin x — 2x)
. L For the easiest types of questions, we can simply substitute the numbers into the function and we are done. Let’s see how this work with a few basic examples. x-1 3 Find ch‘fé o x—% X-T
ChECkmg limits be Example 6 Example 7 Example 8 Example 9
like: Find lim 2x Find lim (x? + 5x) Find lim X+ Find lim(2x — 1)* lim (3 sin x — 2x) lim (3 sin x — 2x) lim (3 sin x — 2x) lim (3 sin x — 2x)
x-3 X2 X500 x—2 X2 X-T XM X-T XOT
P : 2 2 (o 1)4
00 ,'}‘,2 2x }CHE(X +5%) lim x +' l“,‘;(“ D This tells us to replace x with min This tells us to replace x with min This tells us to replace x with min This tells us to replace x with min
\ _ x=0 x — 2 ) ) (3sinx — 2x) (3sinx — 2x) (3sinx — 2x) (3sinx — 2x)
-00 | o+ This tells us to replace x with 3in This tells us to replace x with 2 in TE"S tellsustoreplace x with0in | This tells us to replace x with 2 in
‘ 2x x% + 5x % (2x—1)* Substituting gives Substituting gives Substituting gives Substituting gives
N P . . P . x
Let’s look at the limits of the following functions to demonstrate this idea: X o o o (3sinm — 2m) (3sinm — 21) (3sinm — 2m) (3sinm — 21)
Example 1 Example 2 | Example 3 Example 4 Substituting gives Subsmutmg gives Substituting gives Substituting gives =2 =2 =2 =2
Find whether the limit exists at in the graph. If it does, find its value. 23)=6 27+5(2) =14 ot B ﬁ
=-2
0-2
| Use Trig Identities First
left ioht e Lo . .
left right et ieht € 5 l ~ ,”g / eft / For all the above examples we say the limit exists and whatever number we getis the value of the limit. When limits have trigonometric functions, we often use our trigonometric identities to simplify the question and progress forward. If you ever get confused which identity to use
o 7 I < f«'ght Tending to infinity and zero
31+ / - - -
N However, we don’t always get a non-zero number or ‘nice’ numbers. Sometimes we get zero and undefined answers. Let’s look at a few examples , . L
| . + Here’s a quick revision.
M I + / 2 Example 10 Example 11 Example 12 Example 13
2 2 | E— . 10 N — N .3 in@ cos@ 1
Find lim 3 Al B = Find lim 3 sl i = Reciprocal Identities tan g = P cotd = Sin@ sect = P cosect = Sind
Substitute x = 0 Substitute x = 0 Substitute x = o Substitute x = o
I x 0 , 10 10 I x " 3 3
im==— im—=— im—-=— im-=— :
This limit exists at This limit DOES NOT exist at %05 5 ox 0 w2 2 xowx | o Pythagorean Identities sin? @ + cos?§ = 1 1+tan?§ = sec?d 1+ cot?§ = cosec?§
This limit exists at This limit exists at o o
The value of the function is 3 Zero divided by a non-zero We cannot divide by zero Avery very big number over a If we divide by a very very large number we B
and we say the Notice how we don’t know the value of Notice how the value of the curve is 3 and the value of the limit number is always zero. o . much smaller negligible practically get 0. Think about it. The more slices Addition and Subtraction Identities sin(a + B) = sina cos § + cosasin B cos(a + B) = cosacos B Fsinasinf
limit is equal to 3 the function at since the circle is not (where the closed circle is at) , but this does isequalto 5 =0 We say the limit does not exist number in comparison will you cut a cake into the smaller the slices
filled in (unlike the example on the left). not matter. We say the limit exists and is i . become. If we kept cutting the cake size would _ 2 .2
) \ remain a very very big number ; cos 26 = cos“ 6 —sin“ 6
This doesn’t matter. These values are not the same (not equal to zero. get smaller and smaller until eventually we would Double Angle Identities i ) ) 2tan 6
The value of the curve is tending towards 5 equal), so the limit DOES NOT exist. barely get any cake. sin(26) = 2sin 6 cos =1=2sin%6 tan20 = 1—tan20
The value of the curve tends to 3 irrespective =@ =0 =2c0s20—1
and we say the of the actual value and we say the limit is We say the limit DNE. This is We say the limit exists and is equal to zgro.
limitis equalto 3 equal to 5. because is not a number. Example 27 E ple 28 E ple 29
Find lim slmx Find' lim. 1+V2sinx Find lim cot.zx
x—0 sin 2x x—>-T COS2X x—or 1-sinx
. 3 . . 4 2
Summary of when Limit DOES & DOES NOT EXIST (DNE) algebraically PR o 1eva(-d) e
—_— in(_T + - =
sin2(0) 0 1+ VZsin 4): v2) _0 — .
