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Question 2 continued
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(Total for Question 2 is 8 marks)

③ F = 2 + v

ma = 2 + v

ma -v = 2

mie-je = 2 Turning into a differential equation
2 - i = 2 solving differential

Auxillary equation : 2m2 -m = O

m(2m - 1)

m = 0 m =
Complementary Function : x = Act + Be

x = Act + B

Particular Integral : Let c = Xt 2 - i = 2

xi = X 0 - x = 2

i = 0 x = - 2

: PI =
- It

: x = Act + B - It

t= 0
,

x = 0
,

v = 3 = x() Applying boundary conditions

& i = [Act-2 from question
5 = zA - 2 0 = 14 + B

7= A
-

B = - 14

A = 14

: x = (4et - 14 - 27

At t = T = 2 In (5)
x = 14e(2in(E)) - 14 - 2(2(n(E))
x = 10 - 4(n(t)
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3. [In this question you may quote, without proof, the formula for the distance of the centre 
of mass of a uniform circular arc from its centre.]

C

BO

A

r

r

r

Figure 1

 Five pieces of a uniform wire are joined together to form the rigid framework OABCO 
shown in Figure 1, where

• OA, OB and BC are straight, with OA OB BC r= = =

• arc AB is one quarter of a circle with centre O and radius r

• arc OC is one quarter of a circle of radius r

• all five pieces of wire lie in the same plane

 (a) Show that the centre of mass of arc AB is a distance 2r!  from OA.
(2)

 Given that the distance of the centre of mass of the framework from OA is d,

 (b) show that d r7
2 3 ϖ (4)

 The framework is freely pivoted at A.

 The framework is held in equilibrium, with AO vertical, by a horizontal force of 
magnitude F which is applied to the framework at C.

 Given that the weight of the framework is W

 (c) find F in terms of W
(3)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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Question 3 continued
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a) Formulas for distance of centre of mass Applying formulae
of a uniform circular are from its centre X = 430= rad I

:. distance from O

rainx
por centre

= ran
=r

X # T

where x is in radians = ↑

A

25 ⑧

Distance from OA using
#

r ↑ trigonometry
O 7

B
= T #

adjacent so r x(π
use' cas' T

= CE rxE
Th 2

= zr

T

b) Taking moments about OA

rxo + rxz + rxr + Ex D
Since this is a framework,

we use

⑳

moment = force x perpendicular distance

Ex = (3r + er) d ⑯ ↓

· free is proportional to the lengths

E +
2

+ 2 = rd(3+ ⑨

as they are uniform wire so we can

replace fore with length since we

I = rd(3+ use

Length of are =

2 =I Mili = I Mi

d = Tr
where sum of moments of each component

2(3 + π)
is equal to the singular moment through the COM
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Question 3 continued
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-> pirst point

Taking moments about A

c) TA Sum of clockwise moments = Sum of anti-deckwise moments

WX Tr
-

Fx 2r

2(3 + π)
"

F = 7

4(3 + x)W

w

F
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Question 3 continued
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(Total for Question 3 is 9 marks)
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4. 

P

R

O

v
a

θ

Figure 2

 A smooth hemisphere of radius a is fixed on a horizontal surface with its plane face in 
contact with the surface. The centre of the plane face of the hemisphere is O.

 A particle P of mass M is disturbed from rest at the highest point of the hemisphere.

 When P is still on the surface of the hemisphere and the radius from O to P is at an 
angle θ to the vertical,

• the speed of P is v

• the normal reaction between the hemisphere and the particle is R, as shown in  
Figure 2.

 (a) Show that R Mg 3 2cosθ

(6)

 (b) Find, in terms of a and g, the speed of the particle at the instant when the particle 
leaves the surface of the hemisphere.

