Modulus Function

. . o . o . oL o
Introduction Graphing Harder Functions - Quadratics, Logs and Exponentials Solving Inequalities
Modulus is a function that takes a number and returns it non negative value (removes the sign of the number and returns a positive always. It simply eats the negative © See my how to graph cheat sheet first if you're not comfortable with graphing all types of functions. Watch out of these! Here you NEED to GRAPH and do one more step than with equalities. After finding the solutions, check where the left
Example 1: Example 2: Example 3: Example 1: Quadratic Example 2: Exponentials Example 3: Quadratic Example 4: Logarithmic hand side graph is above (if > or ) or below (if < or <) the right hand side graph
Sketch y = |x* — 1] Sketch | 2e* —5 | y =[4In (x —e)| Sketch In |3x — 6| Example 1: Modulus on one Example 2: Modulus on one Example 3: Modulus on one side | Example 4: Modulus on one side
17] | -7 |x + 2] First use your knowledge of First use your knowledge of exp First use your knowledge of log graphs First use your knowledge of log graphs to draw side side (unusual solution)
3
_ i i i i : i i quadratic grapgs to draw x> — 1 | graphs to draw 2e* — 5 to draw 4In (x — e) In|3x — 6| Solve |x — 4| <3 Solve |3 — x| = 4 Solve |[4x —3| > 2 —2x Solve |[4x — 3| >~ —2x
7 The positive version of =7 is 7 Since thishas a var|_at?le inand we You don’t really neet_:l t_o know.th|s, t_)ut [x—4| <3 3—x|=4 [4x — 3| > 2 — 2x
don’t’ know what this is we have to | actually a modulus is just a piecewise y asymptote 2013 2
take cases function ;’i:t:mept% = \ y4a
Pluscase: +(x +2) = x + 2 f(x) _ { x+2, xintercept 22 x?symptotex =e \\
Negative case: —(x +2) = —x — 2 —-x =2, s 2 xintercept 1 + ¢ N —
Link this to the graph in example 1 below to . . N
understand the orange part better This is now justa |f(x)] type This is now justa |f(x)| type This is now just a f(|x[) type
. . This is now justa |f (x)] type
Graphlng Basics x—4=3 = x=1 X+4=2x-3=x=7 3 3
i _ = . — 1 4x—3==—2x = x =~
The graph of | x| looks like x+4=3=,x=7 3—x=4 = x=-1 oy —4 =2y —7 [ — 2 4
grap Il y A ' < means where is LHS BELOW? rod=misy 3 . 3 3
y=lx B4tx=4=,x=7 —(4‘x—3)=§—2x$ x=y
> means where is LHS ABOVE? They meet on the x axis
), * L L3 o
S 0 lVI n g E q u a lltl es Important Example Important Example Example 7: Example 8: With a quadratic
You will probably be taught the transformation method, but the method below is far better for when the questions get harder Important tips: Th 3 to deal with th Example 5: Modulus on both Example 6: With A Log (hard - carefully consider graph
. ortant tips: ere are s ways to deal wi ese . " . PP .
b Step 1: Find the - o Note: Way 1: Replace the modulus with the plus and minus case and solve (check your answers at the end in case some need to be ignored) SId_es With'a Quadratic and its intersections)
V' x coordinate of vertex: Set what is inside the modulus equal to zero You can of course either Way 2: Square both sides and solve (check your answers at the end in case some need to be ignored) (careful with cases)
v y coordinate of vertex: This is the number added or subtracted outside the modulus vertex (like for a quadratic) use other methods. Way 3: graph both sides of the equation. This is a bit harder, but it becomes important for when you solve inequalities later so learn it.
° Step 2: Take cases of the modulus for the lines 1)transformations Tip 1: If two modulus graphs on the same axis, have the line with a steeper gradient looking steeper Solve |x + 4|2 |2x _3| Solve |2x = 3| < x2 Solve |4. 1n(x — e)| >4 Solve 3x + 3|< |x2 —-1]
. . . . . . Tip 2: Make sure the solution you get makes sense in terms of the x axis region the line relates to. If not, we ignore it. > _ 2x — 3| < x2
v 2)write the function as a |x +4|=|2x 3| |2x | < x
v pl_us case (replace thimgdulufs an \_Nl‘_m gdbraﬁl<et ar(;d lsmph;y)j lif 2ecewise function and Example 1: Modulus on one side Example 2: Modulus on one side Example 3: Modulus on both sides IMPORTANT EXAMPLE y=-2x+3Y y=2x—3
minus case (reverse the sign of what is inside the modulus and simplify) P k : A Example 4: Ignoring Solutions that e x4
. Step 3: Find the use piecewise function arelnotvalid Nhsolution out
_ . R . . . . knowledge. herdsince blue
v’ Setx =0 (this will just be the orange point if the vertex is on the x axis) Howevergexperience Solve |5x —3|=7 Solve [8—2x|=x+ 5 Solve |5x —5|=|3x —5]| Solve |2x + 1| =3x — 2 it el | e 2
. Step 4: Draw the lines (green and pink) and use the y intercept as a guid i since blue lineis
Th P L. di i (g P d) dth Y . 3 li g d ds. Wri h . hii tells me that students do Way 1: Take cases Way 1: Take cases Way 1: Take cases Way 1: Take cases ’ === Careful, there are 3 intersections. Your
e positive gradient line goes upwards and the negative gradient line goes downwards. Write the equation on each line much better with this Positive case Negative case Positive case Negative case Positive, Positive Positive, Negative Positive case Negative case 2x—3=x2 = x=-3 4 lll(X _ 6) =4 = x=c¢ graph might not make that obvious, but