" " —— " " " If subinand geta T _ 0 —sSiny
We also have a special notation to talk about limits. Let’s consider our first example. non-zero number oo sl number we 0 any non-infinite number Thisis % hence we could apply L'Hépital's (this also gives cos (2 (7 Z)) cos ( 2) ,
= DNE _— =40 o _ =90 oo = o This is — hence we could apply L'Hopital's (this also gives
0 non-infinite number say the limit DOES | any non-zero number + us the same answer) but we can utilise a This is - hence we could apply L'Hopital's (this also gives 0
) i i o . us the same answer) but we can utilise a
7 We say the limit doesn’t exist We say the limit doesn’t exist existand is equal We say the limit DOES exist We say the limit DOES exist to replace the sin 2x us the same answer) but we can utilise a )
l to the number and is equal to zero and is equal to zero sinar . 1 1 to replace the cot x
- See example 11 See example 12 See examples 6-9 See example 10 See example 13 im——=lim—— = ——— = — to replace the cos 2x 2 2
2 . x-0sin2x  x-02sipxcosx 2cos0 2 . ) lim cot”x _ lim Cos”x
You should also know the following lim 1+ V2sinx - lim 1+V2sinx z-f1—sinx ~ x-7(sin?x)(1 — sinx)
, . ; X — ; X — ; _ ; — ; -x — ; -x — xo-T  COS2X xo-T1—2sin?x
We have already seen that the limit of this function in the graph above exists at 2 and is equal to 3 (it is just the y value). chljg - xlifflm i }L‘E, er = XLHPOG e*=0 igg Inx = co }Lrg logx = o0 ;ljg e =0 xlirflw e =0 E B Now, we see the denominator is fully in terms of sin x,
More formally we can write this as where we use difference of squares identity "
) ) Unfortunately, we can also get worse than examples 6-13. We can substitute in and get what is known as an indeterminate form. 5 i sowe can on numerator:
lim f(x) =3 lim cos? x 1—sin?x
(] J[2sin %) ; lim = lim
In English: oy (1 ~V2sin x) x (sin2 x)(1 — sinx) X (sin? x)(1 — sinx)
. lim means we're taking a limit of something. A limit is the value that the function approaches as we come closer to our desired x value There are seven indeterminate forms that we can get when substituting in that we need to be aware about. They are: _ 1 _ 1 where we use difference of squares identity
. The expression f(x) on the right side of the word lim is the expression we're taking the limit of. In our case, that's the function f 0 +oo o — oo 0(c0) 0° 1 0 - (1 —VZsin (_E)) 2
. The expression x — 2 that comes below the word lim means that we take the limit of the function f as values of x 2. — —_— «© 4 (1 + sin x)d—sinx)
0 +oo R sin? )G —sina)
. . , Lo . “4 . " R
More formally, we say, a limit exists at a point x, and is equal to [ if we can trace the graph of f (x) inwards from either side of the point which has an x-coordinate of x, and tend towards These indeterminate forms don’t tell us whether the limit exists or does not exist. Hence, they are “indeterminate”. Instead, it tells us we z -
the same y value/height which is [ need to try some other approaches. 1+siny )
Factorise First to Cancel Terms Cosiml
This method comes in handy when we deal with g form, also the numerator and denominator are polynomials. These two things should signal the use of OMLNA 0 .
factorising Use L'Hopital's Rule First
. 5 P 5 P 5 P
Step 1: Factorise the numerator and/or denominator Example 30 (L’Hopitals) Example 31 (L’Hopitals) Example 32 (L’Hopitals)
Step 2: Write the original expression using the factored terms Find lim Sf"Z" Find lirr%:/;% Find lin}[%
Step 3: Cancel like terms from the numerator and denominator R0 L ey
Do not always look for identities just because there is a This question feels intimidating at first, but keep in mind Direct substitution gives us
We write this as
. _ Exampleils Exampleiis Examplellé trigonometric function, also use the previously learned everything we know. Direct substitution gives us — n
lim f(x) =1 Find li 4-x 1 2x2-x-3 1 x3-8 1 tan4 0
ina lim ——— Find lim ——— Find lim _ =
54x2-16 .- s BT . — . T
In English this says that as roaches x (from the left or the right side of x,, of the function f (x)) the function approaches a y value of [ o ==l B ERBNE0 concepts. Here, direct substitution gives 1- tanz 1-1 0 cos (2 (%)) 0
First, we check direct substitution: First, we check direct substitution: First, we check direct substitution: sina(0) 0 1—vZsin T=1-1_0
4-4 9 2(-1)2=(-1) -3 0 23_8 0 sin b(0) = 0 04’ This indeterminate form of%indicates using L'Hopital's rule.
#-16 0 -1+1 T o 2242-6 0 This indetermine form of% means we can use the This indeterminate form of 7 indicates using L'Hopital's rule. But, let’s try some trigonometric identities to test our skills:
.. 0 . .0 . .. 0 . 2
This is — and has polynomials - - 1—tanx —sec”x i
: ' : : Example 5 : o poty Thisis ° and has polynomials This is ° and has polynomials L'Hapital's rule as follows lirpT o _ in’l[ = 1 tanx B s:);;;;
Consider the graph to the right which shows the graph of a function f(x) . Step 1 e o . Step 1 ] Step 1 3 )  sinax  qcosar acos0 @ x-z1— sinx x>z —V2Zcosx )1(1}% P = xl_r% oy sinZx
) ) ) [ — 1 1 Xt =16 =k -4dx+ 2x* —x—=3=(x+1)2x-3) x*=8=(x—-2)(x*+2x+4) m- = me = =7 1
2 x-0sinbx x-0bcosbx bcosO b im—_— .