(3)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a) F = centripetal Jere F=m=
Mesh Mg = weight Formulae memorised~

F
acoso M

V

①Conservationenergypompymation tonew position & Equation o motion (balancingaa
F = Mgcso-R

Mr = Myceso-
v2 = 2ga(l - use) substituting

Y M (2ga(l-cso) = Mycoso-R
A

R = Mgcso-2Mg(1-cso)
= Mgcsso-2Mg + 2 Mycose
= 3Mgcso-2Mg

R = Mg (3050 - 2)
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Question 4 continued
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b) When particle leaves surface of hemisphere,

normal contact force = o

: R = 0 = Mg (350-2) from portal

Rearranging => Cs0 =

1

substituting into equation = v 2 = 2ga (l -5)

for v= v2 = Ega

.. v = Ega

www.mymathscloud.com
www.mymathscloud.com

www.m
ym

ath
sc

lou
d.c

om

https://goodnotes.com/


*P74085A01432*

D
O

 N
O

T W
RITE IN

 TH
IS A

REA
  

 D
O

 N
O

T W
RITE IN

 TH
IS A

REA
  

 
 

 
 D

O
 N

O
T W

RITE IN
 TH

IS A
REA D

O
 N

O
T 

W
RI

TE
 IN

 T
H

IS
 A

RE
A

  
 D

O
 N

O
T 

W
RI

TE
 IN

 T
H

IS
 A

RE
A

  
 

 
 

 D
O

 N
O

T 
W

RI
TE

 IN
 T

H
IS

 A
RE

A

14

  

Question 4 continued
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Question 4 continued
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(Total for Question 4 is 9 marks)
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5. 

9

3

y = 9 − x2

A

B
O

y

x
Figure 3

 A uniform lamina OAB is modelled by the finite region bounded by the x-axis, the 
y-axis and the curve with equation y x! "9 2,  for x0, as shown shaded in Figure 3.  
The unit of length on both axes is 1 m.

 The area of the lamina is 18 m2

 (a) Show that the centre of mass of the lamina is 3.6 m from OB.

  [ Solutions relying on calculator technology are not acceptable.]
(4)

 A light string has one end attached to the lamina at O and the other end attached to the 
ceiling. A second light string has one end attached to the lamina at A and the other end 
attached to the ceiling. 
The lamina hangs in equilibrium with the strings vertical and OA horizontal. 
The weight of the lamina is W 
The tension in the string attached to the lamina at A is λW

 (b) Find the value of λ
(3)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a) Mij = eSzy"du = COM from s axis (ob)

f
= mass per unit area

overall moment = sum of moments of M = + x total area

each individual strip of ↳ for Lamina = Sy da
width 'Se

Simplifying andrearranging for i : 18g = So (9-22)"do

9

35 = J:(x" - 1822 + 81) di
3

y = Sazy'dx -(x3 + 81

I you
substituting values365- b(3)2 + 01(3)

- area given in question 36 =
y = = 3 . 6m
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Question 5 continued
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9m
L 3

b) To a Ta Ta = Xw

O A
L ↳

3 . 6 m

~ W

Taking Moments about8

sum of dockwise moments = Sum of anti-clockwise moments

3 . 6W = 9XW

X = 0 . 4
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Question 5 continued
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Question 5 continued
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(Total for Question 5 is 7 marks)
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6. 

V

P

0.6 m

0.8 m

0.5 m

Figure 4

 A hollow right circular cone, of internal base radius 0.6 m and height 0.8 m, is fixed 
with its axis vertical and its vertex V pointing downwards, as shown in Figure 4.

 A particle P of mass m kg moves in a horizontal circle of radius 0.5 m on the rough 
inner surface of the cone.

