Functions
Functions Versus Mappings Basics (Recap from GCSEs Continued)

To be a function the GRAPH must pass the vertical line test. Any vertical line drawn MUST only cut the graph ONCE (we need none of the lines to cross the graph Example 1 (very basic) Inverse Functions - Finding Them

more than once) f(x) = 3x — 4. Find f(5) Intution
Examples of functions Let’s colour code to explain better _ ] An inverse swaps things. In the case of functions it says swaps ‘x’ and ‘y’.
straight line quadratic root cubic fx)=3x—-4 .
= = x2 = )= (x—3)(x—2)(x+5 f1(x)
y=x y=x y=vx y=( 3 ) >) . . . . . § . | Replace function with y. Then swap
In English, /(5) is saying what is the of f when which we can find by using a
y y y y e Function f x and y and then re-arrange to
| ’ make y the subject
/‘/ e  Relationship/rule is 3x — 4 .
/ v/“’/ﬁ’ Reflection: You should now
/’/ / ’/@/"/‘ /ﬁ\ We plug the into the relationship/rule 3x — 4 for the function f to find the which is the understand that function relates an Notation
x x ] x y x input to an output - it’s just a rule that The notation for the inverse is f ~!(x). The superscript —1 tells us that we are finding the inverse of function f, it does NOT mean a power of —1
a/”/‘ f(5)=305)—4 takes an input of x and “spits” outa y Method to find an inverse:
ﬂ/"/‘ value. Just think of a function as o Step 1: Note: Some teachers teach you to not to do
= : step 2. Instead they go straight to step 3 and
"/ Saying, and * Step 2 Swap x and y inst’;ad make xtheysgubjectign step 3 apnd then
Notice how we end up with an ¢ Step 3: swap the letters at the very end. This is also ok.
is afunction is afunction is a function is a function d Step 4:
If we draw a vertical line and it cut the graph MORE than once, it is not a function. We call this a one-to-many mapping, meaning one x value has many (1 or In summary, to find the of the function at the point , we plugged the value of 5 into the relationship So, the above steps just answer the question, given a function f (x), how do I find f ~*(x)?
more) y values. - - - Afunction iust lates an toan by using its rule The difficulty with finding the inverse for most students lies in step 3. In order to make y the subject of a formula, the formula needs to be arranged and hence
Example of NOT A function (known as a one to many mapping/relation) J Y g algebra used. Make sure you’re good at the topic algebraic re-arranging/changing the subject!
circle E le1 E le 1 E le 3: Two t ith E le 4: With logarith
X tyi=4 Example 2 Example 3 Example 4: Example 5: With harder algebra RN SN e e(fac‘l’:\(’::iseer)ms ey R 1th logarithms
- x) =x*4+2x-3 X)=5+x 1 2x 3 . =
- e f@) gx)=——= fxX)=——,9(x) =——. f(x) =+v2x —5. Find f(x) = 3x* — 5. Find flx) = 27X rind f(x) fx)=In(x+2)+mn2,x>-5
i.Find £(3) 5 -
y Solve f(a) = 7 x+3 3x + x+4 - 1 4+x -1
ii.Solve £(x) = 5 Given th B Solve () = () f7) 7@ 24 Find f ()
EmiaiEE) = o naa Replace function with y f(x)=In(x+2)+1n2
- 7 1 50 2 - - - - 2—x Iny+2)+In2=x
fx)=x*+2x-3 f(x) =5+« 1 N ._ 3 y=
/] N ; ] 90 =333 fO =590 =33 y =25 y=3x*=5 o randy T A
To be a function the graph must Find £(3) ) _ . : . Swap x and y Swap x and y Swapxandy 2yta=e
X pass the vertical line test. If not First work out what £ (a) is by i . hat g(a) isb Iwill colour code |hn allsss 3eta|tledd y=v2x—5 y=3x*-5 x = 2=y y= ef—4
: i i irst work out what is way now as you should understan ) - T ) =
a function we say a one to Replace every x in the rule for the function with putting a in place of x g y theyto icb zow v=J2y—5 becorznes Fty E,x —4
many relation/mapping putting a in place of x pic by na Y x=3y*-5 o 1) =
\ £(3) =32 +2(3) -3 fla)=5+a fx)=g(x) The way to 2
i/ - ° g(a) = 1 2 3 deal with this is to then move all Example 5: With exponentials
_ g T a+3 * [ 5 the terms with y’s onto one side fx) =e**3.
- We can now solve We can now solve 3x+5 x+4 Xt = 22 _55 to be able to factorise y out and Find f~(x)
crosses more than once in this region ii. f( ) = MUltlply both sides by (3X + 5) and = e 3 = x+ 5 hence gCt yon its own. f(x) = ex+3
) FO) = g(@) = (x + 4) in order to get rid of the iz+5 I ]
Wh hingi . nota funct:t)_n! : Here we are given the and need to work 5+4a= fractions = N R ' ; 3
en something is not a function we call it a one-to-many mapping. backwards (x + 4)(2x) = 33x + 5) Note.that we neeq to o ;y Yy x=eY
a=-2 Then we expand the brackets and use ;e“rtl_‘t the d%m;’m gftthls y Inx=y+3
. o ) : ) . unction y = 3x% — 5to =
M — Replace f ( ’) with it’s relationship/rule your knowledge of solving quadratics Note: f~1(x) = —xz—sis x>0 as{his function is
24 2x_3= 2x% +8x = 9x + 15 2 .