I.DOGS}CILI(l]f(X)eXISt. | - - { 4—x=—(x—4) Step 2 *+x—-6=x+3)(x-2) _)lcl_rzr\/jmssx - lim €05 X — S X
ii. Does }ciinéf(x) exist? . - - | Step 2 o (x+1D@x-3) Step 2 4 x> cos x (cos x + sin x){eosx—sinx)
| L | | i —(x—4) thnl G+ D (x —2)(x% + 2x + 4) Here, we can do direct substitution to get 4
| m === . lim—m—— 1 1
D cons =4 (x =) +4) Step 3 2 (x+3)x—2) 1 1 ) = n( = ﬂ): T~ 1= 1
: ep * (2x —3) Step 3 ™ 37 cosg\cosgtsing (_> (_+_>
| | || | . ) 3(T 1 4 4 4
lim = e i DO+ 20+ 8) V2eos* (7) \/7(\/—7) V2/\2 V2
. | | ot e—)(x +4) 2 (x+3)—2)
' i . i o . Use Small Angle Approximations First (can only when tending to zero)
} ‘ When a trigonometric limit has x = 0, we can use a set of useful “approximations” for the trigonometric functions. These approximations can simplify the problems and speed up
[ 4+ + N I N N | L ——t working. Here are the ones you must know:
+ S N N Y | - 0 = . o sinx =~ tanx = x
} NENEEEEEEN Rationalise First To Get Rid Of The Roots X2
) L] _ cosx~ 11—
! ‘ ! ' F a of 12 & 7 This method comes in handy when we deal with 2 form when the numerator and denominator have radicals/square roots. 2
T ‘ 0 Let us look at a familiar question to test this approximation:
2 i |- WL Step 1: Multiply the numerator and denominator by the conjugate sin x
—— —— - Step 2: Expand the brackets (using (a + b)(a — b) = a® — b? formula) and simplify the terms ,lcl_r}?) X
Xli% fx)=0 . Step 3: While we would usually use L'Hépital's rule here, let us try our approximation
Xh,r& ) =3 Example 17 Example 18 Example 19 sinx x
X . X+ _ [Tt x—i—x lim =lim—=1lml=1
Find xllrzllm Find lim Y3*2=¥5 Find lir%% x-0 X x-0X x>0
Yes, the limit does exist at x = 0 since both one-sided limits are the same (they both are equal g0 ¥ - Similarly,
to zero) No, the limit does not exist at x = 6 since the one-sided limits are not First, we check substitution: First, we check substitution: First, we check substitution: )
equal (3#0) lim fanx = limi =liml=1
—1+1 :9 \/5+0—\/§_0 vi+0-v1-0 0 x=0 X x=20X  x-0
Example 6 T — VE’,‘a.mpl‘,’ 7, — Example 8 Example 9 V-1+5-2 0 0 ) 0 ) These questions, however, seem equally fast by the small angle approximation or by L'Hopital's rule. Instead, let us see the following question where this approximation actually saves us
A ‘ AV T N1 | 4 In - t This isgand has radicals hence can rationalise This isgand has radicals hence can rationalise Thisis % and has radicals hence can rationalise a lot of time:
2 . —— ! AN 7.9 .
% / t | t % 3 Step 1 Step 1 Step 1 Example 33
L 24 L . / s - 11 14 L A , < : > x+1 X\/x+5+2 /5+y_\/§>< [5+y++5 \/1+x—\/1—xx\/1+x+\/17x T — cosx
L~ 1 4 P X .
v EEEENEERER 1 las] jon| Vit5-2 Vits+2 y sty +s x Vitxtvi-x I
[ HEEE i L e E— ‘— Step 2 Step 2 Step 2 Way 1: Small Angle Approximation Way 2: L'Hépital's rule
i.Does lim_ f(x) exist? If so, state what it is. [ [ 11 [ [ 1] 1017 L L1 , ; —\2 —2 x? x2 First, we do direct substitution
s - . . G DO F5+2) (55 - (¥5)° I+ - (I=%) s 1-(0F) 2y = cos0 0
ii.Does lim f(x) exist? If so, state what it is. i limf(x) iv. lim_f(x) —=2_ 2 wWe A/ 'Y T lim = lim =lim% == - -
ity 3 lim_f () ‘ i limf(x Pt (Vx+5) -2 y(/5+5 +5) x(VI+x+VI—x) x>0 x2 x50 x2 x-0x2 2 02 0
iii.Does lim f(x) exist? If so, state what it is. N 2> i.  f(0) ii lim_ f(x) v.lim f(x) Thus, our answer is - H the 2§ ¢ t L'Hépital's rule givi
x-2 i limf(x) i lim f(%) - lm x77 ) L+ D(x+5+2) 3 2% , 2 ence, the  form allows us to use L'Hopital's rule giving
R g iat? o x-0 5—2 N vi. lim f(x = N - R = _ i
iv.Does chl_rgf(x) exist? If so, state what it is. T ) m xlim ) iii. xlg?- ) s y(\/5—+y n \/E) %(\/m n m) lim 1 czosx = lim sinx
v.Does lim f(x) exist? If so, state what it is. ) "173 o x0T vii. lim fx) X0 X x=0 2x
*6 O f) iv. )lcl_fg fx) Here, direct substitution again gives  hence,
V-1+4+5+2=4 1 1 2 1 " sinx I cosx cosO 1
- - — —— - — - — - p — — [ —— im—— = lim = ==
i xllrgf(x) = —1. Yes limit exists |.xl£r£zzf(x) =2 i }2(0) =1 . . i izlr;f(x)—l N Vito+vioo | 0 2x x-0 2 2 2
ii. lim f(x) does not exist (tends to ii. lim f(x) = =2 . um, f(x) — oo does not exist ii. lim f(x)=—oo does not exist Thus, we have our answer ;
x-1 . L x-0 i lim f(x)—4- x-2+ ' A . 1 .