 The particle P moves with constant angular speed ω rad s!1

 The coefficient of friction between the particle P and the inner surface of the cone  
is 0.25

 Find the greatest possible value of ω
(9)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

centripetal pree = Mwar

R = normal contact prie
F = friction F = MR = 0. 23R Resultant pres =

mineerings mg
= weight ↑ centripetal pro

F a

mg Resolving prces vertically Resolving pres horizontally

Rsino = Frso + my Russo + Fsind = Mw2r

0 . 6R = 0 . 8 (0 . 25R) + my 0 . 8R + 0 . 6(0 .23R) = 0 . 5mwz

g
0 . 4R = my >

0 . 95R = 0 . 5 mw?

-
R = 2 ·3mg substituting 0 . 93(2. 5mg) = 0 . 3 mw

Emg = 0 . 5Mw >

w 2 =g

To calculate g w=9

0 . 6
150 = 0 . 8

= 0 . 8 ~ 6. 82 rads

I

0 . 8
1 . 8

& sing = 0 . 6
= 0 . 6

I
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Question 6 continued
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Question 6 continued
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Question 6 continued
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(Total for Question 6 is 9 marks)
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7. 

x2 + y2 = 4a2

2aa x

y

O

  

3a m

4a m a m

3

Figure 5            Figure 6

 The shaded region shown in Figure 5 is bounded by the line with equation x a=  and 
the curve with equation x y a2 2 24! "

 This shaded region is rotated through 180!  about the x-axis to form a solid of 
revolution.

 This solid is used to model a dome with height a metres and base radius 3a metres.

 The dome is modelled as being non-uniform with the mass per unit volume of the 
 dome at the point x y z, ,! "  equal to λ

x2
3kgm! , where a x a 2  and λ is a constant.

 (a) Show that the distance of the centre of mass of the dome from the centre of its 

  plane face is 4 2 5
2

ln !"
#$

%
&'

a metres.

(6)

 A solid uniform right circular cone has base radius 3ametres and perpendicular height 
4ametres.  A toy is formed by attaching the plane surface of the dome to the plane 
surface of the cone, as shown in Figure 6.

 The weight of the cone is kW and the weight of the dome is 2W

 The centre of mass of the toy is a distance d metres from the plane face of the dome.

 (b) Show that d
k

k
a!

" #
"
5 8 2
2

ln

(4)

 The toy is suspended from a point on the circumference of the plane face of the dome 
and hangs freely in equilibrium with the plane face of the dome at an angle α to the 
downward vertical.

 Given that tanα ! 1
2 3

 (c) find the exact value of k.
(3)
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Question 7 continued

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a) First we need to calculate the mass of the dome

M= /2 dr->prmale to memorise

M =) (4a2 - xtda By taking moments of each strip and sum that

to the overall moment of done atCoM

=X- d
Ma=y2zda

= #X[
-

4 -u]
=(X)- 2a +m + a)

= /24ax-xe on
= πX( - 2a - 2a + 4a + a)

=+X)da
= Xa = #X [4a2n(2) - 12]

=[X (4) In (2a)- -42n(a) + )
> Tax at = RX(4a2nz - 3)

i = 4aln2- S
= a(4(n2-)

↓

COM from O BUT question ask for
COM from plane face

↓
= 4aln(z) - a - a

= 4aln(2) - Sa
= a(4(n(z) - E)
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Question 7 continued
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_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

b) COM y cone lie th above base

where h height of cone

so COMy cone lies + (4a) above base

so 'a'above base

a(4(n2 - E)
A

L x)

⑨ ⑧

kW zW

vv

Taking moments about a diameterof the plane face
a xmW + ( - a(4(nz - E)) xzw = (2 + n)Wd
ak - Baln2 + Ja = (2 +k)d

a (k +5 - 8(n(2)) = (2 +k)d

d = a(k + 5 - 8(n(2))
= distance always positive so

2 + k d = (k + 5 - 01(2))a
2 +k

depending on which side of the plane
face of the dome it is

c

·

-> string attached hir

↳ as
· following line of string

,
it passes throughCOM

Max= = (b +

5-0x))aquestion

·
d

a 53 25

:. k + 3 - 8(n(z)
= -

2 + R
2

2k + 10 - 16(n(z) = 2 +R

k = 16(n(z) - 8
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Question 7 continued
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(Total for Question 7 is 13 marks)
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8. 6 m

A

P

E B

Figure 7

 The fixed points A and B lie on a smooth horizontal surface with AB = 6m.