. Step 5: Find the x intercept(s) 5x—3=7 —(5x—8)=7 8—2x=x+5 —(8—2x)=x+5 5x—5=3x-5 5x — 5=—(3x — 5) 2x+1=3x-2 —(2x+1)=3x -2 3 ‘ x . o . 1 the solutions below will
method shown x=2 x=—% 3x=3 8+ 2x=x+5 2x=0 Bx =10 x=3 Sx=1 —@x-3=xt=ax=1 —4In(x—e)=4=>x=—+e 3x+3=x>-1=x=-1,4
v' Sety=0in both lines IF you can see the lines crosses the x axis (be sure to use the correct line) 5 x=1 x=13 x=0 x=2 x=1 x+4=2x-3=>x=7 e —Bx+3)=xt—1= x=-2,-1
Check with original question: Check with original question: Negative, Positive Negative, Negative 5 1 : ) . ’
Example 1: Vertex on x axis Example 2: Vertex on x axis Example 3: Vertex above x axis Whenx = 2: Whenx =1: —(5x—5)=3x-5 —(5x = 5)=—(x — 5) x+td=-(2x-3)=>x= 3
y = |x + 2| y = |2x _ 4_| y = le _ 4| +3 |5(2) —3|=7 18—2(D|=1+5 —8x = 5—10 —2x=0 Check with original question:
N N N 7 =7 - truesince true statement 6 = 6 .~ true since true statement x=- x=0 Whenx =3:
Step 1: Step 1: Step 1: Careful here, only use the modulus part Whenx = % When x = 13 - 4 12(3) + 1= 3(3) — 2 . Some )
5 & 18—2(13)|=13+5 Check with original question: 7 =7 . true since true statement XAMPe SIWe ol
|5(_ E) —8I=7 18 = 18 . true since true statement Whenx =0: Whenx = =: Solve 1< |x — 4| <3
7 =7 - true since true statement |5(0) = 5)|=13(0) = 5] 50 (1 We can separate it into two inequalities:
5 =15 . true since true statement 12 (E) +1=3 (E) -2 and|x — 4] <3
Step 2: Step 2: Step 2: Careful here, consider all parts When x = 2: 14 # —1.4 - NOTTRUE The results we got are ,1 < x < 7. Now we take the overlap which is
= 3isth I luti
e Pluscase:x +2 e Pluscase:2x — 4 e Pluscase:2(x —4)+3=2x-5 |5(E)_5)|: |3(E)_5| * == s the only solution lsx=35=x<7
e Negativecase: —(x +2) = —x — 2 e Negativecase: —(2x —4) = —2x + 4 e Negativecase: —2(x —4) +3 = —2x + 11 1.25 = 1.254 - true since :rue statement R
Step 3: Step 3: Step 3: Way 2: Square both sides Way 2: Square both sides Way 2: Square both sides Way 2: Square both sides H a rd Exa m . u eSt I o n S
(5x—3)2 =72 (8—-2x)? = (x+5)? (5x — 5)2 = (3x — 5)? (2x +2)? = (3x — 2)?
25x% —30x +9 =49 64 — 32x + 4x% = x? + 10x + 25 5x% — 50x + 25 = 9x% — 30x + 225 4x?+8x+4=9x2—12x +4 EXnimp ol ExHp oE
25x2 — 30x — 40 = 0 3x2—42x +39 =0 4x2 + 20x + 200 = 0 5x2 —20x = 0 aandbareconstantsand0 <a <b. ¥y = |x — a| — b where a and b are positive constants and a> b >
Step 4: Step 4: Step 4: Xx=2x= _4 o x= 1L,x=13 X =0.x :E X = 1 x=3 Solve for x in the equation |2x + a| — b =§x, giving your answer in terms of 0. Find the complete set of values of x for which |x — a| — b < éx.
Lety = 0 for both lines Lety = 0 for both lines Lety = 0 for both lines . ' 5 Check like in way 1 above . o4 5’ ivi i
' X+2=0gves x = —2 ’ 2x — 4 = 0gives x = 2 ’ 2% -5 = 0gives x = Check like in way 1 above Check like in way 1 above Check like in way 1 above (ignore x = é) aandb . Giving your answer for x a in terms of b i
; 2 2 = x =2 ¢ —5= x =2 _p =12 —al—-b=1=
—x—2=0gives x = —2 —2x +4 = 0gives x = 2 ! 2, Way 3: Graphical Way 3: Graphical Way 3: Graphical Way 3: Graphical |2x +al—-b = 3 X lx—al=b= 2
This is just the same as our which we expect This is just the same as our which we expect “2x 411 =0gives x == Graph each side Graph each side Graph each side 4 3x -2 We need to graph both sides. For the left hand side use our knowledge
since it lies on the x axis since it lies on the x axis Watch out: The graph will guide you that these points are |5x —3|=7 18—2x|=x +5 LY vk = We need to graph both sides. For the left hand side use our knowledge of of how the graph the modulus (mentioned at the beginning of this
y y actually not possible since the graph opens upwards Note: the modulus has been split Note: the modulus has been split it ncs it how the graph the modulus (mentioned at the beginning of this document). document)
Insight: A modulus SN : y . up into pink and green up into pink and green s e yeetinels y=mash y yEgEash y=-x+a \3] y=x—a—1
function is justa \‘ s Y : =
piecewise function ‘ <y 2
oo (% \ \ - (q O
/‘ x —-x =2, X 7 We can see positive has no solution. a5, | > x =) X
‘ x That means when we solve it we will get a We can clearly see from the graph that ' \
\ solution of x not in the there is only 1 solution on the farright
Example 4: With x axis reflection Example 5: With y axis reflection Example 6: With unknowns x 5 Positive, Positive, Let’s only do the case we need this time
x 5x—5= 5x—5= Positive, . ) o : : Note: we don’t need the x axis intersections to answer this question,
—_ 9 _ — 9|_ — _ . . Note: we don’t need the x axis intersections to answer this question, but
y=2—|x+1] y=2|-x+3|+1 ) d)é = |2x + a b,d . ) 2x =00 8x =10 2x +i = ;\ -2 let's include them anyway 4 but let’s include them anyway
where a and b are constantsand 0 < a < — - e ; x= x=> = “ “ ; : ) ; : :
Positive Case Negative Case Positive Case Negative Case Not true since not =4 . . We now need to find the intersection points Wg find th_e intersection points by solving as an equality (forget about
Step 1: Careful here, only use the modulus part Step 1: Careful here, only use the modulus part Step 1: Careful here, only use the modulus part (Gx—3)=7 I X +8=x+5 2x—8=x+45 in Note: we can see there is no negative 1 te inequality for now)
S5x—3)=7 —-(5x-3)=7 4 X T 2 2 e s . .