different limits of 0 and 1) ii. Lim f (x) does not exist i pm = ii. lim f(x)=00 Usel Hopltal s Rule First
jii. lim f(x)=1 L2 _ iii. Lim £ (x)=0 g _ — - — - - - — - - . - e ® - . - - -
Y2 iv. lim f(x)=0 s iv. lim f(x)=3 This is one of the most important and powerful rules when solving limits algebraically. It is useful for solving multiple kinds of indeterminate forms. T 4 ° F d I f L W h R l F
. im F()=—1 O e | i | , s ype 4: Finding InTinite Limits With Rational Functions
X4 The minus just means from the V. lLr7n_ fx)=1.5 The rule itself can only be applied for 5 and +—wforms. The process is as follows: a5
V. Jl{i_rg f(x) does not exist (tends left side vi.xlimf(x) does not exist Step 1: Ensure direct substitution into the lir’r;it gives one of the two forms: % or 22 This is for when we have x — co and our function is a fraction with polynomials in the numerator and denominator
to the same limit but it is infinity) vii ’;l_;:l F()=0 07 Foo im 2x+3
x50 Step 2: Differentiate the numerator, differentiate the denominator x->w04x2 — 5
Step 3: d‘l‘[ill')‘e‘::‘,‘:tf"):‘:”}::‘:z::‘l"‘:;r i o e Bottom-heavy Even powers Top-heavy
Summa ry of when a Limit DOES NOT EXIST (D N E) Visua “.y Example 20 Example 21 Example 22 (denominator has the highest power) (a tie with highest power of (numerator has the highest power)
. s e ] x .
Find ,lcm%% Find lim % Find lim & numerator & denominator)
" " " r— " S oo K00
Let’s look at some situations where the limit does not exist Sen Sten St Example 34 Example 35 Example 36
Limits are the same values from the left and right Step 1 ) Step 1 Step 1 7 7
sin0 0 Ino o e® o i 2x+3 " 5x*+5x -5 I 10x“ + x
=— _ = = e im———— im ———
0 0 oo 0 02 o x>0 4x2 —5 x-06x2 —2x +5 x-0 4x —1
| o o 2x+3 2 - 2
|, This is 2 hence we apply L'Hépital's This is — hence we apply L'Hopital's This is — hence we apply L'Hopital's lim lim M lim w
] 2 0 © © x-04x? — 5 x-»06x? —2x+5 xo0 4y —1
Step 2 Step 2 Step2&3
Limit exists at x = 2 Limit exists at x = 2 Limit exists at x = 2 d ¢ d 1 d oX oX Highest power in denominator is a 2 due to x” term, so let’s | Highest power in denominator is a 2 due to x2 term, so let’s Highest power in denominator is a 1 due to term, so let’s
Limits are different values from the left and right dx (sinx) = cosx, dx =1 dx (nx) = X' dx ) = J}m; = iH&Z divide all terms by this divide all terms by this divide all terms by this
0 Step 3 Step3 Notice, directly substituting here gives £ =2
i . 1 o A) e 2%, 3 5x2 5x 5 10x? | x
. ° lim smx _ lim cosx _ cos(0) = 1 Inx T 1 This is —hence we apply L'Hépital's AGAIN. Repeated lim 2 lim Xz TxZT X2 lim 3
2 2 oox *0 ;}l-)rgT = ;}g?o 1 o 0 L'Hopital's makes it powerful in solving complex limits e dx? 5 x-00 6x2  2x 4 5 xoo 4x 1
4 e* e*
- . P . . sinx ,!il’éﬂ:l%7=em=°°
Limit DOES NOT exist at x = 0 Limit DOES NOT exist at x = 0 Limit DOES NOT exist at x = 2 Limit DOES NOT exist at x = 2 Hence, lim=-=1 Hence, lim ™% = 0 Hence, limit DNE 2+3 5+2-35 - im 2221
xoo = lim =1l X X xX—00 _1
= = A A P q q q Pradsy 5 = lim 4
Limits tend to infiniity Functlon. not deflm?d . Limit oscillates on either eaither Three Common Mistakes 4-3 X 2 + iz
on one side of the limit S TR S S TR = n " - — X x
Mistake 1: Using L’Hopitals Without An Mistake 2: Using The quotient Rule Mistake 3: Solving when limit DNE Substi g o
| Indeterminate form (see the one- sided limits section on the page ) 040 _ 0 ubstitute and get . — = o
R == N 5+0-0 5
J \ = T ““ m below to be able to understand this) Substitute and get =5 =2 =0 Substitute and get -—— = ¢
/ ‘ Find lim === Find lim "% Find lim 27 Shortcut method:
‘ i i o i Shortcut method: Shortcut method: Here the highest inth tor is greater than that
\ | X\ w050 1 o o S0 0 Hore the highest nthed inator corth : ere the highest power in the numerator is greater than tha
o ) ! o . ) —=— = ere the highest power in the denominator is greater than Here the ratio of the highest power terms which are x terms | of the denominator hence top-heavy and hence there is no
o . Limit DOES NOT exist Limit DOES NOT Limit DOES NOT exist Since thisis.indeterminate, we can rewrit > © N that of the numerator hence bottom-heavy (the bottom 5 s o
Limit DOES NOT exist atx =0 Im!t g atx =0 Limit DOES NOT exist expression Wit 6pital's:giving u This is — hence we apply L'Héital's Since this is = we can apply L'Hopital becomes very large) and the limit is always going to equal 0 | S - Hence limit =2 limit (infinite)
atx =0 existatx =a atx =0 ; —sinx d (o —Inx . osinx SX . Careful when you have a root in the denominator. If x — o, divide inside the root by x? and outside b
N . o lim —\—= 2 lim —— = lim = lim 2v/x cos x V! - , Y y
o The limit diverges to The limit from the right is The limit from the rightis 0, ‘ x=0 1 dx 2 X nx x>0 /x 20 2x 2x
The limit diverges to o —o0 on both sides of 1 the rig but the function isn’t defined | Thisis because of oscillatory Here, direct sy i —= = lim — i T S S S |
on both sides of zero zero . Thisis nota l—:-and t:: imitfromthe | o valuestothe leftofx = 0 | behaviour. The graph of the function Angds0 on... SUbStltu\t/IEn gives ceVad+l el o J4x2 + LT J4 +L
ichi eftis co. These are . . . i infini = 2 T2 2
which is not a num-beir, number, hence we say meaning there is no limit from | Oscillates infinitely up and down as - - - - - . 2v0cos0 =0 ) x
hence we say the limit the limit DNE. unequal and also not the left. Thus, DNE. approaches 0. f(x) oscillates Note that is not the correct form for:ppLymg Note that W'e differentiate the numerator The mistake is much harder to spot here. Recall Here, we substitute to get
DNE. numbers. between —1 and 1, hence there is no L'Hopital's. The expression must be JorSto apply this 3\:1(1;ﬁr;zrzl?;?t:;EEA;RﬂEaLY e:niiht:en that a limit O.nly exists if both one—sideg limits exist. _ 2 _ E 1
single value for the limit to exist. rule ] : PPY Here, lim 3= exists, however lim 2 doesn’t Va+0 2
quotient rule onto the whole fraction. x50+ VX x-0~ Vx
because vx isn’t defined for x < 0.