— : " —— " " " 2 2' _g=0 2 _ also an acceptable not one-to-one (or we 24 y=Inx-3
So, we can tell when something is either a function or a one-to-many mapping. If somethingis a function, it can either be one-to-one or many-to-one. X+ 2x = 2x*—x—15=0 answer could restrict the domain _ x
One To One Function Many to One Function G=-Dx+9=0 2x+5)(x—-3)=0 to x < 0, and take the ~ x+1 fi(x) =Inx -3
. . ) . x=2,-4 x = —2.5,37 AFive saus Note: =2 is also an acceptable
(draw a horizontal line, must only cross the graph once) (draw a horizontal line, can cross the graph . . . . - - = - negative square root). T x-1
more than once) Example 6: With logarithms Example 7: With logarithms Example 8: With exponentials Example 9: With exponentials Iy answer
= 4inx? 1 = 5e2X = 2x_3 = X
y =X y = \/; y — XZ f(X) ( 2";‘ f(x) =5 +1n (_) f(x) ( 6) f(x) e 3
Find f(e x Find f(In3 .
y y f Find f (e?) f Find f(In3) Example 6: Quadratic (use quadratic formula or complete the square) | Example 7: Solving with inverse
— 2 —c,2n3 1 Find the inverse of f(x) = 1 + x — 2x2 =2, — oy — i “1(y) =
Crosses f(x) =4Inx fG) =5+In (l) f(n 3)5—155 " e-2In3 _3 _ olng _ 3 ) 9(x) =, f(x) = 2x — 5.Given that x > 3. Solve g~*(x) = f(x)
x = 5e
::::,e f(e?) = 41n(e?)? = 4Ilne* = 16lne = 16 5 1 =5(9) _1 3 We know we have to swap the x's and y'stogetx = 1 +y — 2y?, but Way 1: Way 2: Clever way
/o/ oncein fe*)=5+1n (e_2> =45 ) then how do we re-arrange for y after? We can’t factorise y out from all 1 . . o
- x this =5+Ine™? 26 terms like the usual harder types. We have no option but to complete the g7t = f(0) Remembering that gg~" (x) = x, as they are
V‘/o region =5—2lne =79 square or use quadratic formula. First, let’s work out inverses. We can apply g to both sides of
tx J "X =5-2 Way 1: Complete the square | Way 2: Use Quadratic Formula (shortg
3 g9 (), the equation g7(x) = f(x).
o . 1 1 - i i _ .
CO pOS|te Functlons X=—2(y2—§y—§> Re-arrange first to get 0 on one side . 4x 99710 = gf ()
2 3—x .
A composite function is a function applied to another function. This typically looks like fg(2) or gf(2) or fg(x) or gf (x). The latter two might seem scary since there are no x=-2 [(y _ 1) _ i _ l] 2y’ —y+x-1=0 4y The inverses on the LHS cancel
numbers, but going through example 1 partii. below will clear this up. 4 16 2 X =—-— x = gf(x)
Summary Of One To One, One To Many and Many To One . I a=2b=le=x1 Ty
Find 9(2) and putitinto /  Everywhere you see an x in =—2{vy-3) "1 _ Now, let’s work out the RHS gf (x).
f write the entire function K 14 D2 402 1 xB-y)=4y
VY 7\ Always work from right to left 1\ o9 _1+y(-1)-42)(x—1)
One To One x=- (y ——) -= y= 2(2) 3x —xy =4y _ _4(F )
fg(Z) 4 8 gf(x) = g(f(x) =3 f
No two x values have the same y value fg (x) Re-arrange for y 4y + xy = 3x
— yes — 2 —_
y and every x only has one y value For composite functions we work from right to left (put the right inside function into the left outside function) i.e. fg(x) means plug g (x) into f(x). 2(y - l = —x+ 2 — y(4+ %) = 3x _ 4(2x —5)
] S o ) 1+v-8x+9 2 (e _ o
Following the examples will give you the best insight on this. 4 98 y=———— 3—-(2x-5)
l Example 1: Example 2: Example 3: Example 4: 1\ —x+ 8 4 y = 3x 8x — 20
A 5 3 =x3 =x— — — 2x+1 2 x+1 = = = x2 (y__> = 4+x =—
Does it pass the This means function has an inverse fird f)=x*+1,g(x)=x-1 _ 9 == h() =1 fx) = ;,g(x) = f)=2x-3,9(x)=x*+2 4 2 5 F100) = 1++V/-8x+9 8 —2x
This n.1eans isa horizontal line For example i fg(2 Ii=|nd h(D) Solve fg(x) = gf (x) B l . —-x+ 3 4 We substitute it into the equation
function and can test? v = x y=vx i. fg(x) “ f;qg(x) Solve gf (a) = 3 Y=z~ * 2 3x 9x — & ‘= gf )
ither b t y Y : = x = gf(x).