or_3o7 Cext3o7 8—2x=x+5 84+2x=x+5 case but let’s just confirm this [2x+a|—b==x 1
Sx— 1_0 5 _; 3x =3 x=13 Negative, Negative, Negative 3 ) |x - a| —b= =X
x =] X T4 x=1 —5x+5= —5x+5= —2x—1=3x-2 Remember that we take cases for the modulus (plus and minus case) 2 .
x=2 x=—= —8x =—10 —2x=0 S5x=1 . 1 . 1 Remember that we take cases for the modulus (plus and minus case)
5 _s =0 1 (2x+a)—b=-xand—2x —a—b=-x 1 1
x=1x=13 =3 x=g — - (x—a)—bzfxand—(x—cL)—b=;x
Step 2: Careful here, only use the modulus part Step 2: Careful here, only use the modulus part .4 Not true since not This is not in the region where the negative case Positive case Negative case it i
x=2x= in 1 1 Positive case Negative case
e Pluscase:2—(x+1)=-x+1 e Pluscase2(—x+3)+1=-2x+7 Step 2: Careful here, only use the modulus part 5 5 occurs which is (2x+a)—b=zx —2x —a—b—==x 1 1
p , y p x=0x=2> 3 3 —a)—b=— —(x—a)—b=—
o Negativecase:2 ——(x+1)=x+3 e Negativecase: —2(—x+3)+1=2x—-5 e Pluscase:2x+a—»b E o z e z . ; ; z Tl 1 1 (x—a) _ZX (x-a) - ZX
Step 3: Step 3: : e b w0 xample 7: xample 8: xample 9: xample 10: 2x—=x=b—a 2x——x=a+b 1
S-te N;gatwe case: —(2x+a)—b 2x—a—>b June 2025 Paper 2 Q12 s 3 ; 3 x—a—b= Ex —x+a—-b==x
p 3 f(x) =4|x-3|-5 fx) = |x|, g(x) =3x+5. fx) =2x+al +3a Given that |x + 3a| = 5a, —x=b—a ——x=a+b 1 1
Given that a is a constant and i.Solve g(x + 2) = f(~12) g(x) =5x —4a where a is a positive constant. Find, in 3 3 3 3 X = Ex =a+b —X = Ex =-a+b
lal =1 ii.Determine the values of x for which where a is a positive constant. o fa th ibl | § x == (b _ a) x=—= (a + b) 1 3
Step 4: Step 4: Find the possible values of f(a) x+f(x)=0 Solve for x the equation €rms ot a, the possible values o 5 7 Ex =a+b - Ex =—-a+b
Lety = 0 for both lines Lety = 0 for both lines ) 9(f®) =31a |x + 7a| — |x — 7al x = 2(a+b) 2
—121 :O(J_glves =1 —2x+7=0gives x = Step 4: lal =1 i x +3al = 5a 3 3 x=2a+2b x=-3(a+h
= 0 gives x = —3 5 ) = r i () = 5x —
X g X 3 2x—5=0gives x = Lety = 0 for both lines ; means gGc+2) g(x) =5x —4a x==(b=-a),x=—-=(a+b) x=za—zb
Watch out: The graph will guide you that these points 2x+a—b=0gves x =—— a=lora=-1 =3x+2)+5 (x+3a@) =5a | —(x+3a) =5a > 7 3 3
y : grap ) g . v P . . b-a =3x+11 9(f(0) =31a —x—3a=>5a So, we know we intersect twice. Let’s put all this on a graph
are actually not possible since the graph opens up —2x —a—b=0gives x = — f(x)=41-3|-5=3 5 —4a =31la When x = —8a
. ’ =4|-1-3|-5=11 Y - =
from thevertex Ze-a=b ¥ y=2xra-b J =413 9 +2) = f(-12) e s k—al—b -~
AN 2 y=2x—5 3x+11=|-12| ) : Now solve for |x + 7a| — |x — 7al. x—a 2%
| 3x+11 =12 Positive Case Case
x \ / “ 3and 11 x:l 5(2 4 4 5(—2 2
‘\ | x . 3 :(3)1; @) —4a —(Zax:-gls) |2a + 7a| — |2a — 7a|
v +1 . . \ . =9a — |-5a|
| ﬂ x+ x| ‘:lo 10x + 20a — 4a —10x + 10a :3“4; Sa
x = —|x - —4q = -
y =3la 4a=3la When x = —8a:
7 10x + 16a = 31a —10x + 6a |=8a + 7a| —|-8a—7al
. - a = |-a| - |-15a] . 2
Transformations / =3la e tsa 20-2p<x<2a+2b
7 10x = 15a — _14g 3
y transformations - outside the modulus x transformations 152 3a 10x = —25a
(these occur outside the modulus) (these occur inside the modulus - do the opposite to what you expect) x=—=— Hence possible values are 4a and —14a. H
PP - w7 | m Hardest Exam Questions
alf ()| e Divide x by b <0 v 3_aor _5a Example 1: October 2021 Pure 2 Q11 Example 2: C3 June 2017 Q6
e Apply modulus = S ER(EY TGS _ 2 EZ )] ST The diagram shows a sketch of the graph with equation y = |2x - 3k|, where | Given that the equation [2x —a| + b = Zx + 8, where a and b are
; xample 11: une xample 12: une i iti
e Multiplyy by a e Apply modulus _ p n . p - k is a positive constant. 1 positive constants, has a solution at x=0 and x = c.