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Harder Limit Examples Type 6: Squeeze Theorem
This is one of the rarest methods you will come across when solving limits. It involves SQUEEZING the desired limit between two
Example 37 other functions. Showing limit exists or DNE
. . \6—x-2 . : : P
Find lim ﬁ What does squeezing mean? Graphically Algebraically Piecewise
— - — - - Z=2 = - - — It means finding two functions who are alwavs bigser and alwavs smaller than our desired limit’s function Ensure same value approached from both sides Solve to check non-infinite answer is found Check both one-sided limits are equal
This is a clear case for rationalising. However, we see radicals in the numerator and denominator both, hence we multiply and divide by two g ys bigg y :
conjugates at the same time, giving us Let us take a simple example to demonstrate: ¢ | \ Example where a limit exists: Example where a limit;xists7: 5
Example 45 - { x=1 x=
x) =
\/6*X*2X3+\/11*XX\/6*X+2 STl 2 /’ \ lim 2x 6 x? -5, x> 2
. x—3
3-VIl-x 3+Vil-x Vé6-x+2 Jim — ; o .
i it i 2 < x This tells us to replace x with 3 in the expression 2x Determine ll_rgf(x) ifit exists
Hence, we use the difference of two squares identity to get Direct substitution gives 4] o | 2 4 6 8 x
2 i ituti i Here we have two functions.
2 Substituting gives
(6=2)"-22) 3+ VIT=%)  (6—x-0)(3+VIl %) ——2(3+ V11 %) ® {/ : &8 ) o
2 = = Hmm, we do not know what is because the graph of sine keeps going up and down, hence there’s no ONE value that X ={
(32_(,/—11_x))(,/—6,x+2) (9-Q1-x0))(Ve—x+2) L=2(V6—x+2) . ‘ grap ps going up —6
could equal. So, let us try squeezing the function. . )
- Does lim_ f(x) exist?
Hence, giving x>-3 . N
lim f(x) =—1and lim f(x) =-1 So, we get a number which means that the limit exists
0 x—-3+ Xx—>-3"
; V6—x—-2 ; _(3 + m) _(3 + m) 3 First, we set up the range of I 00  tim 100
im = lim = = —— 1in = dm_ Example where a limit doesn’t exist: Both limits equal -1 so the limit exists
23 —y1l—x *2 V6—x+2 6—-2+2 2 -1< <1 X3t x==3 P a
/ « lim_f(x) exists
Example 38 How do we know this inequality? This inequality comes from the range of sin x which is only [—1, 1]. Does lim f(x) exist? o3 lim = Example where a limit doesn’t exist:
7 Hence, we can get the function in our limit by dividing x on all sides giving us X2 lim f(¢) = 1and lim f(x) = 1 x=0 X lim lx — 2|
1 sinx 1 X2 X2 o, _ X2 X — 2
L, - < <- lim f(x) = lim f(x ubstituting gives - which is undefined because we
< < f(x) f(x) Substitut 5 Which defined b
X X X x-2+ x-2- . . . ) -
T i st cannot divide by zero and therefore the limit DNE We can write this as a piecewise function:
walrs) 0o (03| 1 |28] 2 L, = lim f(x) exists x—2 1 x>2
- . L . - D li ist? B =
. ”D(‘)h 0 | 55|-29| 55| 48 i This is how we set up the Squeeze Theorem. Next, we just apply the limit on all sides giving oes xlqu(x) s flx) = x—2
(o) N . B L lim f(x) = 0andlim f(x) = 1 —(x—2)
- . . sinx o1 sty X1~ [ x <2
L 2 7 s lim 7—> < lim < lim — . . x—2 ’
:‘»1 ‘ ‘ ‘ ‘ xX—00 X x—0 X x—0 X 11n11+f(x) * )!“?,f(x)
Graph of £ y . - N o
: Hence, solving for the values we know, we get « lim f(x) does not exist Simplifying gives
: x-
Findli et-37(0) 0 < lim sinx <0 Does L%f(x) exist? flx) = [
in 51£I11 vp(t)—cos(mt) Cxoe X xlljgf(x) =™ andxlij‘?, flx) =00
This question involves using algebra, table, and graphs all at once. Now, for the main aspect of the Squeeze Theorem. lim f(x) = lim f(x)
. . . x—6% xX—6~
Let us start by direct substitution as If the limit is greater than or equal to 0 and the limit is smaller than or equal to 0, then the limit must be equal to zero. Hence, . ) ) )
t 1 . Since o is not a number, lim £ (x) does not exist
im e — 3f(t) _ e - y sinx 0 X6
-1v,(t) — cos(mt)  v,(1) — cos(m) om x
Hence, we can find L . o
1 cos(m) 1 - - - One limitis -1 and the other is 1 so the limit DNE
e =e ~0S - _
: Common Limits and Functions That
v,(1) = =29
14
p You Must Understand Calculating Limits
(hours) 0 0.3 1 28 4 - . Dol have a Do I have afractionwitha | Do I have a fraction that Do | have trig functions? Can | use Do | have trig and is Is x - +oo and Have the 6 methods to the
200 You should already be familiar with fraction and can | square root in the gives JorZ and can| the identities: my limit tending to both numerator left failed? Use squeeze
P 0 55 | -29 | 55 | 48 factorise and numerator or diff 0 .= h o sin?x + cos?x = 1 zero? and denominator theorem!