- yes either be one to (meaningitwedawa |_ ‘} - iii. (f o f o /(1) _ ‘ _ _ 1 8x+9 4+ x
one or many to verticalline anywhere i/ [ o i.gh(1) gf(a) = Here we have a composite function on both y = 3 + — 3x = (2x — 5)(4 + x) L= 8x — 20
one. on the graph, that line A - 7~ . I fg(_Z)_ ) . , ) S'd?s ) _ 2 8 — 2x
For example Willonlycross the /; i T Do inside function: g(2) =2 —-1=1 Do inside function: h(1) = 2 Let’s work out LHS first Let’s work out each side _1+v-8x+9 V=8x+9 3x = 8x + 2x* — 20 — (8 — 2%) = 8x — 20
P , w Put this into the outside function f o . . ) 2 - P
) graph once) . ) N i Put this into outside function fla)=-— . - - - Sx
y=x y=x These have an inverse fH=13+1=2 (i) 1 _ 7 7 a fgx) =gf(x) We need the inverse to exist so there can only be one solution 8x — 2x2 = 8x — 20
Does the graph i 4 L 9\G) = Sz 314 1 5 since the function cannot be many to one 2x2-20=0 22 20
) \ [ || U1 ii. fg(x) 2 LHS: 14+vV=8x+9 Text =
ass the vertical y \ | If 2 +1 ) ) - x 2 -
F.’ ., ’ N - Many To One Inside functionis g(x) = x — 1 ii. hg (x) g <—) =4 5 fglx) =2(x*+2)—3=2x>+1 ) = - x 10 x2 =10
line test? —| NO ——— Two different x values have the same y There is nothing to simplify first, since it a 2 Unless you limit the domain of f (x) of course (this is covered in the x= +V10
(meaning if we draw a value and every x only has one y value is terms of x. Put this into the outside Nothing to do to inside function RHS: domain and range cheat sheet). 5 ) x = +V10
icalli ) = % )= (x—3)(x - 2)(x +5) ion. ) ) . . _ (x) = (2x — 3)2 + 7 ut question says . .
S K 1 i Drtctetbrtrmocert | - 2 oven 510 =
. . . 1 - ) Domain (—oo, - [ has inverse: x >3
graph, that line will only L A Thi P tion h . Everywhere we see an x in the h < ) 2 1 ( 4 ] x = V10
cross the vertical line A s means afunction has no inverse outside function we write x — 1 Xl_ 2 a - Given fg(x) = gf(x) Fi(x) = 1-v9-8x x= V1
once) Y For example Fx—1)=(x-17%+1 2 (X — ) +1 2 ) 4
. y = (x 2)(x +5) - 3( 1 ) L a 2x2+1=4x?—12x + 11 Domain [Z ,—o0) has inverse:
all these are functions . i C ; ii.(f o fof)(1) "=z —au F00 = LoEE
‘ v F)=13+1=2 24+ (x-2) 2x2—-12x+10=0=x=1,5 1
% f(2)=22+1=9 T3+ 4(x —2) The question will tell you what the domain of x is so you know
\T} x { £(9) =93 +1=730 _ X which to choose (if not just choose the plus case).
One To Many = ~ 4x—5 We can’t have both since then the function will be many to one.
This means is e hast Example 5: Example 6: Harder Algebra If the question doesn’t tell you just use the plus case.
N R — one x value has two — 2 — = 3 A A n A =
\__"no not a function different y values g =x*+3,h(x) =2x+2. fx) = %,x ERx#—1 Inverse and composite functions together in one question (typical exam questions)
Solve gh(x) = 2hg(x) + 15 4 : i 4
For example gh(x) g(x) Show that ff(x) = ﬁ,x €R,x#—1,x% 1. State the value of . Example 8 Example 9: Harder Algebra (2 fractions) Example 10: Self Inverse
9@ = x—3,f(x) = % e o2 PR
gh(x) = 2hg(x) + 15 We calculate ff (x) the same way we always do. - o x—3’ 2% 1+x
F(f(x)) olve gf(x) = g7 (x) i.Solve fg(a) =1 Show that ff(x) = x. What does this mean?
Let’s work out LHS first:
) ii. Find £
" gh(x) = (2x+2)2+2 o o (3x _ 5) . ii. Find f~1(x)
Now let’s work out the RHS: _3(f@) -5 3GF1) 0 9D =g ') i | _1-«x
2hg(x) + 15 fx)+1 3x=5 i (x) = — L+ X
xx1 ! fg@ =1 ff@ T
This is not a function Let’s first find the part h(g(x)). We will colour code as hg(x) Way 1: !"Iultlply all.terms l?y Way 2: get acommon gf(x)) =x%-3 a—2 T+x
) ) ) ) R x + 1 to kill the fractions quickly denominator g(a) = 14+x 1—x
Even though it comes up in the textbook, you don’t need to know most of this for exam questions Functions are either one to one or gx) = Xz +’3 a 4 T¥x 1Fx
(itis too basic to be asked). The only thing you need to know is that when a function is many to one many to one. To have an inverse a hg(x) = 2(x* +3) +2 3Bx—5) S5(x+1) flg(@) = P — ST¥x 1—x
(doesn’t pass the vertical line test) it does not have an inverse. There is often a 1 marker saying why graph must be one to one (pass the So, 2hg(x) + 15 = 202062 + 3) + 2] + 15 3(3x —5) = 5(x + 1) (ﬁ - ﬁ) Now, work out the RHS, a ; -3 T+xtTTx
. . s - . X . 19 (x 5= x“+3 B == i g
f:ioes a fu_nct|on now have aninverse _and_lt is becaus_e the function is many to one. You will see horizontal line test) 3x—5+ @+ D) 3x—5 i 1 9~1(x), using the steps we’ve 4 . Let's colour code now for ease fo solving
inverses in more detail later (how to find inverses which is the same as your GCSE knowledge) x+1 "x+1 a=—2 _
gh(x) = 2hg(x) + 15 becomes practiced before. Set g(x) to - 3 1+x—(1—x)
. S (ZX +2)2+2=2[2(x*+3)+2]+15 Ox — 15 —5x_5 4x — 20 y, swap ¥, y There are 2 ways to proceed from here to get rid of the _ 1+x
Bas'cs (Recap from GCSE ) Simplifying and solving = =£ ’ o fractions in order to solve :M
- 4x2+8x+7=2(2x2+6+2)+15 4x — 4 dx—4 . Way 1: Way 2: 1+«
Intuition 4x? +8x+7 =2(2x*+8)+15 4x — 20 x+1 _ 3 Multiply all terms by a on Geta common 2x .