. The diagram shows the graph of y = f(x),x € R. The graph consists of The diagram shows part of the graph of y = f(x), x € R. The graph consists Find ¢ in terms of a
— — two line segments that meet at the point P. The graph cuts the y axis at of two line segments that meet at the point (1,a), a < 0. One line meets the :
Given f(x notation the point Q and the x axis at the points (—3,0) and R. , x axis at (3,0). The other line meets the x axis at (—1,0) and the y axis at \
Example 1: 2025 June Pure Paper 2 Q1 Example 2 (0,b),b < 0. d
The point P(6, —4) lies on the curve with equation, y = f(x),x € R The point P(—6, —4) lies on the curve with equation, y = f(x),x € R i. Sketchy = |f(x)| ’ i. Sketchy=f(x+1)andy = f(|x]) 2 ‘
Find the point to which P is mapped when the curve with equation y = f(x) is Find the point to which P is mapped when the curve with equation y = f(x) is ii. Sketch f(—x) A and indicate clearly the coordinates i. Sketch the graph with equationy = f (x) where f (x) = k- |2x - 3k|
transformed to the curve with equation y = 2|f(x)| — 3 transformed to the curve with equation y = f(2]x| — 3) Giventhat f(x) =2 — [x + 1| 2 . ii. —ofany points of intersection with the axes Stating
These are all y transformations (we apply the modulus first) These are all x transformations (we apply the modulus last) iii. Find the coordinates of the points iii. Giventhat f(x) = |x — 1| — 2, find the a\x ¢ : e the coordinates of the maximum point
e  Apply modulus e Add3 P,QandR ) value of a and b ) TV e the coordinates of any points where the graph cuts the coordinate axes
e Multiply by 2 e Divide by 2 iv. Solve f(x) = %x iv. The value of x for which f(x) = 5x ii.  Find, in terms of k, the set of values of x for which
e  Subtract3 e Apply modulus i i - i y = f(]x]) means copy and k — |2x — 3k| > x — k, giving your answer in set notation
(6,—4) = (6,4) = (6,8) = (6,5) (=6,—4) > (=3, —4) - (_E _4> R (§ _4> y 1 y = f(x + 1) means more 1 paste everything from the right iii.  Find in terms of k, the coordinates of the minimum point of the graph
2 2 B unit to the left side of x axis to the left side with equationy = 3 — 5f G x)
Given f(x) graph i . ’ ’ Y |2x —a| +b=
Given an f(x) graph, you need to know how to draw |f(x)| and f(|x|) graphs . > . 5 " Graph both sides of the equation
e |f(x)] reflect any negative y values up to the positive y axis. y=—2x+a+h y=2x—a+h
Why? Since y can never be negative so we reflect negative values up \ . . AL O  x ’ y
e f(|x|) delete everything to the left of the line x = 0 and copy and paste anything to the right of the line onto the left of the line x = 0 iii. N’ ! ! P
Why? Since negative values of x become positive when taken the modulus so negative values of x never get seen, they just revert to the positive version fx)=2—-|x+1| a /‘
e f(lx — a|) delete everything to the left of the line x = a i.e. where x — a is positive hence x > a and copy and paste anything to the right of this line onto the left of Pis where the vertex is which is where what is inside the modulus equals 0 A
this line. Careful though as both people do not realise this last bullet point as it very rarely comes up and hence teachers usually do not mentioned it. x+1=0 ii. i, 3
Example 1 Example 2 Example 3 Example 4 Wh - x=-1 _ fO) = x = y —2 The LHS of the equation is already graphed. Let’s add the graph the RHS of the 7
Consider the following graph of f(x) | Consider the following graph of f(x) | Consider the following graph of f(x) | Consider the following graph of f(x) enx=-— Plugin (1,a) Plugin (0, b) equation to the graph. Given the solutions i the question,
fx)=2-0=2 a=[1-1-2 b=0-1]-2 y=k—|2x—3Kklandy =x —k Sowe know the x coordinates of
/ — the intersection points
/ P(-1,2) a=0-2 b=|-1-2=1-2=-1 y ) ) )
/ Qiswherex =0 a=-2 a=-2b=—-1 L To find the intersections:
/ fx)=2-10+1]=2-1=1 ' We find the intersection points by solving as an equality
/ Q1) ii. R ) 3
/ 2 ; \ : / Ris wherey= 0 F(x) = 5x H ko \ |2x—u,|+b=§x+8
/ ‘ /’ 0=2—|x+1] |x =1 -2 =5x 4 Remember that we take cases for the modulus (plus and minus
/ / Case 1: Positive Case 2: Negative Case 1: Positive Case 2: Negative y=2x— 24 y=-2x+4
/ / — — ) . ) ) ) o, case)
/ /. ) x—1-2=05x —(x—1)—2=5x We need the intersection points. Don’t worry if your graph isn’t too accurate
/' 0=2 —1(x ; D 00: 22_ _((X +11)) 4x = —?? —x+1-2=>5x or you don’t know where the intersection points are. The algebra below will (2x—a)+b= 3y +8and—(2x—a)+b = 3y +8
/ x+1= =2+ (x+ 6x = —1 2 2
Graph |f ()| Graph |f (x)| Graph f(|x]) Graph f(|x|) x=1 24x+1=0 x=-7 1 tell. : We solve each
1 1 _ xX=—= 7 = o — > 3 3
“ ; x=-3 6 2x + 4k = x kﬁx—3k (2x—a)+b==-x+8 —-(2x—a)+b==-x+8
\ | We already have this point shown Ik —x— k= x=k 32 32
\ | on the graph i i ; 2x — = — ==
\ | grap Note: As usual check with a graph if both of these are valid or just plug back both Let’s indicate these points on a gra;;/h Zx—a+h Xt 8 Zxta+h Zxt 8
‘:‘ [ ) R(1,0) into the original equation |x — 1| — 2 = 5x Re-arrange for x Re-arrange for x
| / V. | 3 3 1 1 y=x-k 3 3
/ 1 —Z—1|—2=5(—Z)and |_Z_1|_2=5(_E) 2x—-x=a—-b+8 —2x—zx=-a—b+8
2—|x+1|=zx 12 72
Case 1: Positive Case 2: Negative 7 _px_Banglop=_5 Ak lh * Ex=a—b+8 —§x=—a—b+8
1 1 4 4 6 6 3 2
2—(x+1)== 2——(x+1)==cx _ x=-(a+b-8)
1 2 1 2 Hencex = —%is the only solution y = 2x — 2k y = —2x+4k x=2(8+a=b) 7
| f 2-x-1= 2% Z+x+1= 2% k—|2x—3k| >x—k Given this case occurs when Given this case occurs when
\ [ x _2 x=-6 x=c x=0
\ | , 3 Hence for what x values is the pink graph (LHS) ABOVE the blue graph (RHS). 2
\ / \ \ / 2 i.e. in the green shaded region 0= 7 (a+b-8)
\ | / ! \ | / | x=—6x=> e.intheg g c=2(8+a~b) _
/ \ \\ \ / | ) ) 3 ) ) a+b—-8=0
\ / \ \\/ \ / Note: As usual check with a graph if both of these are valid or just plug back a+b=8
\ / i . 'l/ v . \/ ‘ both into the original equation 2 — |x + 1| = éx and see if both give true iii.