(meters per hour) 1 1 . i cancel? denominator? ifferentiate the 1+ tan®x = sec’x are polynomials? This is for
lim—=0 lim — =10 lim e* = oo lim e* =0 Rationalise! numerator and * 1+ cot?x = cosec’x i ~ — 0andx —» o
X=X ro— X e e Your factorising : LU e s SmE = £* when | (Thx o Jil
o cos 2x = cos? x — sin? x 2 Dol get — when is type usually
N " . X +oo
v needs to b(? g.ood o sin(a + B) = sinacos B £ sinfcosa cosx~1—— substitute? occurs for trig, factorials
. . . x . x (see factorising e cos(a + B) = cosacos B + sinfBsina 2 r
-3 __e-3 _3-e Jim Inx = e Jim log.x = eo lim e =0 Jim o7 = o0 cheat shestfno) tanx ~ x e
m = = -
-1V, (t) — COS(TL’t) —29 — (* l) 28 A N Factorise and Rationalise the numerator Apply L’ Hopital’s Rule If trig we use a trig identity and maybe Use small angle We can apply a Squeeze theorem!
P
NOV\_/ you should also understand the limits for harder questions cancel or denominator and cancel simplify after approximations shortcut for these
11r£1+ Inx = —c0 Hence 1im+ \/; =0 Hence Itis important to know types. This basically says if we can
i
* X ’ x=0 . ’ Example: Example: that you can only apply L’ Example: find a smaller and bigger
lim Inx = DNE limlnx = DNE i — lim+vx = DNE x+5—3 Hopital’s Rule as long as tan® x We can only do this If the denominator function that have the same
lim X0 lim DNE -0 i im———
x= x=0~ n x?—4x+4 l‘l‘}‘ x—4 you have an indeterminate x> 1+ secx iftrigand x — 0. Itis wins, then the limit limit, then the function
m—- N . . »
. . . . . . . P o — form: or. W t rtant that 1§ L0 “ d bet th
Tracing the curve from EITHER SIDE (one side at a time i.e. from the left or from the right) is called one-sided limits. #2  x—2 do.rm or. e us 0 fmportant that you witequa squeezed between them
s X ifferentiate the Substitution yields ~ realise this! As soon must also have the same
Let’s look at an example to best understand this limlog,.x = -0 (0<r<1) lim log,x =0 (0 <7< 1) substitution yields 2 numerator and . L as a limit tends to If the numerator limit.
y xo00 O x-0t oF substitution yields Y 0 denominator. Let's use a trigidentlty to get zero for trig, you wins, the limit will
A . 5 3 3
0 secx —1 P .
" — " _ - Let's rationalise the lim should check equal +oo hence it Example 1:
21T —— }gg log,x = o0 (r > 1) xhjgk log, x = —oo (r > 1) 0 humerator Example: x-m 1+ secx whether small angle DNE. y 1
1dk Let's factorise first: ox3+9x2+27x + 27 approximations help! amyxcosy
; x — ; X — ’ . . S T 8x2 + 21x + 18 is a ti
/; . ;llj?o r*=o0(r>1) igglo r*=0(r|<1) G-2) Consider the function x--3x3 +8x2 +21x + 18 Use difference of two squares S If there is a tie, the Substitution sives 0 X cos:
‘ lim e2k-2 e . P limit will be the ratio g o
xo x—2 _ T5 41 tution vields )
' x+ o Vx ' Substitution yields 5 ¢ Ysecx — 1) lim of terms with those Let’s use squeeze theorem
\-/ =limx -2 x—4 Vx+5+3 Hence, ’Hopital’s rule lim—M———— x=0 X - Compare to —|x| and |x|
. . x-2 X X x-m I+seex coefficients of
Hardest Limit Examples rr5og | dfterentistetop/botiom) Substutonsyields? | terms ith ighest "
im——""_7 ° lim—|x| =0
The green region represents the part of the graph of the point x = 3 and the pink region represents the part of the graph of this point. We use Now we can lim (x—(x+5+3) 3x2 4+ 18x + 27 Hence, ’ power. xﬁ(r)n|x| 0
; ; : ; indi ons: 'Hoépital' bstitut im ——————— =
superscripts (powers which are either plus or minus) to indicate these regions: Harder L Hopltal s Rule substitute s T 16x £ 21 lim (secx — 1) smallangle x>0
— n S - - » - - o - x-m appromixation gives:
. . o o ) ) o ) Other harder forms where it is not so ObVIOU? that we can use L’Hopital’s rule (i.e. non-fractions) can l;e tra:osformed to apply this rule. 2-2 = 1237(,5 — 4)( — 5) Substitution st yield39 Since —1 < cos G) <1
e lim f(x)is called a left limit or left-hand limit. The negative superscript signifies from the left side (values less than 3). the On the first page we only saw the use of L'Hépital's for the indeterminate forms stated in the rule, i.e. — and — but this rule has a lot more power helping us solve =0 0 =secm—1 x 1
( ) o * Now we can cancel Use L'Hopital’s again lim— Hence —|x| < x cos (;) <
-0 X
graph 0(%eo ——1-1 ¥ ||
. _ If the limits looks like a product where one term is 0 and the other is infinity, we can turn it into a quotient. In other words if we have lim . 6x+18 — lim1
lim f(X) = =t e—4)(Vx+5+3) o ex + 16 =-2 T x0 Thus, the answer is as
lim f(x)g(x) where f(a) =0,g(a) = £ ’ 1
e lim f(x) e _ 1 Substitute =1 lim x cos— = 0