A function relates an input to an output. It is like a machine that has an and an 4x2+8x+ 7 =4x>+16 + 15 — x 4o — 20 y=x- the LHS denominator _T+x_ 2x N 2 _ 2x y 1+x _ Z_x —
For example, let’s say the function tells us to multiply by 3 and subtract 4. 8x = 24 4x — 4 — :—4 x=y-—3 4 4 2 1+x 1+x 14x 2 2
=3 X — : EE——— — =1 1+x
Function x x—5 a-2_, a=-2_, _ ) )
Relationship/Rule =3 x5 ) —x a a ff(x) = x means that applying f twice gave the
x 3 then —4 3(0) — 4 T x—1 g = ’ 4a 4 B original value x, so f is its own inverse
X 3 then —4 3(1)—4 a= -5 So gf (x) = g~*(x) becomes 7 —— 1 a=—2 3a
X3 then —4 33) — 4 You should now understand the following memes © f(X) = f(x): x*=3=x+3 ( a )a -3 ‘ ‘
< 3 then —4 300 — 4 g ' 4 Note: If we find that ff (x) = x meaningthe f's cancel
g(x) = ¥ -x—6=0 4a _ 5 3g = each other out, we say that fis self inverse. Applying f
= tg‘en — T (x=3)(x+2)=0 a—2—-3a 1 % twice gave the original value x, so f is its own inverse.
Notation f(g(x)) = (fo gy x=3-2 4a .
- =1 _ -
First of all, it is useful to give a function a name. - —2a—2 2a—2 1 ae . .
— | | a(f(x)) =@ “2a-2 & (x))=x
The most common name is " f ", but we can have other names like" g " ... or even " dog.” Watch out for different notations: 4a=-2a-2 a2
—2aq-—
_ =1
flg) These all mean the same thing ba=-2 a
(feg)) 1 4 a
feg(x) =_Z Ix—= = =
Notation: fg:x a 3 1 X s y— 1 If £f(x) . x we call
"f(x) =..." is the most common choice way of writing a function (we use the letter f more than any other letter) Note: o is not a filled in dot, so doesn’t mean multiply et eervss rpEsied cemsesiion anE o .the function f self
f(x)=3x—-4 Also be aware that derivatives f2(x) = x)) not "' (x ——=1 mnverse
2(x) = f(f(x)). Don’t confuse this with the derivative where f @ (x) = £ (x) ff@) = G not /1) —2a-2
. . 4a=-2a-2
| .. An Important Deeper Understanding of Functions as L
function name relationship/rule 3

Fact 1: Any function can just be replaced with the letter ‘y’: .
ct 1: Any i p y v ' Hey do the dishes Existence of Inverse
. “ ” 5 y is typically used to represent the output value of a function. So f(x) can be replaced with y. Q - - — - - - -
We read this as: “f of x” equals 3x — 4 £(x) = x? can also be written as y = x2 e e In order to have an inverse a function must not be many one, meaning it must pass the horizontal line test (and of course the vertical). If a function does not and
g(x) = x2 can also be written as y = x2 Q we want to have an inverse then we restrict it to ensure it does.