\/ \'l / / .
\ i/ (O statements. They do, hence both valid. Coordinates of maximum point for £ (x) is (ﬁ, k). We have 3 — 5f (ix)
y \ N\ / 3k 2 < Let’s solve the last 2 equations simultaneously to get ¢ in terms of
x is multiplied by 2: 5 X 2 =3k a as asked in the question
The graphisinverted: k = —k
—k x5= -5k
3 -5k
The minimum point is (3k, 3 — 5k)
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Geometry Style Geometry Style Hardest Modelling
Number of solutions Range of Possible Values (With Gradient) 2023 June Paper 2 Q 12
Example 1 Example 2 - with a restricted domain Example 1- A Level October 2020 Pure 2 Q11 Example 2 - June 2025 Pure Paper 2 Q 12 The number of subscribers to two different music streaming companies is being monitored. N
Sample Pure 2 Q11 At least one solution No solution
The equation 7 — |3x — 5| = k, where k is a constant has 2 distinct real solutions. f(x)=2]3—x|+5x=>0 y=2lx+4|-5. The function g is defined by The number of subscribers, N, , in thousands, to company A is modelled by the equation .
Write down the range of possible values of k i State the range of f The vertex of the graph is at the point P. f(x)=4|x—-3|-5x€R Ny=1[t—3|+4 t=0
i Solve the equation f(x) = %x +30 i.  Find the coordinates of P The function h is defined h(x) = kx,x € R whhere t '; thefhms in y;ears j\llnce m(;]nltormg began. selled by N,
i 3 — _ i The number of subscribers, , in thousands, to company B is modelle the equation
Given that the equation f(x) = k, where k is a constant has two distinct roots. ii.  Solve the equation 3x + 40 = 2|x + 4| =5 Where k is a constant . N HBE v % -
i State the set of possible values of k Aline [ has equation y = ax, where a is a constant. Given that [ intersects Given that the equation f(x) = h(x) has no solutions Ny =8—|2t — 6| t=0
- - y = 2|x + 4| — 5 at least once Find the range of values of k where t is the time in years since monitoring began. >
Way 1: Geometrical i ; h ketch of th hof N, and th hof N 5 iod 0 5 '
ii. Find the range of possible values of a, writing your answer in set Figure 2 shows a sketch of the graph of N, and the graph of N over a 5-year period. Fieure2
£7) et Use the equations of the models to answer all parts below L
y 2x — 1 i Way 1:Geometric i. Find the initial difference between the number of subscribers to company A and the number of subscribers to company B.
) y=—2x+ ”\ P(—4,-5) vertex at (3, —5) When t = T company A reduced its subscription prices and the number of subscribers increased.
y=7-[-Gx=5 I ii. ii. Suggest a value for T, giving a reason for your answer
3x+40 =2|x + 4| =5 y iii. Find the range of values of t for which N, >N, giving your answer in set notation
Remember that we take cases for the modulus (plus and minus case) y Ax + 7 iv. State a limitation of the model used for company
X We solve each case L K . @ we veed tofind Np ond Np or tzo:
Positive case: Negative case: Not dt th H Npz [0-31+4
. . . . .. . . . ot good to use e =
This means if we draw a horizontal line (y = k is just a horizontal line) it should touch mkg\inp thwsut'\me ) _ a4
h hin2 ol L 3x+40=2(x+4)—5 3x+40=2(-x—4) -5 P e N * 3 thaushnd
the graph in 2 places only 3x+40=2x+8—5 3x+40 = —2x—8—5 since already one Ng= 8-12(0 -6l
x =—37 5x = —53 intersecttom, nstead - i i i N, = 8-6
Aty = 7 the line will only cross the graph once (draw line y = 7) fx) =5 x=-106 useblueforno - B __1 thousord.
L intersection . HEE T the is . 3 -2 = 5000 subscribers
If you look at the graph below you can see this is not .’ I S
- [
. . . possible since the positive case is only for x values s N (b We heed the goim wham the Subscribers of A Started increasing again, whichis
Note: See domain and range cheat sheet to properly understand this bigger than —4 (or just plug this into the question . Figure 2 the pont whon A had e N of Subsaibers.