L'Hopital's rule can only be applied on quotients, so we convert this product into a quotient question as follows: Vi+5+3 x=0 x
the graph lim f(x)g(x) = lim @Where fl@=0 L -1_p -1 76(_3) +18_ 0
llm f(x) = x-a g T xoa ﬁ T Vg@ T e G = 6(—3) + 16 == when sinf =6 :
Note: our familiar linslx f(x) is called a two-sided limit. Itis basically the limit tested from both directions This allows us to apply L'H6pital's rule easily now as the indeterminate form of%is reached. NOTE that we could have put f (x) in the denominator as well giving
X
us
If both one-sided limits are not equal then the two-sided limit does not exist. . g 1 1
lim f(x)g(x) = lim == where g(a) = 0,(—) =5= +o0
If both one-sided limits are equal, then the two-sided limit, lirg f(x) exists. If this two-sided limit exists, we call it [ and write the two-sided limit as lin; fl) =1L xoa x4 5 fla
X X
These one-sided limits are not equal since Hence the two-sided limit lirr; f(x) is undefined and we say the limit does not exist Deciding if we want f(x) or g (x) in denominator will come with practice, however we will also see why one choice is clearly easier or sometimes the only useful
x= one.
Example 46 Example 47
Note: Sometimes a function is only defined on one side, and in that case, a one-sided limit is the best we can do. Find lim xInx Find lim xe* Mind M
x-0% x——00 in a p
For example, we can only talk about the right sided limit at x = 0 for the function below. XILISL fx)=0 First, we try direct substitution: First, we try direct substitution: We can think of our entire process as a mind map
but lim f(x) does not exist since there is no function on that side. _— (0") In(0*) = 0(—0) (~0)(e~*) = (=0)(0)
x=0 Hence, we must convert to quotient to apply L'Hopital's. Notice, putting x in the . R
1 Hence, we must convert to quotient to apply L'Hopital's. Notice, both x
denominator makes — which we know is easy to differentiate. Hence,
* Inx e and e* are reasonable candidates to put down. Let us try first
lim xInx = lim —— where substitution gives —
w0 =0 g e lim xe* = lim iwhere substitution gives 2
Example 39 (with piecewise function) Example 40 (with modulus) Example 41 Thus, we have the form —= and we can apply L'Hépital's x—>—00 x>-00 1 0 . .
3x—7  x<2 Find Lim 222 i ® 1 " v the form ©and o LHooital Algebraic - Direct
=) ’ - ind lim —— i im — = us, we have the form —and we can a 'Hopital's . .
f(x) {xz -5  x>2 p A Find lim . — LT N o PRy LTOP Substitution
B 63T . x-0*+ 1 a0t 1 e* ex
Determine if lim f(x) exists X X2 lim —= lim
2 xomte 1 xombe 1
This gives us x Xz
Here we have two functions. Let’s colour We need to have knowledge of the modulus functions in This involves modulus, which means we will lim xlnx =0 0
code. order to be able to write this as a piecewise function ) ) ) x0* Notice, we once again have --and we can apply L'Hopital's
We can write this as a piecewise function: create a piecewise function as Example 48 ex ex
x<2 x2 2 lim = lim —-
x) = ’ = —=1,x=>2 1—x 1-x)1+x) T 3% ol T 1 o2
f(x) { x>2 Flx) = _(x_zx)—z |1—x|: T Find lim x’e - = - S number B
f(x) behaves as 3x — 7 forvalues of x < 2 PR 1 x<2 First, we try direct substitution: Notice, we once again have o Clearly, our choice of x for putting in the
Simplifying gives 03e™® = o (0) ! 0 !
W find the limi 2 butth fx) = [ a—x01+x) ) o1 Hence, we must convert to quotient to apply L'Hdpital's. Notice, the question denominator was incorrect. So, let us try e instead.
e want to find the limitas x — 2, but the ) . . —_———=-1-x, X i =X i i i . o x x -
: _ : _ We want to find the limit as x — 2, but the function behaves —a ) automatically tells us to take e~ to the denominator due to its negative xl_l>r_noo xeX = xllrflmz = xl_lflmeTx where substitution gives —
function behaves differently on either side, so . . K i i = exponent. Hence, e*
) ) o differently on either side, so we have to find both one-sided O —-—x31+x) 5 o
we have to find both one-sided limits. . ———=1+x, x<1 . 3 _x X Thus, we have the form — and we can apply L'Hopital's Tri Di t
limits. a—x lim x®e™ = lim — o rig - Direc
xX—00 xX—00 e . . o o . .
) X 1
Hence, we have Thus, we have — and can apply L'Hopital's multiple times (since each time we xli’I‘ch = xl-i»lzlm —== xLier CeX¥ = —e=® =0 Flnd'“g Limits Substitution
get the indeterminate form; This gives us
Both one-sided limits equal —1, so the limit, o ) oox® 3x2 6x 6 6 . .
lim £ (x) exist One limitis —1 and the otheris 1 J}1me—x=9}1me—x=)}1me—x=)}1me—x:e—m=0 th xe* =10
im f(x) exists 00 Soo 500 S0 oo . .