This means f takes x, multiplies it by 3 and then subtracts 4 ‘h (x) = x2 can also be written as 1, = x2 e widay Example of when an inverse exists
Two important things to note: o _ ) _ Careful though: This does not mean that f (x), g(x) and h(x) are the same functions since they are all equal to y above. It just means both * Y We want the graph to pass the horizontal test to have an inverse (be one to one not many to one)
. The most common name of a function is "f", but there are also other commonly used names like "g" or “h”. They all mean the same thing as y. Itis functions are being plotted on the y-axis (hence the y = since y is the axis name), Know that we only do this if finding the inverse or for graphing. The function is one to one on lots of intervals such as
important to make sure you understand that we don’t have to give a function a name, we can also just call it y. v - - Yy [-2,-1]
: — 42 | ]
[ = xz So, going back to our very first example, f(x) = 3x — 4 can also be written as y = 3x — 4 and then graphed as usual. L .7 = i ] [-11]
g9(x) =x / /i - [14]
h(x) = x? A [-1,0]
. We don’t need to always use the letter “x" inside the bracket, it is just a place-holder, so don’t get too concerned about "x" it is just there to show us Fact 2: More confusing notations used: Z y * _¢_*_,— x
and what happens to it. It could be anything! ) 3 You may also see written in other less common ways using colons and arrows instead of brackets and equals signs. Therefore f(x) = 3x — 4 can be written as I\\\,/"‘ ete
fO)=1-x2+ fix o 3x—4 or fixroy | The largest domains is [1,4]
fl@)=1-a?+d? Find the largest domain such that the inverse exists Notice how [—2,1] and [—2,3] don’t work since the horizontal line would cross twice

fO=1-12+0
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Typical Composite and Inverse Past Paper Questions Graphing With Function Notation Piecewise Functions Continued
The following are all typical questions, but do not include domain and range (this is covered in another cheat sheet) Recall £ (x) is the same as saying the y value of the axis on a graph. f (x) = y means a function takes an input of x and returns an output y. ple 1: C3 June 2013 Q7 ple 2: June 2019 Pure Paper 2 Q6 ple 3: C3 Jan 2011 le C3 June 2013 replaced paper Q6
Example 11: Example 12: Example 13: (ﬁ)) > 1 The function f has domain —2 < x < 6 The diagram shows a sketch of the graph The function g has domain —1 < x < 8 The diagram shows a sketch of the graph
) — 179\ — 9 o — _ o _ _
— 2 _ 3(2x+1) ) 2 7 - D) — &L < — Z and is linear from (—2,10) to (2,0) and y = g(x) where and is linear from (—1,9) to (2,0) and y = f(x) where
g(x) =3 —4x,x EZIR{. g(x) = x"? + xz:‘:_ﬁ’x >3 f(x) = e®* +k? x € R, kis a positive constant f l I f (J) from (2,0) to (6,4). from (2,0) to (8,4). A sketch of the graph Fo) = 5-2x,x<4
Solve gg(x) + [g()]* = i.Show that g(x) = 1o g g(x) =In(2x) ,x >0 I A sketch of the graph of y = f(x) is () = {(X —-2)2+1,x<2 of y = g(x) is shown. Another function f e 8 —4,x>4
d 9 x-2" i.Solve g(x) + g(x) + g(x®) =6 o — II=V 4x—7x>2 is given by f(x) = 32 y
ii.Find the exact value of a for which Give your answer in its simplest form y y x=5
g(@) = g~(a) ii.Find in terms of the constant k, the solution of Example 1: Basics
the equation fg(x) = 2k? Let’s look at a graphical example. Given the graph below y R
99(x) +[g(0)]* = i. 5 o N *
Remember, gg(x) means apply g twice, and x 32x+1)  x 32x+1) Let’s expand the corresponding terms of ) s :
[g(x)]? means squaring the result of x+3+ - x+3+ g +gx)+gx®) =6 z
applying g. In(2x) + (n(2x?) + In(2x%) =6 Use the graph to find the following 5 1 i.  State the range of f(x)
x 32x + 1) i f4) e . ii. Determine the exact value of £ (0)
0): + = ii — - S ’ : i.Find the value of gg(0) 17 ii. Solve f(x) = 21. Give each answer
Work out gg(x): — — the log law that In(a) + In(b) = In (ab ii. f(=2) i g9
99(x) (x) (c+3)(x-2) (x+3)(x-2) In(2x x 2x2 X 2x%) = (6 ) iii. Solve f(x) = 2 = ii.Find all values of x for which g(x) > 28 . as an exact answer.
99X ) ln(éx6) :'6 = i.Write down the range of f The function h is defined by kF;m:(ljgg(Zg) iv.  Explain why the function f does not
= ‘(/(g(x)) — ¥ +4x+3 — (x + 3)(x + 1) — x+1 8x6 = _6 - ii.Find f£(0) hM(x)=(x-2?+1,x<2 ” SIE tfr‘?(i have an inverse
=3-4(g() x+3)x-2) x+3)(x-2) x-2 x=e ° The function g is defined by g (x) = 22, iii.Explain why h has an inverse but g does | ">t &)
o6 g v g —
=3 —4(3—-4x) X6 = — 5 = xERX %5 not )
3—12 + 16x ii. 1 8 I fI. M. ii.Find g~ (x) iv.Solve the equation h™(x) = -3
=16x —9 =g Y(a) e6\6 e e e We look at the where the point on the graph We look at the where the point on the graph where We look at the where the point on the graph where y= 2, and iii.Solve gf (x) = 16
. Firstfind g~1(a) =\g) = ﬂ =—7= E where x = 4, and find the corresponding value of X = —2, and find the corresponding value of y find the corresponding value of x value
Now, work out [g(x)]?: x+1 gle)  (2%)e y ’ 4 Answer Answer Answer Answer
g(0)? = (3 — 4x)? y = =2 We only need to take the positive root because y . s i 0<y<10 13 -6 iy>-3
=16x2—24x +9 _y+1 we know x > 0. ] i 21 o ii. 3 . ii_x<2_3\/§,x>375 i.5 ii.e? —4
— X — —
y—2 ii (R ] ! ¥ iil.g ™! (x) = 2 iii.h is one to one and g is many to . fx = In 5_+ 4 )
y-2)x=y+1 : ] 4 : I S I 1 x=04x=6 one (-1,-9) - (-9,-1) iv. f has no inverse as is many to one
Let’s plug these in: B . ] == T 1.2 3 45 ’ i = 725 (0,—6) - (—6,0) (not one to one)
16x — 9+ 16x2 —24x +9 =0 yx—2x=y+1 First, we need to calculate the LHS, fg(x). i il 72 I I I - 3 ;~ l.x = 7. (2,0) = (0,2)
16x2—8x =0 yx—y=1+2x f9(x) = f(g(x)) = e29@) 4 |2 = @210 4 |2 = / i (84) » (48)
2 _ = _ X 2 o "
x%’zcx 1 2 yx—1)=1+2x = (eMC0) 4 k2 : \ ] :
1) = = (2x)? + i
i 1420 ok Hardest Types Of Questions
x=0or ol y=— I =4x°+k 3 3
e . Now, equate LHS and RHS. = =2 Inverse Functions and understanding notations
— X — a v ” —_ . . .