- 3x + 40 = 2|x + 4| — 5 and see if it makes the :If‘:\:‘.::‘.::(:;ijumnhm to two different music streaming companies is Ths  ocws ok T=3
- qUEStion tl’ue) The ber of subscriber N, th ds, t A ndelled b o
A =2 - 38 3(=37) + 40 = 2|-37 + 4| - 5 Aline parallel to pink through the origin will always intersect the thecquation o i housinds focompRay & motdledty w We naed_bo_{ind s o Ny ond Vg
= - - = . . . ond Ng:
3 5 —37 #61 blue and want no solutions hence consider parallel to blue this Ny=li-3+4 >0 2 While u:-.s N . see that Wg s and vie vera Hene we
iii. 3x + 40 = 2|x + 4| — : time. where ¢ is the time in years since monitoring began feed to alwows “[ip" the brockets depending On whok sign the t's have(sor -
+4) e The number of subscribers, N, in thousands, to company B is modelled by Cae I (t<3) Cae I (£>3)
213=x|+5=k . . o . the equation 1£-3)+ 4= 8- (26461 1£-3)+ 4= 8- 12¢-6)
\ So, concentrating on the blue line this time gives N,=8-[2-6| 20 Npis 4 st have Ny is 4 g Must have
o Ka) where ¢ is the time in years since monitoring began negakive coetticient. negakive coefticient.
y=-2x+11 y S, — 1 A\! m Figure 2 shows a sketch of the graph of N, and the graph of N, over a S-year period N "5' 9 15 Musk have Na "5‘ -~ 14 Musk have
. \ v 1y - Use the equations of the models to answer parts (a), (b), (¢) and (d). positive _copffiden.. positive_coeffidens...
So, the range of values of k is Y I y=4x—-17 I o ) . ) (3-%)4 4 « 8-(6-28) (t-3) v 4 = B-(2¢-6)
(a) Find the initial difference between the number of subscribers to company A and the 3-144= §42t-6 ka1 =462t
) ' o k<7 number of subscribers to company B. o 1-t=2 2t ka3
Way 2: Algebraic (use discriminant) we can see the only solution is the negative case although there could be an intersection far right an T T —— s:3¢ =93
that’s why the maths don’t above was also important subscribers increased. u%
_ _El = x =-10.6 (b) Suggest a value for 7, giving a reason for your answer. Se for Np>Ng to be true, T <% or >3
; Ex 35| _Sk i, 1 & e @ We have to give this in ’ *
. L T I3 = 5| Way 1: Geometric (quicker) \ (c) Find the range of values of ¢ for which N, > N, giving your answer in set notation. {ttml t <%k \)itell t)'ﬁ
Square each side so it is always positive First of all realise the line has to g0 through the origi 5 X ®
7 - k)z =|3x — 5|2 !rs ora .rea isethe me as f)g? roug .e origin \ / (d) State a limitation of the model used for company B (d) When t> 7%, the number of Subscribers psould become neqative,which is WURALiSHC
A y First consider the opposite which is no solutions \ m
— \
49 — 14k + k* = 9x* — 30x + 25 a is the gradient of the line \
0 = 9x% —30x + 25—49 + 14k — k? A dashed line parallel line to the pink line would have no solutions (not cross any of the graph) \\
0 =9x? —30x — 24 + 14k — k? A dashed line parallel line to the blue line is not possible since would not go through the origin. Also we Y
Find the discriminant. As there are 2 distinct real solutions, b? — 4.¢c > 0 don’t even need to look at the blue case since we can use the pink and swing it round enough to cover W- h I °
0=9x2—30x + (72,1, + 14k — /\v:) all ranges of slopes. It ntegratlon
(_30)2 —4 (=24 + 14k — /(z> >0 So, a.line parallel to pink through the origin \fvill.always intersect the blue and want no Example1
900 — 36(—24 + 14k — k?) > 0 solutions hence consider parallel to blue this time. - -
Y The sketch above shows a graph with equation y = f(x) where f(x) =7 —13x —=51.
900 +z864_504k +36k*>0 The finite region R is bounded by the graph with equation y = f(x) and the x axis.
36k? — 504k ;l' 1794 >0 From the pink line let’s consider what lines through the origin with and (shallower) Find the area of R, giving your answer in simplest form /o
(k - 7) >0 gradients would do in terms of how many times they would cross the graph R
k<7 From the pink blue let’s consider what lines through the origin with and \
Example 3 - C34 Jan 2014 IAL Q 4 — Modulus Example 4 - A Level October 2020 IAL P3 Q4 Y £ ~ (shallower) gradients would do in terms of how many times they would cross \
The left diagram shows a sketch of part of the graph y = f(x), where The diagram below shows a sketch of part of the graph with equation y = f(x) where the graph 0 }
/ V x)
f(x)=2]3-x|+5x=0. f(x)=21-2]2—x,x=0
The right diagram shows a sketch of part of the graph y = g(x), where y ‘ Ris a triangle:
gx) = xt9 x>0 n The base is the distance between the x-axis intercepts
2x+3 ! / We can see the lines in the yellow region don’t touch which is the region we want 7 — |3x — 5| =0
y Y /) <k< 7 =3x—5|
—_*L x 7=Bx-5) 7=-Bx-=5)
Way 2: Algebraic (take cases) 7+4+5=3x 7=-3x+5
y=1(x For a!gebraic way do as on the !eft, but then take the opposite region since want no 12 = 3x 7-5=—3x
solutions. The gen?ral motthod |§ x=4 2= _3x
o x . 1 or 2 solutions: Find union of both cases 2
y =g . ) . B . . 2 solutions: Find intersection of both cases X =—-=
a1 . 5 N i Find ff(6) We can see the lines in the yellow region don’t touch the graph but ones out of the yellow region i.e. . 1 solution: symmetric difference of both cases 3
o I il Solve the equation f(x) = G with a gradient more than 2 (the 2 starting from the pink dashed line drawn) and less than . no solution: opposite region of whatever the union was 5 e
I Find the value of £g (1) Given that the equation f(x) = k, where k is a constant, has exactly two roots Sowe want the non yellow region Distance=4 ——2 =
ii. State the range of g W * —lig ! ’ bELSd ’ Way 3: Algebraic (use discriminant) f i A
T e 7)) i e s ii. State the set of possible values of k {a u ) - The greatest height of the triangle appears when |3x — 5| = 0, so the greatest height will be 7
. ) ; "~ ) . ) 1
Given that the equation f(x) = k, where k is a constant, has exactly two roots The graph with equation y = f(x) is transformed olr;to the graph with equation ) ) ) 4|x — 3| =5 =kx Area of a triangle = Ebase X height
iv.State the range of possible values of k " . " - with ; y= a];Ex - b;.. ©3) Most students hate this solwﬂlshowafe\;/lalin—eirlalc \évays 4lx = 3| =kx +5 1 14 49
e vertex of the graph with equation y = af (x — b) is (6, x —-5=ax 2 2 =-X—=X7=—
Given that a and b are constants, Way 2: Algebraic (take cases) (4(x 3)) = (kx +5) 2_3 3
r [ 16(x% — 6x +9) = k2x% + 10kx + 25 Example2
iv. Find the value of a and the value of b ) ) ) , ) .