#=2 sothe limit, lim “2! doesn't exist This gives us Algebraic - Direct
7 lim x%¢* = 0 Substitution
Example 42 (with superscript notation) Example 42 (with superscript notation) Example 43 Example 44 =2 Example 49
Find lim 2*and lim 22 Find lim 27 and lim =7 Find lim =2 and lim 2 Find lim =">_and lim =3 — X > 00
xo-1- 3%-1 xo—1+ 3x-1 x-1— x—1 xo1+ x-1 x—00x—3 x——00 X—3 x—00 (5—x) x——00 (5-x) Find lim x"e~* wheren € N
This is harder since we getgfor both when we lim = +8 -1+ lim = +3 _=o* e Trig - Direct
2x+1 2(-D+1 1 substitute, but we need to know whether our xoex =3 # (5 - x) We can write this limit as a fraction to get P
im —— — =~ ’ _oxn Substitution
x--1"3x—1 3(-1)—-1 4 answer is oo or —co . . x+8 x+3 dim 25
lim, % = o and lim "_J’I = —oo xlllzlmx -3 xl_l,r_nm G-x2 0 where plugging in givesgallowingto apply L'Hépital's rule
x-1t x— x-1" X— n n-1
nx R A
2x+1 2(-1)+1 1 i i + gj - im=— = 1li
im, == 3( 1) =3 If you're struggling to see why 1* gives oo and 1 We write 1* and 1- which both We wiite 0* and 0- which both ,}l_r.?o o 3}151010 = A More Detailed Mind Map
—»-1t3x — — — - _ f i A P © : AR Al .
x (G gives —oo, consider the following: mean 1. The sign just tells us the mean 0. The sign just tells us the Where plugging in again gives = allowing to apply L'Hopital's rule L‘y In This
5 H H . . n-1 -1 n-2
) ) ) ) . lerH means plug in a value just greater than direction that we approach the direction that we approach the lim nx = lim n(n—1x Order:
Notice how approaching from either side . . i — 1 hichis th xom  eX X>00 ex —_—
1, say 1.00001 making the denominator iney = 1fromwhichis the line y = 0 from which is the Notice, we keep gettingE and thus we continuously apply L'H6pital's rule as
means the same thing for the value, hence positive hence tends to +oo asymptote of the graph asymptote of the graph © o -1 2(n — D=2 an—1)..2)x n(n—1) .. 2)(1) > Factorise and Cancel
e lim means plugin a value just less than one, . lim =% = lim —=—= Jim ox == Jim ox = Jim ex Rationalise and
x-1 1" means we approach the line 0% means we approach the line This just gives us: Cancel
say 0.999999 making the denominator _ PP Juste | s Algebraic Direct , If indeterminate
y = 1from above as x tends to y = 0 from above as x tends to li n - Substitution form
negative hence tends to —oo infinity P xlﬂ}o ex > L'Hopital/s
! Pink curve approaches infinity Here, we have a constant on the numerator and o in the denominator hence we get HRE
1 tooasx 5 1* (from X nl » Squecze Theorem o5y g for factorials and
1 Retete 17 means we approach the line 0~ means we approach the line )P—I;f)lc P ;ll-l»ge_x =0 o’ =) number o e
: y = 1 from below as x tends to y = 0 from below as x tends to Harder squeeze Theorem N Uw/\‘{r(i; hlc]nmy
negative infinit ‘e infini nanee
! Let'sL kg " hy " negative infinity Example 50 (harder squeeze theorem) —
t's t thi i t , " f Small Angle
: et’s look at this graphically to Let’s look at this graphically to Find lim x3 cos> | Approximations
I understand: understand: 0 - M Direct _Ifindeterminate (Dcdzaolonty)
y Direct substitution gives " Substitution form |
| e 2 > L'Hopital's
] e o - 03 cos
1 fney = 1 from approaches the . 2 2 - N[ Hint:
1 ABOVE sice 1 line y:= 0 from Now, we cannot find cos v hence we don’t know what cosa evaluates to. We can utilise the squeeze theorem here as Finding Limits Squeeze TReOrem [ 6k out for x —» 0 and angles of 1/x
1 ABOVE since 0* -
Pink curve approaches —o.| | \ 2
from above asx - 1~ | y=1 —l<cos =<1 Hint:
(fromtheleftsideof?) | , | 3=====ss-o-------------ooooes SN :
rom theleltsdee : . Now, we multiply by x3. Here it is important to note one thing from the question. Our limit is tending to 0=, which means x < 0. Hence, we know Divide all terms by 1(fd|::}:::::\‘:::.r.:“di‘:.‘s:lmmw (bottom heavy) me) limit=10
e 1Yy | ypy—————— that x3 must be negative as well. This is important because when . Hence, we get '“ﬁ'::l“‘;:‘" ;n If highest powers in numerator and denominator are equal => limit= ratio of those coefficients
o y=0 X3 x3 cos 2 X3 denominato highest power in numerator (top-heavy) => limit doesn't exist
)‘D”m;;[;;m - x > Algebraic Note: Careful if you have a square root. Divide by x* inside the root, but by x outside the root
line y = 1 from i H H it
e E::’;:g‘;m Hence, applying the limit gives ) ) i TN HiBE
line y = 0 from lim (—x3) > lim %3 cos= > lim x3 [T (rare) Look out for factorials
BELOW since 0~ x>0~ x—0 x T x-0" oy’ and powers of unknowns
0= limx3cos=>0
x—0 X
Thus, by the squeeze theorem, we have that g Y
> Trig Direct , If indeterminate
li 3 fhe . — 0 8 Substitution form
. ll}]l X~ COos T = N Squeeze Theorem Hint:
) (rare) Look out for (sin x)/x