g7'(x) = henceg (a) = — 4 +2/‘ _ZZk Example 2: With Composite Recall, the notation for the inverse is £ ~1(x). Also recall that a function is always equal to y . This means just in the same way we can write y = f (x) we can
4x* =k Consider the following graph f(x) y alsowrite y = £~1(x)
k? Wi o Y :
X2 =— iWrite down the value of £ (3) We can also re-arrange these by taking the inverse of the other side or undoing the inverse on the other side.
%{ ii.Write down the value of £f(0) 3 y=f()= () =x
— 4 24
So = g !(a) becomes, x== 2 N . or
1+ 2a But we know x > 0, from the given domain of g. y=/"() = =x
= —1 k ‘; ; _% _:l /; ; 3 4 x For example,
x=3 - fr@ =5
Get rid of the fractions by cross multiplying ~21 Tells us that
(a—1) =(1+2a) L/ |5 x = 5andy = 2 inthe function f (x)
4 It also tells us that
Expand the brackets i i x = 2, andy = 5inthe inverse function f ~*(x)
a?—1=2a*-3a-2 Recall that f(x) = y. This means f(3) istellingus x = 3 and wants f£(0) Example 1:
a?-3a-1=0 us to find the corresponding y Step 1: Step 2: Giventhat f (x) = k(2 + x), find the value of k if f~*(=2) = —3
Y We work from right to left with Now we want to find /(—1) — — " PP n
Apply the quadratic formula, we get. + ; 7 composite functions ) Way 1: without finding the inverse (shorter method) Way 2: If finding the inverse
—_(— — 2 — 34 <4 y .
gDV AMED 34 VIS z . N £ = k@ + ) FG) = k@ +2)
2(D) 2 1 - 21 This means the same as This means the same as
Remember that the domain of g requires that N Ll L. ) N y=k@2+x) y= k2 +%)
x> 3,s0a > 3. -4-3 -2 /‘| TN : [
_ 3++v13 224 —+——— v — = HE Here we are given f~1(—2) = 3 Find the inverse first by swapping x and y are re-arranging for y, so we get
a= 2 f -3 = - This tells us thaty = —2 and x = —3 since itis the inverse and tells us the
Example 14: Hard Example 15: Very Hard Example 16: With logs - - oppositeto y = f(x) x=k(2+y)
() =3+Vxt2Zx>—2 ) = e y=3 A x = 2k + ky
f(x) =7x—1,9(x) = ,x#2,x€R GeY= s E Giventhatfg‘zl(i)—8 So N Suby = —2andx=—-3intoy = k(2 + x): _x—2k
i.Solve the equation f (xJ)C:JZC i Fi =4 i.find k - f3=3 (O =-1 Tk
o 5 ) 9 - i.Find g™ (x) Lnn 7 Example 3 - With Inverse —-2=k(2-3) 1 x—2k
ii.Hence, or otherwise, find the largest value of ii.Find the exact value of x for which g(x) = x find £ (_) - - ) =
asuch that g(a) = f~*(a) . 3 Consider the following graph f(x) y —2=—k k
g iii.Hence staf the value of a for which iWrite down the value of £~1(—1) 4 k=2 Here we are given f~1(—2) = —3
9@ =g"a) ii.Sketch the inverse £~1(x) 34 Subx = —2 and y = =3 into the inverse
i i i 2 —-2-2k
Work out the LHS: x=3+Jy+2 klogzij N T
g(x) =flg)=7(g(x)) -1 —x— =z A ——t 3k =-2-2k
f f( 4) (9() S tz=x-3 log,y = EEEENZEER k=2
=7< ,)—1 y=(x-3)*+2 L -
X28_ 2 g0 =(x-3)%+2 y —1( : 25 /% Example 2
— _ “(x) =2k -34
T x—2 1 . f 1 : fx)=2x+1,g9(x) =5x-3
28 T x-2 - [ =2k=8 = - 0 g™ 1)(%)
= - gx) =x 1 5 i. ii. ' (filg )
x _320 _Xx_ 2 We replace g(x) with 3 + vx + 2. %k =2 Recallthat f~1(y) = x We swap the x and y coordinates which gives us the points: " (f71 ° gzgx)
=~ 34VrFZ=x 7=3 Here is telling us y = —1 and wants us to find x . (=2,-3),(-1,-2),(0,-1),(1,0),(2,1),(3,3) . (fe ql )
Now, equate both sides of the equation. Vx+2=x-3 1 Become. (-3, -2), (-2,—1),(=1,0),(0,1), (1,2), 3,3) iv. (fog)7'(x)
30 —x x+2=(x—3) k=3 y Now plot these points y First, let’s work out f ! and g~?, as we will need them later.