X190 F() = 2122 ] Note: | will colour code like usual when graphing, so don’t try and link the following to the 16x2 — 96x + 144 = k?x2 + 10kx + 25 11
x)=21-— - X
f(x)=2|3—x|+5,g(x)=2x+3 f(6) =21-2|2—6| =21-2(4) =13 colours in way 1 above (16 — k?)x? + (=96 — 10k)x + 119 =0 f |[x —9|dx
We want no solutions hence b? — 4ac = 0 - 2
) Positive case: Negative case (=96 — 10k)? — 4(16 — k?)(119) = 0 Recall that the modulus function changes based on the values of x
i
) vra>0 xha<0 576k? + 1920k + 1600 = 0 x—9 x=9
gD f(13) =21 ~-2[2 - 15| =21 -2(13) = -5 Hence, e get Hence, wo get 5 fe={ g x<9
1+9 2(x+4)-5=ax —2(x+4)-5=ax k=—§, 11 9 ) 11
‘(/(1):—2 D13 _c 2x+8-5=ax 2x—8-5=ax f |x—9|dx:f (—x+9) ([X+f (x—=9) dx
Ohs f(x) = 5x 2—22—x=5 3 —13 This doesn’t help with our lower bound though " 2 L e 1 o 1
p— — x| = X X = X = - P P
a—2 a+2 — 2 — 2 2 —
. _ x—9) dx = |=x f9x] =(=-(11D)?-9(11) | —-(=(9)?=-9(9) | = 2
.‘/(1) =2 R b h K 21— Zflz _h Xl _dsj[c L dmi But we need to consider the , SO But we need to consider the sowe .[) ( ) 2 9 2 ( ( 2 ( (
’ emember that we take cases for the modulus (plus and minus case) we can say cansay 9 1, 9 1 ) 1 . ' 49
(2)=2|3-2|+5=2+5=7 We solve each case 5 13 (=x +9) dx = —5% +9x| = 7E(L))4+()(L)) — E(2) —-9(2) =5
) Positive case: Negative case: =32 a2 H bine th l’z loulated: 2
. Solving a rational inequality now, have to be Solving a rational inequality now, have to be careful ence combine these two values we calculated: 49 53
x+9 21— 2(2 - X) =5x 21— 2[_(2 - X)] =5x careful as don’t know the sign of the denom and as don’t know the sign of the denom and might swpa 2+ 7 = 7
g(x) = m 21— 4+ 2% = S5y 214+ 4— 2% = S5y might s.wpa thein.equality sign. Ezith.ertake cases tf?einequality sizgn..Eithertake cases o.rmult.Ir)ly both Example 3
or multiply both sides by (x — 2)? since we know sides by(x — 2)? since we know that is positive Sketch the curvey = |x2 —x— 2| and find the area within the following boundaries:
=0: _ _ thati iti Letsj k h L . . . ]
When x = 0: 3x =17 7x =25 aris positve otolust take cases here The curve y = |x2 — x — 2| and the vertical lines x = = and the horizontal line y = 4 and the positive x axis
( ) 9 3 Let’s just take cases here Denom pos Denom neg 2
xX)=—=
g 3 17 25 Denom pos Denom neg a+2>0 a+2<0, \ /
X =— X =—
3 7 a-2>0 a-2<0, Hence, Hence,
We need to see how low the graph tends to on the right - hand side Hence, Hence, 13 <-4 +2) 13> —4(a +2)
If you look at the graph below you can see 33 —4(a-2) 3<—4a-2) 13>4a+8 13<4a+8
To do this we can find the inverse and then set the denominator equal to zero or we can this is not possible since the positive case 3 ; 4a+8 3; 4a+8 5 5
just analyse the function as x — oo. The function tends to 0.5 but doesn’t touch it. is only for x values smaller than —4 B s ¢ B 1 a<y a>y
az=— a<—
=4 =4 Also need Also need
05<g(x)<3 Let’s graph just to make sure that these are both valid solutions Also need This includes So, So, no solution since
i so, so, 5 not Step 1: Find the coordinates of where the line y = 4 crosses the curve
21—2|2—x| = 5x “2<e<y 2
= 5 4 xt—x—-2=4
x+9 a>2 as<y P x—6=0
y= tive case: v = 21 — 2( - 2y = c JRRIRN
2x+3 POS_IUVL case:y ~ 21 _ Z(Z - X) - 2,1 —4+ ZTY =2x + 19 e Take the union of both cases. Hence, overall we have a € (—co,%] U (2, 0) (X - 3)(X + 2) =0
+9 Negative case: y = 21 — 2[—(2 —x)] =21 + 4+ 2x = —2x + 25 x=3 & x=-2
— Y Example 3 - June 2024 Paper 1 Q6 Example 4- Mock set 2 Pure Paper 1 Q 10 We are only concerned with the positive x axis hence we only care about the coordinate (3,4)
2y +3 Whenx =2,y = 21 Two solutions No solution Step 2: We have to split this up into two integrals, with two different scenarios
A straight line [ has equation y = kx + 4, where k is a constant. Given that [ intersects | i.Solve the equation 3x + 1 = [2x — 9| + 3 flx) =|x?—x-2|
x@Q2y+3)=y+9 y = 3|x — 2| + 5 at two distinct points, find the range of possible values of k. A straight line [ has equation y = kx + 1, where k is a constant We are concerned with the positive x axis, hence we will split our limits from:
_ Given that | does not meet or intersect the graph with equation x = %tox =2 & x=2tox=3
2xy+3x=y+9 y=12x—9|+3 2 3
y ii.Find the range of possible values of k Area = J; [4—(—x?+x+2)]dx + J. [4—(x?—x—2)]dx