 A particle P has mass 0 3. .kg

 One end of a light elastic string, of natural length 2 m and modulus of elasticity 20 N, is 
attached to P, and the other end is attached to A.

 One end of another light elastic string, of natural length 2 m and modulus of elasticity 
40 N, is attached to P and the other end is attached to B.

 The particle P is at rest in equilibrium at the point E on the surface, as shown in Figure 7.

 (a) Show that EB =
8
3
m.

(3)

 The particle P is now held at the midpoint of AB and released from rest.

 (b) Show that P oscillates with simple harmonic motion about the point E.
(4)

 The time between the instant when P is released and the instant when it first returns to 
the point E is S seconds.

 (c) Find the exact value of S.
(3)

 (d) Find the length of time during one oscillation for which the speed of P is more  
than 2 1ms−

(4)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a) At equilibrium ,
the tension in string A is equal

to the tension in string B.

Ta = TB Hocke's Law : Xx where X = modulus of elasticity

↑ &A = XB &
B

L x = extension

LA ↳ If string A extends by 'e' L = natural length
20e

= 402
-e) the string B extends by '2-e

2 [2 is detained from 6 minus the

10e = 40-20e natural lengths of the 2 springs]
30e = 40

e = 4
EB = (p+ xp = 2 + 2 - e = 4 - 1 = m
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Question 8 continued
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_____________________________________________________________________________________

je
4

equilibrium

TB

b) T Y "
B

A

↳<
↳ >

To find amplitude of motion = 3- m

Reaching pres

Ta - Tz = mi

Ta = 20(e -x) = 10e - 102

& where a is me2

TB = 40(2-e +x) = 40 - 20e + 202 displacement from
2 equilibrium

Substituting
102 - 100 - (40 - 20e + 20x) = mit

from part a)
40 - 20e = 10e

102 - 102 - (10e + 20x) = 0 .3
- 30n = 0 . 3j

je = -100x

: in the germ in = -wal so it is SHM

c) S = + of a period
↳ particle starts at amplitude so

to reach equilibrium ,
it travels

I of a full oscillation

T = 2π =W↳ prmulae to learn

w
=

= 100 :. 5= T=x
w = 18

↳ from equation S=
in part b)
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Question 8 continued
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_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

d) To find displacements at velocity v = 2 ms

v
=

= w
= (a =

- x2)
E

v = vebeity = 2 ms-

22 = 100((5)2- x2) w = angular speed = 10 rads -

↳ fund above inpart b) a = amplitude = m

4 = 100( -x4 x = displacement
T=a - x2

x2=
x =

The particle moves with max

speed at centre of oscillation.

A

E ↑ a = max amplitude ,
v= 0 at max amplitudeI NA

· m

I OSCILLATION

>ii/ Looking at diagram ,
we must multiply time

calculated by 4 as the path occurs 4

Starting at centre of oscillation times per oscillation

2 = a sin not :. T = 4x0 . 0927295
...

= sinat

↓ & T= 0 . 371s (3sf)

t = +sin (*) = 0 . 0927295
...

time taken to decrease speed from
&

max at centre of oscillation to Then yellow
Ims" at 2 = Em method above

ALTERNATIVE METHOD

Using x = a sincot [using his equation means starting

da = v = awcest from centre of oscillation so time

taken is starting from centre]
2= cut

t= tous" (5) = 0 . 0927295
...

time taken to decrease speed from
max at centre of oscillation to

Ims" at 2 = Em
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Question 8 continued
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Question 8 continued
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(Total for Question 8 is 14 marks)

(TOTAL FOR PAPER IS 75 MARKS)
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