—_—=x " ¢
30 x=2 —2) X +22 =x?—6x+9 Ii. . . We do so by setting the function to y, swapping x, y,
—x=x(x- x*=7x+7=0 T
30 —x =x%?-2x Using the quadratic formula fi(x) =23 =2% f ) g ()
x*—x—-30=0 x =122 (322G 22 1
(x=6)(x+5) =0 B r(g)=20=2=4 F PR ZEEERE y=2x+1 y=5x-3
x=60r—>5 x = 7+2_mis the only solution since domain of Example 17 : with 3 compositions / x=2y+1 x=5y—3
ii. — h . ’
PN 7-V21 fx)=2x+2 L A
If we apply f to both sides of the equation of g7l (x)isx = 3and 2 <3 g(x) = x2 / j 1 z
= f1(aq). W tf = ff1(q) = (see domain cheat sheet for how) 1 W -1
‘Z(a) f7(@)- Wegetfg(a) = ff~(a) h(x) = p Here we can see thatwheny = —1wegetx =0 ’ 4+
Alternatively, to see which solution to ignore, we Find f (g (h(x)))
So, the values of a that satisfy the equation can check for these extraneous solutions. 0 Fl) = x—1 “1(x) = x+3
g(a) = f~(a) is precisely the possible When squaring both sides of the equation earlier f ( h(x) ) ’ 2 g 5
values of x that satisfy fg(x) = x. This is the to get rid of the square root we needed to take Apply h Notice how an inverse (f~1) is just a reflection of the original graph (f) in the line y = x hence the points of each coordinates are swapped i 0 v
exact same as i. From the previous part, x is care, as this can introduce extra solutions! (eg 1 : 1 : 1 = : 1
either 6 or —5. The largest value is therefore x = 1hasasingle solution, Apply f (Feg™00) e 9)@) G970 (feg)™(®)
. x = 1, but squaring both sides to get x? = 1, 1 H H
6 gives x = +1). So, let’s check for these h(x) =— P ecewise Fu n Ct o This says find g~*(x) and then Find g(x) and then putitinto | Find g~*(x) and then putitinto | Find (f e g)(x) and then find
N x L _ _ )
extraneous solutions So far you have seen functions that are made up of one piece. For example putitinto f(x) 1) 1) the inverse of that
1 f(x)=2x+3 f(x)=x*42x-3
To do this we plug the values found back into the h(x) o y y Thisisjust fg~*(x), we Thisisjust f g (x), we Again, we work out f g~ (x). There are two ways of doing
original equation 3 + vx + 2 = x and check if it’s . compose the two functions. compose the two functions. this. Perhaps the more
true. f ( hx) ) , ) fg~t(x) flg(x) g™ (x) straightforward way is to
x)))=2 X . .
; simply invert (f o g)(x), which
7++21 7++21 7 ++21 x o - 1 - L
g(—') =3+ +2= . =f(g7' @) =f(g) =97 ) is just /.9 (x).
2 2 2 Example 18 : Reading off data tables
7 — /21 7 — /21 7 — /21 Findf (g(h(z))) X f 9 h = 2(‘971()()) +1 _ y(X) -1 _ g’l(x) -1 fg(x) = f(g(x))
g\—— )= 3+ 2 +2 # 2 (1] i 22 _31 The function is a straight line with positive slope the whole time. The function is a quadratic the whole time. 2 2
2 9 1 4 A piecewise function is a function that is in pieces (it is not given by the same equation the whole time). This means that we create functions that behave differently based on the =2 (x + 3) +1 (5x—3)—1 x4+3 = 2(9(95)) +1
7-V21 doesn’t satisfy the original equation, so 3 1 0 [ input (x) value. In other words, the functions behave differently for different values of x. 2 5 3 c = < T 1
2 47T ) 2 3 2 1 Example 1: Answer _2@+3)+5 2 = 2 =2(6x-3)+1
z S the only solution Consider the following graph of a piecewise This function is made up of 2 pieces (the 2 different colours) and they do different things 5
. 2x +11 =10x—5
f h function T _5x—4 x =2 = 10x
iii. 5 -1 y 5 =7 _ 75 Now let’s invert it.
Clearly, if g (7+~/ﬁ) =72 en re-arranging 4 3 2 y=10x—-5
 gevA 2 X 7+mz 9 4 This is a piecewise function as it consists of 2 different functions:
gves——=g ( 2 )as well. 1 5 o Function 1: a straight diagonal line with positive slope for x values _xX- 2 Swap x and y.