2xy—y=9—-3x Way 1: Geometric i. 2 2
Here we need to touch twice. We know the line y = kx + 4 has ay intercept of 4 3x+1=[2x—-9/+3 Simplify:
(25— 1) g
y@2x—1)=9-3x Like before, Remember that we take cases for the modulus ( i 2 3
o plus and minus case) _
y=21-2[-(2-x)] First of all realise the line has to go through a y intercept of 4 Area = 3 [x* —x+2]dx + | [-x*+x+6]dx
9 —3x First consider the opposite which is no solutions 3x+1=02x-9) +3and3x+1=[-(2x-9)]+3 2 2
y= 2x—1 k is the gradient of the line We solve each case Step 3: These are very elementary integrals hence continue as such:
P - ; : 3 1 1 3 1 1 1 1 13
10 Positive case: Negative case: f [=x? + x + 6] dx = [—§x3 +5a0+ 6x] - (—5(3)3 O 6(3)) - (—5 @2 +527 + 6(2)) ==
-t y 3x + 11 4 V' 2 2
we can see the only solution is for the negative case / 3x+1=(2x-9)+3 3x+1=[-(2x-9]+3 2 1 1 2 1 1 1/ 1/1\2 1 15
1 f e —x+2ldx =30 - S = (37 -3 @7 +20) - (5(5) —5(5) +2(3)) =%
x=- 25 Xﬂ’* 3x+1=2x—9+3 3x+1=—-2x+9+3 1 3 2 1\ 2 3\2 2\2 2 4
X =— 4'8 Hence combine these two values we calculated:
. . . 7 x=-7 5x =13
The domain of the inverse is the range of g(x), but use the letter x /1 E E _ E
x If you look at the graph below you can 13 6 4 12
- . . X =—
05<x<3 Given that the equation f (x) = k, where k is a constant, has exactly two roots. L see this is not possible since the 5
) This means if we draw a horizontal line (y = k is just a horizontal line) it should touch the pos't'q"e case is only for x values bigger D . d
V. graph in exactly 2 places s~ than omain an ra nge
Aty = 21 the line will only cross the graph once
y=23—x+5 3x+1=|2x—9+3 See relevant sheet
Let’s find the y value where x = 0
When x = 0: Whenx = 0:y = f(x)=21-2]2—-0]=21—4=17 Hard tS lvi T E likelv t
: - ‘ araes owin YpPes ever (very unukety to come up
y=2|3-0/+5=11 Below where y = 17 the line only crosses the graph once We can see the lines in the yellow region don’t touch the graph at all but ones out of the yellow
o ) o ] We can do this between 17 < y < 21 region i.e. with a gradient less than = (the 3 starting from the pink dashed line drawn) and more than
Letsf.md the vertex point (we set what is inside the modulus equal to zero to find the x k< 2x+ 1|+ |2x—1| =3
coordinate) .
3—x=0 @.21) . Way 2: Algebraic Re-arrange to get one modulus on one side
x =3 ’ ”i x—2=>0x>2 x—2<0x<2 [2x+ 1] =3 —|2x — 1]
y=21-42-x r=v Hence, we get Hence, we get Square both sides
Whenx = 3:y = y = 2(0) +5 =5 Sg : §)++55::k1;x++44 36(2_—3i)++55::klix++44 we can see the only solut\lo; is the negative case (2x +1)? = (3 — |2x — 1))?
5 7 x== 4x2 4+ 4x+1=9—-6|2x — 1| + (2x — 1)?
ot = =— . 2 —9_ — 2 _
2|3 — x| + 5 = k having 2 roots means we can draw a vertical k on the graph of y=21-2[-2-x)] T3k TT3%k i dx +4x+19— 98 6|2’;2 1 24" dr+1
2|3 — x| + 5 and it must only cross the graph twice. The blue rectangle demonstrates So, we can say s So, we can say ; oar — 8x = |12x — 6] Nowat
the values of y for which this can happen —2>2 —<2 ( : y=(x-9)+3 ositive case egative case
3-k 3+k 9-8x=12x—6 9 —8x = —(12x — 6)
y Now, we have two more cases for the Now, we have two more cases for the 3 3
denominator. denominator. x =— x=——
) =k 3-k>0k<3 | 3-k<0k>3 3+k>0k 3+k<0k 4 4
x) = ,
Hence, Hence, > -3 < -3 (52
Vertex of our graph is at (2,21) 5>6—2k 5<6-2k Hence, Hence, Check:
= af (x — b) means we have moved b units to the right and multiplied y by a 1 1 7 <6+ 2k 7>6+2k 3 3 5 1
y =af(x —b) , ¢ pred.y by ks k<= : o 2(—>+1+2(—>—1=—+—=3
The vertex becomes (6,3) 2 2 k>1 k<l ) 22
221) (6,3 So, So, no solution 2 2 We plug the vertex (2,3 ) into y = kx + 1 tofind the intersect value to find k. 3 3 1 5
221) (63) ) 1 so, so, 2 ; 2(=2)+1]+2(-3)-1|=5+2=3
So, we have moved 4 units to the right hence b = 4 and divided y by 7 hence a = = F=k<3 1 k< -3 3=+t ) ) 4 22
5<k<11 1 7 Hence k> 3 ) Both solutions are valid
i 1
a=-,b=4 1 Hence, k==
Note: Notice how we do not equal 5 since if we touch the vertex we only intersect the 7 2 <k<3 1 9 . Answers
graph ones k< -3, k> 3 5 is the gradient and we want the line to be less steep hence k < -. To Try: S<x<1
We want two solutions not one, so we need the overall the intersection which is lek<s k=-2k< 3 x<4- |2x + 1| _2< x < hd
2 ! 9 377 T3
[x] +3 > |4x — 1] 3 7
X< -—-,x>-
[x] +|x—=2]>5 . 2 2
[x+1]+|6 —2x| <10 -;Sx<5