Soa = 22 is a solution. S ! 1q'/ 10 x =10y =5
2 / x We can write this function with its equation as
- 2x—1,
7 (9(h(2))) e oo ={ ,
fG=1D:
h(2) =4 the function f(x) looks like 2x — 1
We plug in x = —1 into this function
@ fGD=2(-1)-1=-3
x+5
f(5): 0og)tx) =——
F(2)=9 Find f(—1) and f(5) like you are familiar with (fo9)7 () 10
functions. We plug in x = 5 into this function )
= —15 Alternatively, we can reason
. . . Example 2: Answer thatto invert f o g, we need to
Operatlons Wlth FU nCtIOI'IS (+, Ty x ) Consider the following graph of a piecewise This is function made up of 3 pieces (the 3 different colours) and they do different things for different values of x invert f first, as it is applied
We don’t just plug values into functions. We can also add, subtract, multiply and divide functions. The result is a new function. function ° Function 1: a straight horizontal line lasf,lthen we |r1\/lert gilso (feo
FE9) =[x +g(x) 9T = (g7 o fTH():
(f -9 () = f(x) x g(x) Tip: when solving the equation where a function . Function 3: a straight diagonal line The result of the composition
(L) _f@® equals its inverse i.e. f(x) = f~'(x) we can instead . . . o ) should give the same answer.
9 (x) = Py solve f(x) = x since the points where a function y We can write this function with its equation as y
So, addition and division together would look like i s i i - ’ N N R n R N
(fﬂ) (x) = (@@ :;zrfse:;sl:;s’;gtz:f ;::’:g;t“:nzns:::';"fo{ i ;fr'ne y B fx) = , Composite Functions — working backwards (never comes up but included just in case ©)
h h(x) ) \ —x+16, Sometimes you’re given the composite function result and one of the 2 functions and have to work backwards to find the other function. Not on your course
_ ) o - f(0) & f(=4) though!
This never ever comes up, but you should understand it anyway just in case. The best way to understand this is with examples. ' e Aelerd i e euisias CmsEien:
Example 1 * the function f(x) looks S @) =%, (f ° g)(x) = 2x + 3, find g(x) @) = x*,(g o () = 2x + 3, find g (x)
f(x)=3x—8andg(x):3x2 —5x —8 like —x + 16 the function f(x) is 14 Fog)(x)=2x+3 ( ( ))_2 3 Find g(x%) = 2x + 3
Find We plug in x = 0 into this function We plug in x = 5 into this function We plug in x = —4 into this function feog)x) =2x meansf‘ gx))=2x 9 7 N
i Find (f + g)(x) f)= —5+16=11 f(—4) = 14 Replace g (x) with y letz=x: & x =73
. X _ Note: Notice how the function f(y)=2x+3 sog(z) =2x+3
- Find (g — ) (x) idn’ iti Repl LHS with what from f(x) = x° -
ii Find (f - g)(x) ! didn’t depend on x here, it is always eplace f(y) on with what f means from f(x) = x We want g(z) in terms of z, not x
’ . Find f(0), f(5), and f(—4) 14 y®=2x+3 1
iv. Find (E) ) Example 3 Example 4 y=(2x+ 3)% -9 g(z) =223 +3 .
£ ={ 5 x<2 o) = {xz —-3x, x<1 Want x so relabel with x = g(x) = 2x3 + 3 = 2{/x+3
i i, il iv. 2x=3, x>2 “lax-6 x>1
f+9)x) (g- Nk f 9 (L) () = /@ Find f(-3),f(2), f(3) ’ Solve f(x) = 4 |
g gx) flx) = { 5, X <2 ) Fl) = { x<1 This is a big topic. See modulus cheat sheet
H dd the functions togett He btract H ltiply the f . Here we divide the functions. 2x =3, x>2 2x — 6, x>1
erewea 1€ functions together. rewe SL? rac erewe m‘% t|.p y the functions 3x — 8 We have to set both of the functions equal to 4 and then check whether the answers Graphing Functions
the functions. together (this is a not an empty 3xZ—_5x—8 f(=3) f(2) f3) are in the correct domain/region for the function chosen. — . . . . , — . n .
(3x — 8) + (3x% —5x — 8) (3x% —5x — 8) — circle like for composition) - Tr_ns is a big top|f:. See how ot graph che_at sheet. It covers all types of functions (quadratic, cubic, logarithmic, exponential, quartic, root, trig,
(3x—8) (3x — 8)(3x%2 —5x — 8) = m Since —3 < 2, we Since 2 < 2, we Since 3 > 2, so we piecewise functions and modulus functions)
=3x*—-2x—16 1 substitute —3 for x substitute O for x inside substitute 3 for x inside .
= 3x? — 8x =9x3 — 39x2 + 16x + 64 = 1 inside the function 5 the function 5 function 2x — 3. Transformations
x+ This is covered in year 1. See transformations cheat sheet
This expression is always | This expression is always f3)=23)-3=3 )
5 regardless of the value | 5 regardless of the value Z\ —6=4 Domain and Range
of x of x 2x =10 This is a big topic.
f(=3)=5 f(2)=5 = 5 ) For basic types, composite, inverse and compositive combined with inverse see domain and range cheat sheet
This is within the domain x > 1 For parametric domain and range see parametric cheat sheet
x=—-1,x=5




